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Preface

Although this book deals with some selected topics of the theory of function spaces
and the indicated applications, we tried to make it independently readable. For this
purpose we provide in Chapter 1 notation and basic facts, give detailed references and
prove some specific assertions.

Chapters 2 and 3 deal with Haar bases and Faber bases in function spaces of type
B;q and Fpsq, covering some (fractional) Sobolev spaces, (classical) Besov spaces and
Holder—Zygmund spaces. In higher dimensions preference is given to several types of
spaces with dominating mixed smoothness. This paves the way to study in Chapters 4
and 5 sampling and numerical integration for corresponding spaces on cubes and more
general domains. It is well known that numerical integration is symbiotically related
to discrepancy, the theory of irregularities of distribution of points, preferably in cubes.
This is subject of Chapter 6.

Formulas are numbered within chapters. Furthermore in each chapter all defini-
tions, theorems, propositions, corollaries and remarks are jointly and consecutively
numbered. Chapter n is divided in sections 7.k and subsections n.k./. But when
quoted we refer simply to Section n.k or Section n.k./ instead of Section n.k or Sub-
section n.k.l. If there is no danger of confusion (which is mostly the case) we write
A;q, SlﬁqA, a;‘,q, sl’,qa ...(spaces) instead of A;’q, Sl’,,qA, a;,’q, slr,’qa ... Simi-
larly @jm, Ajm, Qkm (functions, numbers, rectangles) instead of @ ;u, Aj m, Ok.m etc.
References ordered by names, not by labels, which roughly coincides, but may occa-
sionally cause minor deviations. The number(s) behind » in the Bibliography mark
the page(s) where the corresponding entry is quoted. log is always taken to base 2. All
unimportant positive constants will be denoted by ¢ (with additional marks if there are
several ¢’s in the same formula). Our use of ~ (equivalence) is explained on p. 176.

It is a pleasure to acknowledge the great help I have received from my colleagues
and friends who made valuable suggestions which have been incorporated in the text.
I am especially indebted to Dorothee D. Haroske for her remarks and for producing all
the figures and to Erich Novak for many stimulating discussions.

Jena, Spring 2010 Hans Triebel
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Chapter 1
Function spaces

1.1 Isotropic spaces

1.1.1 Definitions

We use standard notation. Let N be the collection of all natural numbers and Ny =
N U {0}. Let R” be Euclidean n-space, where n € N. Put R = R!, whereas C is the
complex plane. Let S(R™) be the usual Schwartz space and S’(R") be the space of all
tempered distributions on R”. Furthermore, L,(R") with 0 < p < o0, is the standard
quasi-Banach space with respect to the Lebesgue measure in R”, quasi-normed by

1/p
1 1L, @)1 = ([ 17l i) (1
with the natural modification if p = co. As usual, Z is the collection of all integers;
and Z" where n € N, denotes the lattice of all points m = (my,...,m,) € R" with

m; € Z. Let Nj, where n € N, be the set of all multi-indices,

a=(a1,...,0p) witha; € Ng and |a|=2n:aj. (1.2)
j=1
If x = (x1,...,x4) € R"and B = (B1,..., Bn) € Nj then we put
xP = xf}‘ -~x,’13" (monomials). (1.3)
If ¢ € S(R") then
06 = (Fp© = 02 [ marn ger a4

denotes the Fourier transform of ¢. As usual, F~'¢ and ¢V stand for the inverse
Fourier transform, given by the right-hand side of (1.4) with 7 in place of —i. Here
x£ denotes the scalar product in R”. Both F and F~! are extended to S’(R") in the
standard way. Let g9 € S(R") with

@o(x) = lif [x| <1 and @o(y) = 0if |y| > 3/2, (1.5)
and let
Pk (x) = @0(2_kx) - <p0(2_k+1x), xelR" kel. (1.6)
Since
o0
D @i(x)=1 forxeR", (1.7)

j=0
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the ¢; form a dyadic resolution of unity. The entire analytic functions (¢; f )V (x) make

sense pointwise in R” for any f € S’(R").

Definition 1.1. Let ¢ = {¢;}72, be the above dyadic resolution of unity.
(i) Let
O<p=<oo, 0<g=<oo, sek.

Then B, (R") is the collection of all f € S'(R") such that
n . js \V n 1/a
17183, Ry = (30270 /¥IL,®)I) ™ < o0
j=0

(with the usual modification if ¢ = 00).
(ii) Let
O<p<oo, 0<g=<oo, sek.

Then F,, (R") is the collection of all /" € S'(R") such that

< o0

Sy . /
1152, @ = [ (220 1)) 1L, @)
=0

(with the usual modification if ¢ = 00).

(1.8)

1.9)

(1.10)

(1.11)

Remark 1.2. The theory of these spaces and their history may be found in [T83],
[T92], [TO6]. In particular these spaces are independent of admitted resolutions of
unity ¢ according to (1.5)—(1.7) (equivalent quasi-norms). This justifies our omission
of the subscript ¢ in (1.9), (1.11) in the sequel. We remind the reader of a few special
cases and properties referring for details to the above books, especially Section 1.2 in

[TO6].
(i) Let 1 < p < o0o. Then

Lp(R") = Fp,(R")
is a well-known Littlewood—Paley theorem.
(i) Let 1 < p < ooand k € Ng. Then
Wy (R") = Fyp(R")
are the classical Sobolev spaces usually equivalently normed by
k pn o ny||p 1/p
I IWERD = (3 1D f 1L, ®D)7)
| <k

This generalises (1.12).
(iii) Let 0 € R. Then

Io: f > ((8)°f) with (8) = (1 + [£[»)'/?

(1.12)

(1.13)

(1.14)

(1.15)
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is a one-to-one map of S(R") onto itself and of S’(R™) onto itself. Furthermore, I, is
a lift for the spaces A4y, (R") with A = BorA = Fands € R,0 < p < oo (p <00
for the F-scale), 0 < g < oo,

1545, (R") = A, °(R") (1.16)
(equivalent quasi-norms). With
H,(R") = IsLp(R"), s€R, 1<p<oo, (1.17)
one has
H,(R") = F,; ,(R"), seR, 1< p<oo, (1.18)
and
HER™) = WFERY),  keNoy, 1<p<oo. (1.19)

Nowadays one calls H, (R") Sobolev spaces (sometimes fractional Sobolev spaces or
Bessel-potential spaces) with the classical Sobolev spaces ka (R™) as special cases.
(iv) We denote
EY(R") = Bi o (R"), seR, (1.20)

as Holder—Zygmund spaces. Let
(ALNIX) = fFx+h) = f(x), (AT N)x) = AL(A]N)(X), (1.21)

where x € R”, h € R",[ € N, be the iterated differences in R”. Let0 < s < m € N.
Then

I1f 1E° (R lm = sup. | £ GOl + sup [h| 7| AR f(x)] (1.22)

where the second supremum is taken over all x € R” and & € R” with 0 < |h| < 1,
are equivalent norms in €*(R").

(v) This assertion can be generalised as follows. Once more let0 < s <m € N
and 1 < p,q < oco. Then

dh Ve
s n — n —sq m ny |14
17 1850’7 = L 1o GO+ ([ a7 7 1L, @ | )
(1.23)
and
1 d 1/q
I 183 @ = 112, + ([ 1720 sup g s 11,67 )
0 |h|<t 4

(1.24)
(with the usual modification if ¢ = 00) are equivalent norms in B, (R"). These are
the classical Besov spaces. We refer to [T92, Chapter 1] and [T06, Chapter 1], where
one finds the history of these spaces, further special cases and classical assertions. In
addition, (1.23), (1.24) remain to be equivalent quasi-norms in

B;q([R") with0 < p,qg < oo and s > n(max (%, 1) — 1), (1.25)
[T83, Theorem 2.5.12, p. 110].
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1.1.2 Atoms

We give a detailed description of atomic representations of the spaces introduced in
Definition 1.1 adapted to our later needs.

Let Qj,, be cubes in R” with sides parallel to the axes of coordinates, centred at
2=/m with side-length 2=/ where m € Z" and j € Ng. If Q is a cube in R” and
r > 0 then rQ is the cube in R” concentric with Q and with side-length r times of the
side-length of Q. Let y;;, be the characteristic function of Q;,, and

A2 = 2P yi(x), x € R, j € No, m e Z", (1.26)
its p-normalised modification where 0 < p < oo.

Definition 1.3. Let 0 < p < 00, 0 < g < oo. Then by, is the collection of all
sequences
A={AjmeC:jeNy, meZ"} (1.27)

such that

12 1epal = ( i( Y al?)") " < o0 (1.28)

Jj=0 mezZ"

and f,, is the collection of all sequences A according to (1.27) such that

<00 (1.29)

41l = [ (2 imr 1) 2, @)
j.m

with the usual modification if p = oo and/or g = oco.
Remark 1.4. One has by, = f,p,0 < p < 00.

Definition 1.5. Lets € R,0 < p < 00, K € Ng, L € Ng and d > 1. Then the
Loo-functions aj,: R" = C with j € No, m € Z" are called (s, p)-atoms if

suppdjm Cd Qjm, Jj € No, meZ"; (1.30)

there exist all (classical) derivatives D%aj,, with |a| < K — 1 such that
|D%jpm(x)| <2776+ g < K—1, j € Ng, meZ", (1.31)
| D%ajm(x) = D¥ajm()] < 27707 K e —y|. ol = K—1. j € No.m € 2",

(1.32)
where x € R”, y € R”, and

/ xPajm(x)dx =0, |Bl <L, jeN, meZ" (1.33)
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Remark 1.6. No cancellation (1.33) for ay,, is required. Furthermore, if L = O then
(1.33) is empty (no condition). If K = Othen (1.31), (1.32) means thata;,, € Loo(R")

and |ajm(x)| < 27/6=5). of course, the conditions for the above atoms depend not
only on s and p, but also on the given numbers K, L, d. But this will only be indicated
when extra clarity is required and denoted as (s, p)k, 1. 4-atoms. Otherwise we speak
about (s, p)-atoms. If one replaces (1.31), (1.32) by

D% (x) < 27767Vl o] < K, j € No, m e 2", (1.34)

then the above definition coincides essentially with [T08, Definition 1.5]. But in con-
nection with spline wavelets it is convenient to replace (1.34) with |«| = K by (1.32)
assuming that the derivatives of order K — 1 are only subject to the indicated Lipschitz
conditions. This is immaterial for the following atomic representation theorem. Let as

usual
(mex (1) 1) (men (1) -1) a9
o, =n|max{—,1)—1), opg=n{max|—,—,1)—1]. .
P » Prq P q

Theorem 1.7. (i) LetO < p < 00,0 < g <00, s € R. Let K € Ngo, L € Ng,d € R
with
K>s, L>op,—s5, (1.36)

and d > 1 be fixed. Then f € S'(R") belongs to B, (R") if, and only if, it can be

represented as
o0
=Y Xjmajm (1.37)

j=0mezZn

where ajy, are (s, p)-atoms (more precisely (s, p)k.L.4-atoms) according to Defini-
tion 1.5 and A € bp,. Furthermore,

I/ 1Bpg (R ~ inf |4 [bp | (1.38)

are equivalent quasi-norms where the infimum is taken over all admissible representa-
tions (1.37) (for fixed K, L, d).
(i)Let0 < p<00,0<qg<o00,5€R Let K € Ng, L € Ng, d € R with

K>s, L>op;—5, (1.39)

and d > 1 be fixed. Then f € S'(R") belongs to F, (R") if, and only if, it can be
represented by (1.37) where aj, are (s, p)-atoms (more precisely (s, p)k. 1,4 -atoms)
according to Definition 1.5 and A € f,q. Furthermore,

IS 1 Fpg (R™)]| ~ inf A fpq I (1.40)

are equivalent quasi-norms where the infimum is taken over all admissible representa-

tions (1.37) (for fixed K, L, d).
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Remark 1.8. Recall that dQ;,, are cubes centred at 2~/ m with side-length d 27/
where j € Nog and m € Z". For fixed d withd > 1 and j € Ny there is some
overlap of the cubes dQ;,, where m € Z". This makes clear that Theorem 1.7
based on Definition 1.5 is reasonable. Otherwise the above formulation with (1.34)
in place of (1.31), (1.32) coincides essentially with [T06, Section 1.5.1]. There one
finds also technical comments how the convergence in (1.37) must be understood. The
replacement of (1.34) by (1.31), (1.32) is justified by the more general assertion in [T06,
Corollary 1.23] which in turn is based on [TrW96], [ET96], but essentially also covered
by [FrJ85], [FrJ90]. Otherwise we refer to [T92, Section 1.9] where we described the
rather involved history of atoms in function spaces.

1.1.3 Local means

Assertions for local means are dual to atomic representations according to Theorem 1.7
as far as smoothness assumptions and cancellation properties are concerned. We rely
on [TO8, Section 1.13] where we developed a corresponding theory. Let Q;,, be the
same cubes in R” as in the previous Section 1.1.2.

Definition 1.9. Let A € Ng, B € Ng and C > 0. Then the Loo-functions kj, : R"”
C with j € Ng, m € Z", are called kernels (of local means) if

suppkjm C C Qjm. Jj € No, meZ"; (1.41)
there exist all (classical) derivatives D%k j,, with |a| < A — 1 such that
|Dkjm(x)| <2771 o <A1, j € No. m e Z", (1.42)

| D%k jm (x)— D% jm(y)| < 27" A x—y|, |a| = A—1, j € No, m € Z", (1.43)

where x € R”, y € R”, and
/ P kjm(x)dx =0, |B|<B,jeN meZ" (1.44)
|Rn

Remark 1.10. No cancellation (1.44) for kg s, is required. Furthermore, if B = 0
then (1.44) is empty (no condition). If A = O then (1.42), (1.43) means k;,, €
Loo(R") and |kjm(x)| < 2/". Compared with Definition 1.5 for atoms we have
different normalisations. We adapt the sequence spaces introduced in Definition 1.3
correspondingly. Recall that y;,, are the characteristic functions of the cubes Q.

Definition 1.11. Lets € R, 0 < p < 00,0 < g < oco. Then l;;q is the collection of
all sequences A according to (1.27) such that

1A 155, = (izﬂs—ﬁm( 3 |A,m|1’)q/")l/q < o0 (1.45)

j=0 meZn"
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and f’fq is the collection of all sequences A according to (1.27) such that

_ . /
2170 = (27 i zim10) 1Ly @ | <00 146)
Jj.m

with the usual modifications if p = oo and/or ¢ = oo.

Remark 1.12. The notation by, and f,, (without bar) will be reserved for a slight
modification of the above sequence spaces in connection with wavelet representations.
Similarly as in Remark 1.4 one has b; , = f,7,, 0 < p < oo.

Definition 1.13. Let /' € B, (R") where s € R, 0 < p < 00,0 < g < 00. Letkj,
be the kernels according to Definition 1.9 with A > o0, — s where o, is given by (1.35)
and B = 0. Then

Gin (1) = L) = [ kym) F0) 0y, € Noume 2", 147)

are local means, considered as dual pairing within (S (R™), 8’ (IR”)). Furthermore,

k(f) = {kjm(f) : j € No, m € Z"}. (1.48)
Remark 1.14. Let%—i—# =1lifl<p<ooand p’ =00if 0 < p < 1. Then
BT (R") = B5,(R"), s€R 0<p <o, (1.49)

is the dual space of Bls,p([R”), [T83, Theorems 2.11.2, 2.11.3]. We refer also to Theo-
rem 1.20 below. Then A > o, — s justifies (1.47) as a dual pairing. We refer for details
to [TO8, Remark 1.14].

Theorem 1.15. (i) Letr 0 < p < 00,0 < g < 00, s € R. Let kjp, be the kernels
according to Definition 1.9 where A € No, B € Ng with

A>o0p—5, B>y, (1.50)

and C > 0 are fixed. Let k(f) be as in (1.47), (1.48). Then for some ¢ > 0 and all
f € By, (RY),
1K) 1bpgll < c LS |Bpg (R (1.51)

(i) Let0 < p < 00,0 < g < 00,5 € R. Let kj,,, and k(f) be the above kernels
where A € Ng, B € Ng with

A>opg—s, B>y, (1.52)

and C > 0 are fixed. Then for some ¢ > 0 and all f € F,,(R"),

k() | gl < € LS 1Epg(R)]]. (1.53)
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Remark 1.16. A proof of this theorem with
|D%kjm(x)] < 2471 o < 4, j € No. m € Z", (1.54)

instead of (1.42), (1.43) may be found in [TOS8, pp. 7-12] based on [Tri08]. This is the
same type of replacement as in (1.34) compared with (1.31), (1.32). On this basis one
can follow the proof of [T08, Theorem 1.15] without any changes. Then one obtains
the above theorem.

1.1.4 Wavelets

In what follows we rely in addition to atoms and local means on wavelets. We collect
what we need later on. We suppose that the reader is familiar with wavelets in R” of
Daubechies type and the related multiresolution analysis. The standard references are
[Dau92], [Mal99], [Mey92], [Wo0j97]. A short summary of what is needed may also
be found in [T06, Section 1.7]. We give first a brief description of some basic notation.
As usual, C¥(R) with u € N collects all complex-valued continuous functions on R
having continuous bounded derivatives up to order u inclusively. Let

Yvr € C¥(R), v € C*R), ueN, (1.55)

be real compactly supported Daubechies wavelets with
/ Ypu(x)x¥dx =0 forallv € Ng withv < u. (1.56)
R

Recall that ¥ is called the scaling function (father wavelet) and s the associated
wavelet (mother wavelet). We extend these wavelets from R to R” by the usual mul-
tiresolution procedure. Let

G =(Gy,...,G,) e G* = {F, M}", (1.57)
which means that G, is either F or M. Let
G=(Gy,....Gy) € G/ ={F,.M}"*, jeN, (1.58)

which means that G, is either F or M where * indicates that at least one of the
components of G must be an M. Hence G has 2" elements, whereas G/ with j € N
has 2" — 1 elements. Let

n
vl ) =2"2T]v6,(2/xr —m,). GeG/.mez", (1.59)
r=1
where (now) j € Ny. We always assume that {r and ¥ps in (1.55) have L,-norm 1.

Then _ .
(W, ., jeNy, GeG/, mez"} (1.60)
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is an orthonormal basis in L,(R™) (for any u € N) and

f= i Yo MGl (1.61)

j=0 GeGJ meZ"

with
MG = L6 (f) = 21'"/2[ FE) WL (x)dx =272 (£, 0] ) (1.62)
R” ’ ’

is the corresponding expansion, adapted to our needs, where 27/ n/ Z\IJJ 1 are uniformly
bounded functions (with respect to j and m). In [TOS8], based on [HaTOS] [Tri04],
[TO6], we dealt in detail with an extension of the L,-theory to spaces of type B and
F, with and without weights, on R”, the n-torus T”, smooth and rough domains and
manifolds. In what follows we need only corresponding assertions for B, (R") and
F,,(R"). We give a brief description. First we adapt the sequence spaces introduced
in Definition 1.11 to the extra summation over G in (1.60). The characteristic function
Xjm of Ojn, has the same meaning as there.

Definition 1.17. Lets € R,0 < p < 00,0 < g < 0o. Then b;,q is the collection of
all sequences

A={CeC:jeNy, GeG/, mezZ"} (1.63)
such that
0 /p\1/
1A 163,11 = (sz(s—*)q 3 ( 3 |MG|P)q p) ! <0 (1.64)
GeGJ meZ"

and 1s the collection of all sequences A in (1.63) such that

10 = | (32 21 S 1m7) L @] <00 (169

J,G,m

with the usual modification if p = oo and/or ¢ = oo

The wavelets \l’é,m in (1.59), (1.61) may serve as atoms according to Definition 1.5

(appropriately normalised) and /\ﬁ,;G (f) in (1.62) as local means as introduced in Defi-
nitions 1.9, 1.13. Then one can ask under which circumstances the Theorems 1.7, 1.15
can be applied. Otherwise we use standard notation naturally extended from Banach
spaces to quasi-Banach spaces. In particular, {b; };?';1 C B in a separable complex
quasi-Banach space B is called a basis if any b € B can be uniquely represented as

o0
b= Z/Xj bj, A; € C (convergencein B). (1.66)
j=1
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A basis {b;}72, is called an unconditional basis if for any rearrangement ¢ of N
(one-to-one map of N onto itself) {bg(;)}72, is again a basis and

o0
b= Z/\a(j) bs(jy (convergence in B) (1.67)
j=1

for any b € B with (1.66). Standard bases of separable sequence spaces as considered
in this book are always unconditional. A basis in a separable quasi-Banach space which
is not unconditional is called a conditional basis. We refer to [AIK06] for details about
bases in Banach (sequence) spaces. As justified at the beginning of [T06, Section 3.1.3]
we abbreviate the right-hand side of (1.61) in what follows by

i,G A—jn/2 \,J
doapGainrwl (1.68)
J,G.m
since the conditions for the sequences A always ensure that the corresponding series
converges unconditionally at least in S’(R"), which means that any rearrangement
converges in S’(R") and has the same limit. Local convergence in By, (R") means

convergence in By, (K) for any ball K in R". Similarly for F,; (R"). Recall that o,
and o, are given by (1.35).

Theorem 1.18. (i) Let0 < p < 00,0 < g <00, s € R, and let \Dém be the wavelets
(1.59) based on (1.55), (1.56) with

u > max(s, o, — 5). (1.69)

Let f € S'(R"). Then f € B, (R") if, and only if, it can be represented as

f= ) a0 A eby,, (1.70)

Jj,G,m

unconditional convergence being in S’'(R") and locally in any space BJ,(R") with
0 < 8. The representation (1.70) is unique,

MG =202 (ol (1.71)

and .

It f e 22 (£ g, (1.72)
is an isomorphic map of By, (R") onto b,,. If, in addition, p < 0o, ¢ < 0o, then
{\I-’JGm} is an unconditional basis in B, (R").

(i) Let0 < p <00,0< g <00, 5 €R, and

u > max(s, opg — ). (1.73)
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Let f € S'(R"). Then f € F,,(R") if, and only if, it can be represented as

f= ) MGl de fy (1.74)
J,G,m

unconditional convergence being in S'(R") and locally in any space F,,(R") with
0 < s. The representation (1.74) is unique with (1.71). Furthermore, I in (1.72) is
an isomorphic map of F,,(R") onto f,,. If, in addition, ¢ < oo then {\Ifé’m} is an

unconditional basis in F, (R").

Remark 1.19. This theorem with more restrictive assumptions for u in (1.69) and
(1.73) may be found in [T06, Section 3.1.3, Theorem 3.5, pp. 153-156], based on
[Tri04]. The above version with the optimal conditions for u coincides with [TOS,
Theorem 1.20, pp. 15-17] and goes back to [Tri08].

1.1.5 Duality and interpolation

We presented so far in detail our main ingredients for what follows, atoms, local means
and wavelets. But occasionally we need a few other properties of the spaces B, (R")
and F; (R") introduced in Definition 1.1. We give a brief description of two such
topics, duality and interpolation, restricting us to what is needed later on.

Duality for the spaces B, (R") and F, (R") is considered in the context of the dual

pairing (S (R™), S’ ([R")). This requires that S(R") is dense in the respective space. We
refer to [T83, Section 2.11] for the general background. Let, as usual,

1 1 1 1
—+—=-+-=1 ifl<p<col=qg=oo (175)
p p 9 4
p'=o00if p <1,and ¢’ = oo if g < 1. Let 0, be as in (1.35).
Theorem 1.20. (i) Let0 < p < 00,0 < g <00, s € R. Then
1 _ p—sto
By, (R") = B, P(R™). (1.76)
(i) Letl < p<oo, 1 <qg<oo,se€R. Then
, -
Fo (R = Fp,;,(IR”). (1.77)

Remark 1.21. We refer to [T83, Theorem 2.11.2, 2.11.3, pp. 178, 180], complemented
by [RuS96, Proposition, p. 20] (as faras ¢ = 1in (1.77) is concerned). There one finds
further assertions about dual spaces. For what follows the above theorem is sufficient.

We assume that the reader is familiar with real and complex interpolation. Let
{Ao, A1} be an interpolation couple of complex quasi-Banach spaces. Then

(AOaAl)g’q: 0<6<1,0<q<oo, (1.78)
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denotes the real interpolation, whereas [Ag, A1]g with 0 < 6 < 1 stands for complex
interpolation. The general background may be found in [T78] and [T83, Section 2.4].
The classical complex method is restricted to Banach spaces, going back to the 1960s.
Only recently the complex method has been extended to a distinguished class of quasi-
Banach spaces in a satisfactory way (including the so-called interpolation property).
We refer to the survey [KMMO7] with [MeMOO] as a forerunner. Fortunately enough
this method applies to the spaces B, (R") and F,, (R"). We restrict ourselves to a few
assertions needed later on.

Theorem 1.22. (i) Let p,q,q0,¢1 € (0,00], 0 < 8 < 1 and

—00 <50 <51 <00, §=(1=0)so+0s1. (1.79)
Then
(Bygo(R™), Byl (R"))y . = Byg(R"). (1.80)

(ii) Let po, p1,90.91 € (0,00), s0 € R, s1 € R, 0 < 6 < 1 and

1 1-6 0 1 1-6 0
4+ —, - = + —, s=(1-0)so+ 0s;. (1.81)
p Po P1 q q0 q1

Then

[Boogo (R"). Byig, (R") ]y = By, (R™) (1.82)
and

[Fpoqo (R™). Fplg (RD)]y = Fpq(R"). (1.83)

Remark 1.23. If s € R,0 < p < coand 0 < ¢ < oo then
B;,mi"(Pﬂ)(an) = F;q([Rn) - B;,max(p,q)([Rn)' (1.84)

Hence, if p < oo then one can replace on the left-hand side of (1.80) one or both B
by F. These assertions are cornerstones of the interpolation theory for isotropic func-
tion spaces of this type. We refer to [T83, Theorem 2.4.2, p. 64]. The extended complex
interpolation formulas (1.82), (1.83) go back to [KMMO7, Theorems 5.2, 9.1, pp. 137,
157] and the literature mentioned there, especially [MeMOO]. It is of interest that both
(1.82) and (1.83) remain valid if min(gg, ¢1) < max(qgo,q1) = oo. If all p’s and ¢’s
are strictly between 1 and oo then the assertions of the theorem are known since a long
time. One may consult [T78, Section 2.4] and the literature mentioned there including
our own contributions [Tri73a], [Tri73b].

1.1.6 Spaces on domains

In our notation domain means open set. Let 2 be a domainin R”,n € N. Then L,(£2)
with 0 < p < oo is the standard quasi-Banach space of all complex-valued Lebesgue
measurable functions f in € such that

1/p
1 10 = ( /Q @7 ax) (1.85)
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(with the natural modification if p = 00) is finite. As usual, D(Q2) = C§*°(2) stands
for the collection of all complex-valued infinitely differentiable functions in R” with
compact support in €2, considered as functions in . Let D’(€2) be the dual space of
all distributions in Q2. Let g € S’(R"). Then we denote by g|<Q its restriction to 2,

gl eD'(Q): (g1R)(p) = g(p) forp € D(Q). (1.86)
With A = B or A = F the spaces Ay, (R") have the same meaning as in Definition 1.1.

Definition 1.24. Let ©2 be a domain in R” with Q # R” andlet 0 < p < 0o (p < 00
for the F-spaces), 0 < g < o0, s € R.
(i) Then

A5 () ={f € D'(Q) : f = g|Q forsome g € A5 (R")}, (1.87)
I [Apq () = inf [|g |47, (R™)], (1.88)

where the infimum is taken over all g € A (R") with g[Q2 = f.
(ii) Let

A5,(Q) ={f € A5,(R") : supp f C Q}. (1.89)

Then 5 B
A5,,(Q) = {f €D'(Q): f =gl forsome g € A;q(S_Z)}, (1.90)
1f 145, ()] = inf g |45, (R, (1.91)

where the infimum is taken over all g € Z;q (Q) with g|Q2 = .

(iii) Let, in addition, €2 be bounded. Then C(£2) is the collection of all complex-
valued continuous functions in 2.
Remark 1.25. Part (i) is the usual definition of the quasi-Banach space A;‘,q (R2) by
restriction. The spaces X;q () are closed subspaces of A, (R"). One has a one-to-one

correspondence between /Tj, 4 (Q) and /YZ ,(€2), written in a logically somewhat sloppy
way as L _
Ay, () = A}, (), (1.92)

if, and only if,
{h € 45, (R") : supp h C IR} = {0}. (1.93)

This is the case if €2 is a bounded Lipschitz domain (as defined below), 0 < p,g < oo
and s > 0p, (1.35), since [d2| = 0 and A}, (R") C LY(R™). In (iii) we assumed that
Q is bounded. Then C(£2) is a Banach space, furnished as usual with the norm

I/ 1CE)| = sup | /()] = meag_);lf(X)l. (1.94)
For2 <n e N,
R !> x> h(x) eR (1.95)

is called a Lipschitz function (on R*~!) if there is a number ¢ > 0 such that

|h(x") —h(y)| <c|x'—y'| forallx’ e R"7! y e R* 1 (1.96)
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Definition 1.26. Let2 <n € N.

(i) A special Lipschitz domain (or graph Lipschitz domain) in R” is the collection
ofall x = (x, x,) € R* with x’ € R"! such that h(x) < x, < oo where h(x') is a
Lipschitz function according to (1.95), (1.96).

(ii) A bounded Lipschitz domain in R” is a bounded domain 2 in R” where the
boundary I' = 92 can be covered by finitely many open balls B; in R* with j =
1,...,J, centred at I" such that

BiNnQ=B;NQ; forj=1,....J, (1.97)
where 2 are rotations of suitable special Lipschitz domains in R".
The space A3, (€2) in (1.87) is considered as a subset of D’(£2) and re,
reg = g|Q: A7, (R") — 45,(), (1.98)

according to (1.86) is the linear and bounded restriction operator. One of the most
fundamental problems in the theory of function spaces is the question of whether there
is a linear and bounded extension operator ext,

ext: Ay (Q) — A, (R"), extf|Q = f. (1.99)
By (1.98) this can also be written as
reoext =1id (identity in A;q (2)). (1.100)

We say that ext is a common extension operator for all

B;,(€2)  with (s, p,q) € Rg C R x (0, 00] x (0, o] (1.101)
if
dom(ext)y = () B, (Q) (1.102)
(s,p.q)€Rp

such that each restriction to an admitted space B, (€2) satisfies (1.99) with A = B.
Similarly for F-spaces or both B-spaces and F'-spaces. An extension operator is called
universal if it is a common extension operator for all spaces B, (€2) and F,, (£2).

Theorem 1.27. Let Q be a bounded Lipschit; domain in R", n > 2, according to
Definition 1.26 (i1) or a bounded interval in R. Then there is a universal extension
operator for all spaces A, (S2) introduced in Definition 1.24 (i).

Remark 1.28. This assertion is due to V. S. Rychkov, [Ryc99b]. Otherwise the con-
struction of extension operators is one of the most distinguished problems in the theory
of function spaces and may be found in [T78], [T83], [T92], [T06]. As for the well-
known standard construction for the classical Sobolev spaces ka (2),1 < p < oo,
k € N, we refer to [HaTO08]. In [TO8, Chapter 4] we dealt with extension problems for
spaces of the above type in rough domains (beyond bounded Lipschitz domains). But
this is not needed in what follows.
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Closely related to the extension problem is the search for intrinsic characterisations
of the spaces B,,(£2) and Fj,,(£2) according to Definition 1.24. In case of bounded
Lipschitz domains one has rather satisfactory answers. We refer in particular to [T06,
Theorems 1.118, 1.122, pp. 74, 77] and the extensive literature mentioned there. In
[TOS8, Chapter 4] we dealt not only with intrinsic descriptions by classical means (deriva-
tives and differences) but also in terms of atoms and wavelets. We restrict ourselves
here to a few assertions which will be of some use later on.

Letl < p < ooand k € Ng. Let Q be an arbitrary domain in R”, n € N. Then

WEQ) ={f e D(Q): | f W) < oo}, (1.103)
/
L wE@il = (X 10° 7 1Ly@17) (1.104)
loe|<k

are the classical Sobolev spaces in 2. In general, ka (£2) is not the restriction of

ka([R”) from (1.13), (1.14). But if 2 is a bounded Lipschitz domain in R*, n > 2,
according to Definition 1.26 (ii) or a bounded interval in R, then

WEQ) =re WF(R"), 1< p<oo, ke N, (1.105)

is the restriction of ka (R")y=F zi »(R™) to . This can be rephrased as an intrinsic de-

scription of F’ 15, 5 (£2) according to Definition 1.24 (i). The standard book about Sobolev
spaces in rough domains is [Maz85]. We dealt in [TO8, Section 2.5.3, pp. 65-68] with
intrinsic wavelet characterisations for ka (2) in arbitrary domains. The assertion
(1.105) for bounded Lipschitz domains is very classical and goes back to the 1960s.
One may consult [T06, Theorem 1.122, p. 77] and the references given there.

Another case of interest for us is the counterpart of (1.24) for the spaces B, (§2)
where again €2 is a bounded Lipschitz domain in R”, n > 2, or a bounded interval in R.
Let A;Z f be the differences as introduced in (1.21), where / € N and & € R”. Let for
x € Q,

(AL f)(x) ifx +kheQfork=0,...,1,
Al x)y=4 *h 1.106
( h’Qf)( ) {0 otherwise, ( )
be the differences adapted to 2. With o, as in (1.35) let

0<p,g=<oo, op<s<lel. (1.107)

Let p = max(1, p). Then B, (£2) is the collection of all /' € L 5(£2) such that

1 1/q
- dr
1 1p@ 1+ ([0 s I q f L@ ) <0 a0
0 <t

(modification if ¢ = o0) in the sense of equivalent quasi-norms. Since p > 1 one has
L5(2) C D’(2). But otherwise one can replace L 5(£2) by L,(£2) in (1.108) in the
sense of equivalent quasi-norms. We refer to [T06, Section 1.11.9] and the literature
mentioned there, in particular [Dis03], [DeS93].
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Proposition 1.29. Let Q be a bounded Lipschitz domain in R”, n > 2, according to
Definition 1.26 (ii) or a bounded interval in R. Then the real and complex interpolation
formulas (1.80), (1.82), (1.83) with Q2 in place of R" remain valid with the same
parameters as there.

Remark 1.30. This follows from the Theorems 1.22, 1.27 and the interpolation prop-
erty. It has also been mentioned explicitly in [KMMO7, Theorem 9.4, p. 159]. One
may also consult [T06, Section 1.11.8] and the underlying paper [Tri02].

1.1.7 Limiting embeddings

In connection with sampling and numerical integration we are mainly interested in
spaces Ay, (€2) which are continuously embedded in C(£2) as introduced in Defini-
tion 1.24. Here Q is a bounded domain in R”. This suggests to have a closer look at
related limiting situations only involving spaces of smoothness zero, s = 0, integra-
bility p = 1 or p = oo and their interrelations. We follow [SiT95] restricting some
assertions proved there in the context of R” to bounded domains €2 in R”.

(1) Smoothness s = 0, integrability p = 1 and u, v € (0, 00]. Then
B (Q) = L1(Q) = B ,(Q) (1.109)
if, and only if, 0 < u < 1, v = oco. Furthermore,
FPL(Q) = Li(Q) (1.110)

if, and only if, 0 < u < 2. There is no counterpart of the right-hand side of (1.109) for
F-spaces since L1(£2) is not embedded in any space Fﬁv () with0 < v < o0.

(i1) Smoothness s = 0, integrability p = oo and u, v € (0, 00]. Then
BY, ,(Q) = C(Q) — BY, ,(Q) (1.111)

if, and only if, 0 < u < 1, v = oo. This assertion remains valid if one replaces C(£2)
in (1.111) by Lo (2).

(iii) Smoothness s = 0, integrabilities p = co, p = 1 and u € (0, 00]. Then
B, .(Q) = L1(Q) (1.112)

if, and only if, 0 < u < 2.

The if-parts are known since a long time and covered by [T83, Sections 2.5.7,
2.5.8]. The more complicated only-if-parts may be found in [SiT95]. In connection
with numerical integration of continuous functions it might be of interest to clarify
in which spaces B?’q (2) and FR ,(§2) the space C(£2) is continuously embedded,
complementing the trivial assertion C(2) — L(2).
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Theorem 1.31. Let Q2 be a bounded domain in R" and let 0 < q < co. Then

C(Q) < BY,(Q) if andonlyif, 2<q < oo, (1.113)
and

C(Q) — F{,(Q) if,andonlyif, 2<q < oo. (1.114)

Proof. Step 1. We begin with a preparation. Let Q2 be a ball and let Cy(2) be the
collection of all f € C(S2) as introduced in Definition 1.24 (iii) with f|d2 = 0. Then
D(R2) is dense in Co(£2). According to [Mall95, Theorem 6.6, p. 97] one has

Cy(2) = M(2) = {finite complex Radon measures on Q} (1.115)

for the dual of Cy(£2). Let EIO 4 (Q) be as in (1.89) and put (in slight abuse of notation)
Co(Q) = C(Q) = {f € C(R") : supp f C Q}. (1.116)

If 1 < g < oo then D(Q) is also dense in B ?’ 4 () (localising f by multiplication with
cut-off functions, using the continuity of the translation f(-) — f(-+ h), h € R",
and mollification). If one assumes that

C(Q) = BY (Q). 1=<g<o0, (1.117)
considered as subspaces of C(R") and B?, p (R™), then it follows by duality that
BY (Q) = BY () = M), 1/q+1/q' =1. (1.118)

Here we used the R”-duality (1.76) and a standard factor space argument as in [T78,
Sections 2.10.5, 4.8.1, pp. 234, 332] (second edition). We prove the converse assuming
that the embedding in (1.118) holds. If f € D(2) then

17 1BY @)1 ~ sup {I(f 9] = 18 1B ()] < 1}
<sup{[(£ )] : g IMQ)]| < c} (1.119)
~If1IC@).

Completion gives (1.117).

Step 2. We prove (1.113). We may assume that 2 is a ball. Let 2 < g < oo.
Then (1.118) follows from (1.112) with u = ¢’. This proves (1.117) and by standard
arguments the if-part of (1.113). Let 1 < g < 2 and let T = [—m, 7] be the 1-torus.
Let Bgo’ q,(T) be the corresponding periodic Besov space. Recall that any f € D'(T)
can be expanded by its trigonometrical series,

f=) bpe™, xeT. (1.120)

meZ
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As far as periodic function spaces are concerned we refer to [ST87, Chapter 3] and
[TO8, Section 1.3]. In particular if this expansion is lacunary,

o0
f=Y ae® xeT. (1.121)
k=0
then
&9 ’
0 q/ 1/q 0
feBY (T) (Z|ak| ) ~ £ 1BL (T <oo.  (1.122)
k=0

Let {ai} € €4 but {ax} & £>. Then f in (1.121) is not a Radon measure. This
follows from [Edw82, pp. 235, 251, Section 15.3.1] since E = {2¥} is a Sidon set
and any measure with (1.121) belongs to L,(T), hence {ax} € {,. But then there
are also compactly supported elements f € B0 o (R) which are not finite Radon
measures (hence generating linear and bounded functlonals on corresponding spaces
of continuous functions). Let

g(x) = f(x1) x(x"), x=(x1.x") e R", (1.123)

with the above f and y € D(R"!), y(x’) = 1 if |x’| < 1. Then g is not a Radon
measure in R” (since it does not generate a linear and bounded functional on a suitable
space of continuous functions). This disproves (1.118), hence (1.117) and also (1.113).
Then one obtains the only-if-part of (1.113).

Step 3. We prove (1.114). The if-part follows from (1.12) and
C(Q) = L,y(Q) = F),(Q) = F, (). (1.124)
1 < p < oo, where we used that €2 is bounded and the resulting monotonicity of
the B-spaces and F-spaces with respect to p. One may consult [T0O6, Remark 4.41,
p- 227]. The only-if-part is a consequence of (1.113) and
FP,(Q) = BY () forl <q<2, (1.125)

using elementary embeddings, (1.84) or [T83, (3), Section 3.2.4, p. 195]. O

Remark 1.32. By (1.124) the embedding
C(Q) = F{,(Q) = h(Q) (1.126)
is almost obvious where /1 (£2) is the restriction of the inhomogeneous Hardy space

h1(R™) to 2, [T83, Theorem 1, p. 92]. By (1.125) and the above theorem this assertion
cannot be improved in the context of the spaces A(l” q ().
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1.1.8 Spaces of measurable functions

All spaces considered so far are spaces of distributions, subspaces of S’(R") or of
D’(R2), where 2 is a domain in R”. This remains to be our major concept in what
follows. On the other hand there is an alternative way to deal with function spaces in
the context of measurable functions. The spaces L,(R") with0 < p < 1 asintroduced
at the beginning of Section 1.1.1 cannot be interpreted as distributional spaces within
S’(R™) or D’(R™). On the other hand they may serve as basic spaces for spaces B,,(R")
and F},,(R") with p,q € (0,00] (p < oo for the F-spaces) of positive smoothness
s > 0. Especially the spaces By, (R") have some history in approximation theory. But
this is not the subject of this book. One may consult [Del.93, Chapter 2], [DeS93],
[HeNO7] and the literature mentioned there, especially [StO78]. In [T06, Chapter 9]
we developed a new approach to these spaces. We return later on (as a by-product of
our main considerations) to sampling numbers in the context of these spaces. For this
(and only this) reason we describe here the general background.

All spaces Bj,(R") and Fj,(R") according to Definition 1.1 are subspaces of
S’(R™). Recall that {fitj2, C S’(R™) is said to converge (weakly) to f € S’(R") if

lim fj(¢p) — f(p) forallp € S(R"). (1.127)
j—o0

Let ;1 be the Lebesgue measure in R” and let M(R") be the collection of all equivalence
classes of all 7, almost everywhere finite complex-valued functions f in R”. This is
a linear space which can be furnished with the convergence in measure. This means
that { f;}72, C M(R") converges in measure to f* € M(R") if for any & > 0,

Jim s 1S (@) = S0z €] = 0. (1.128)

A detailed discussion of the convergence in measure, also in relation to the convergence
almost everywhere, and how to convert M(R”) into a complete metric space may be
found in [Mall95, Section I,5]. For our purpose it is sufficient to remark that the
convergence in L,(R"), quasi-normed by (1.1), is stronger than the convergence in
measure. Let 0 < p < oo and let { f;}72; C Lp(R") such that f; — f € Lp(R") in
L,(R™). Let ¢ > 0. Then (1.128) follows from

1/p
en/ s 1500 - Sz e = ([ 1w - peorax) i)

One may consider M(R") as the substitute of S’(R") in the context of the spaces
B, (R"), F,,(R"), in what follows. If €2 is a domain in R” then one has an obvious
counterpart M(£2) of M(RR”) which may serve as a substitute of D’($2).

For f € M(R"),l € Nand h € R" letas in (1.21)

(AL F)X) = fx+h)— f(x), (AT (x) = AL(A] F)(x),  x € R, (1.130)

be the iterated differences in R”. Let

I n ; » 1/p
dipf(x) = (t /|h|<t [(AR f)(x)] dh) , leN,0<p<oo, (1.131)
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x € R”, be related ball means. If Q is a domain (= open set) in R” and g € M(R")
then
gl e MQ),  (glR)(x) =g(x), xe, (1.132)

is the restriction of g to 2.

Definition 1.33. Let u € IN.
(i) Let0 < p <00,0 <g <00,0<s <[ e N. Then B, (R") is the collection
of all f € L,(R") such that

b dr\ /4
17 183 Bl = 1 1L, ® 1+ 750 sup g7 1L, &1 ) <0

|hl<t
(1.133)
with the usual modification if g = oo.

(ii) Let 0 < p < 00,0 < ¢ < 00,0 <5 <[ € N. Then Fj (R") is the collection
of all f € L,(R") such that

1 1/q
_ dr
1 163 @) = 112 @+ | ([ rmal, 10005 ) Tip@n) < oo
0
(1.134)

with the usual modification if ¢ = oo.

(iii) Let 2 be a domain (= open set) in R”. Let 0 < p,q < oo (with p < oo for
the F-spaces) and A, (R") be either B, (R") or F;,, (R"). Then

A2, (Q) = {f €Ly(Q): f =g|Qforsome g € A;,q([R”)} (1.135)

and
I/ A5, ()] = inf || g |A;,(RM)], (1.136)

where the infimum is taken over all g € A7 (R") with g|[Q = f.

Remark 1.34. We followed essentially [T06, Section 9.2.2, pp. 386—390] where one
finds further explanations. In particular A7 (R"), and then also A}, (€2), are quasi-
Banach spaces. They are independent of / € N with [ > s. This is the counterpart of
Definition 1.1. There one asks for which f € S’(R") one has (1.9), (1.11). Similarly
one can reformulate the above definition asking for which f* € M(R") one has (1.133)
or (1.134). If A7 (R") is continuously embedded in some space L, (R") with 1 <r <
oo, then A7, (R") can also be considered as subspace of S’(R") consisting of regular
distributions. Let o), be as in (1.35). Then one has in the sense of this interpretation

By, (R") =B (R"), 0<p,q=<o00, s> 0. (1.137)

As far as limiting cases s = 0, are concerned we refer also to [ScVO09]. A corresponding
assertion for the F'-spaces is a little bit more complicated. We refer to [T06, pp. 388,
389]. In case of the B-spaces one may consult (1.23)—(1.25). Otherwise we collected
in [TO6, Theorem 1.116, pp. 72/73] what is known about characterisations of Ay, (R")
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in terms of differences and ball means of differences. Part (iii) of the above definition
is the direct counterpart of Definition 1.24 (i). Then it follows from (1.137) that

B,,(2) =B} (), 0<p,qg=<00,s>o0p, (1.138)

for any domain € in R”. On the other hand for suitable spaces B, ($2) and F,,(£2)
in bounded Lipschitz domains there are intrinsic characterisations of these spaces in
terms of differences and ball means of differences, [T06, Theorem 1.118, Remark 1.119,
pp- 74-76]. In partlcular with the adapted differences Al e according to (1.106) one
has for the spaces B (Q) covered by (1.138) the characterisation (1.108). This can be
extended to all spaces g (§2). Let (+, -)g 4 be the real interpolation method mentioned
in (1.78). For the B-spaces and F-spaces on R" we have Theorem 1.22 and for the
corresponding spaces on bounded Lipschitz domains Proposition 1.29. It is somewhat
doubtful whether one has a full counterpart of these assertions for the B-spaces and
F-spaces on R” and on bounded Lipschitz domains. But there is one special case which
will be of crucial importance for us later on.

Theorem 1.35. Let Q be a bounded Lipschitz domain in R, n > 2, according to
Definition 1.26 (ii) or a bounded interval in R. Let By, () be the spaces introduced
in (1.135), (1.136) with A = B where 0 < p,q < ocoands > 0.

(i) Let s < I € N and let Az of be the differences according to (1.106). Then
B, (§2) is the collection of all f € Lp(S2) such that

! d
1 B3 @l = 11£ 125 + ([ 17 sup &0 f Ly @] [) <o

(1.139)
(equivalent quasi-norms) with the usual modification if ¢ = oo.

(ii) Let p,q1,q2 € (0,00]. Let 0 < 0 < 1. Then

(Lp(R). B}y, (), = =B (Q). (1.140)

Remark 1.36. If s > o, then one has (1.138), and (1.139) coincides essentially
with (1.108) where one can replace L 5(2) by L,(£2). This is reasonable since the
above spaces are considered now as subspaces of L,(£2). The full theorem (including
in particular the cases with p < 1 not covered by (1.138)) follows from [DeS93,
Theorem 6.1, p. 858]. In this paper one finds also the remarkable interpolation assertion
(1.140), [DeS93, Theorem 6.3, p. 859]. One can replace 2 by R”, hence

(Lp(R"), By, (R), =B (R") (1.141)

for the same parameters as in part (ii) of the above theorem. We refer in this context
also to [TO1, pp. 373/374] where we discussed this type of interpolation and where one
finds also further related references.

Remark 1.37. Later on we need a few more specific assertions for the spaces By, (R")
(withn = 1) and B (€2). This applies in particular to atomic and quarkonial repre-
sentations where we rely on [Net89], [HeNO7] and [T06, Section 9.2]. More recent
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results may be found in [HaSO08], [Schn09a], [Schn09b], [Schn10]. We mention here
only one assertion which will be of some use for us. Recall the well-known embedding

B;’min(pﬂ)([k”) — F,,(R") — B;,max(p’q)([R"), (1.142)

se€R,0< p<oo,0<gq < oo, [T83, Proposition 2, p. 47]. The counterpart
B;,min(p,q)([k”) < F;q([R”) — B;’max(p’q)([R”), (1.143)

s >0,0< p <o00,0 < g < oo, may be found in [Schn09b, Proposition 1.19(1)].

1.2 Spaces with dominating mixed smoothness
1.2.1 Definitions

A substantial part of this book deals with sampling, numerical integration and discrep-
ancy in the context of spaces with dominating mixed smoothness. In this Section 1.2 we
recall basic definitions, collect some assertions and prove a few new properties which
will be helpful for what follows. This may complement the huge literature about this
topic but it is far from being something like a survey.

Let L,(R") with 0 < p < oo be the usual Lebesgue spaces quasi-normed by (1.1)
with the natural modification if p = oco. We use the same notation as introduced in
Section 1.1.1. Sobolev spaces with dominating mixed smoothness

SIW(R?) = {f € Lp,(R*) : | f|S;W(R?)| < oo} (1.144)
for 1 < p < oo, r € N and with
o f o f
IfIS;WRH| = || f [Lp(RP)] + ™ |Lp(R?) +‘ 1 Lp(R?)
x] 0x}

(1.145)

82rf
—~_|L,(R?
+Hax;ax;| (R

go back to K.I. Babenko, [Bab60] (periodic case) and S.M. Nikol’skij, [Nik62],
[Nik63]. One may also consult the relevant parts in [Nik77] (first edition 1969) and
[BIN75]. It is remarkable that at this time (and even a little bit earlier) N. M. Ko-
robov, [Kor59], and N.S. Bakhvalov, [Bak59], [Bak64] observed that dominating
mixed smoothness is an adequate instrument to deal with sampling and numerical
integration (one of our main topics later on). A description of these early results may
be found in the survey [TemO3, p. 387]. The systematic Fourier-analytical approach to
several versions of spaces with dominating mixed smoothness of type S,, B(R") and
Sp4 F(R") goes back to H.-J. Schmeisser, [Schm80], [Schm82] (his habilitation) and
may also be found in [ST87, Chapter 2]. One may consult [ST87, Section 2.1, pp. 80/81]
for further historical comments and references covering the substantial early history of
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these spaces. Finally we refer to [Tem93] and the recent surveys [Schm07], [ScS04],
[Vyb06]. Some new characterisations of spaces with dominating mixed smoothness,
especially in terms of Peetre’s maximal function, may be found in [Baz03], [Baz04],
[Baz05a], [Baz05b], [U1108], [UlI09]. As said we are interested here only in a few
more specific aspects. For sake of simplicity we deal mainly with the two-dimensional
case. But it will be rather clear how the n-dimensional generalisations look like.

Let f and fV be the Fourier transform and its inverse in S’(R?) as introduced in
Section 1.1.1. Let g9 € S(R) with

@o(t) = 1if [t} <1 and @o(v) = 0if [v] > 3/2, (1.146)
and let
@1(t) = 0o (27t) —@o(271* 1), teR, I eN, (1.147)

be the one-dimensional resolution of unity according to (1.5)—(1.7). Let

Ok (X) = r, (X1) @iy (x2),  k = (k1,k2) € N§,  x = (x1,x2) € R%. (1.148)

Since

> er(x) =1 forx e R (1.149)
keNZ

the ¢ form a resolution of unity. Recall that the entire analytic functions (¢ f )WV(x)
make sense pointwise in R? for any f € S’(R?). The counterpart of Definition 1.1
reads now as follows.

Definition 1.38. Let ¢ = {¢k};cn 2 be the above dyadic resolution of unity.
(i) Let
O<p<oo, O0<g=<oo, rekR. (1.150)

Then S, B(R?) is the collection of all f € S’(R?) such that
" B(R? r(ki+k2)q NV ENTARL
1/ 1S5, BE) e = (D 2 [ F)IL,@®)]7) " <00 (LIsD)
keN3

(with the usual modification if ¢ = 00).
(ii) Let
O<p<oo, O0<g=<oo, rekR. (1.152)

2y ; : 2
Then S, F(R?) is the collection of all f* € S"(R?) such that

17185, F@)ly = [( 30 276200 /)Y 0)17) 1L, @) < 00 (1153)
keN3

(with the usual modification if ¢ = 00).
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Remark 1.39. These are special cases of a larger variety of spaces with dominating
mixed smoothness as considered in [ST87, Chapter 2] and the underlying papers,
in particular [Schm80], [Schm82]. As for the more or less obvious n-dimensional
generalisation one may consult [Vyb06]. These spaces are independent of admitted
resolutions of unity ¢ according to (1.148), (1.149). This justifies our omission of the
subscript ¢ in (1.151), (1.153). We collect a few special cases and properties referring
for details to [ST87]. This is the counterpart of Remark 1.2.
(i) Let 1 < p < 00. Then

Ly(R?) = S),F(R?) (1.154)

is again a Littlewood—Paley theorem.
(i) Let1 < p < ocoandr € Ng. Then

STW(R?) = S; , F(R?) (1.155)

are the classical classical Sobolev spaces with dominating mixed smoothness, usually
equivalently normed by (1.145) and

IFISSW@E ~ 3 1D%f Ly @) (1.156)

2
aENO
Ogaj <r

This generalises (1.154)
(iii) Let 0 € R. Then

Jo: [ (L +ED)72(1+ £D)2 )Y (1.157)

is a one-to-one map of S(R?) onto itself and of S’(R?) onto itself. Furthermore, J,; is
alift for the spaces S;, A(R*) with A = Bor A = Fandr € R,0 < p <00 (p < o0
for the F-scale), 0 < g < oo,

Jo S} AR?) = 877 A(R?), (1.158)
(equivalent quasi-norms). With
STH(R?) = J_,Ly(R*), reR. 1< p<oo, (1.159)
one has
SIH(R?) = SIW(R?), 1€ N, 1< p<oco. (1.160)

In analogy to (1.18), (1.19) one may call S;H([Rz) Sobolev spaces with dominating
mixed smoothness, generalising the above classical Sobolev spaces with dominating
mixed smoothness. By (1.154), (1.158), (1.159) one has

STH(R?) =S ,F(R*), reR 1<p<oo. (1.161)

(iv) We denote
STe(R?) = S B(R?*), rekR, (1.162)
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as Holder—Zygmund spaces with dominating mixed smoothness. We need the mixed
version of the differences as introduced in (1.21), (1.22). Let

Ay f(x1.x2) = f(x1 4 h.x2) — f(x1.x2).
AL F() = A (A ),

where x = (x1,x2) € R%2, h € R, [ € N, be the iterated differences with respect to the
x1-direction. Similarly A;l ,f>1 € N. Let

(1.163)

A FG) = AL ) = AL (AL f)x). x e R, (1.164)

be the mixed differences, [ € N, h = (hy,hy) € R?. Let0 < r <[ € N. Then
S7€(R?) is the collection of all complex-valued continuous functions in R? such that

I/ 1STE®)] = sup | f(x)] + sup |m|7"|A] , f(x)]

xeR2 h1eR
xeR2
N . 1.165)
+ sup [ha| 7T |A] L f()| + sup |hyho| AL f(x )|
hy€R heR2
xeR2 xeR2

is finite (equivalent norms), [ST87, p. 126].
(v) This assertion can be generalised as follows. Let0 < r </ € Nand 1 <
p.q < oo. Then S} B(R?) is the collection of all f € L,(R?) such that

HfMAWW+(L

+ (/h2|<1 |h2|_rq ||A ho. 2f |Lp(|RZ)||

dhy\ V4
VM”WMMfMAWW“J)

1|<1

(1.166)

_ dhy dh
+ ([hlkl |h h2| rq”Ahl hzf |Lp([R2)”q 1 2)

lhpl<1

is finite (equivalent norms). Similarly, S7 B(R?) is the collection of all f € L,(R?)
such that

L,(R? lz—’q Al L,(R? qdl e
I 1Lp (R + | lhsu‘p | AL, 1S 1Lp (R
1<t

1 dr
+(/0 t rqlsup | A, 2 f 1L (RH)] T — ) (1.167)

Lol dry dt
([ [ s g r e 2)

1<

|h2|<l2
is finite (equivalent norms). We refer to [ST87, Theorem 2, p. 122]. These are the
classical Besov spaces with dominating mixed smoothness. There are extensions to
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some cases with p < 1 and/or g < 1, [ST87, Theorem 1, p. 118/119], but not a final
assertion as in the isotropic case. Further characterisations of S, B(R?)and S pa F (R?)
in terms of (ball means) of differences may be found in [U1106].

1.2.2 Atoms

We describe atomic representations for the spaces S;qA([Rz) according to Defini-
tion 1.38 with A € {B, F'}. This is the counterpart of Section 1.1.2 where we dealt
with the atomic representations for the isotropic spaces A4y, (R").

Let ygm with k € N% and m € Z? be the characteristic function of the rectangle
Qrm = (27Fmy, 2751 (my + 1)) x (27%2ma, 2792 (3 + 1)) (1.168)
and let

ky+k
X;{’Z(x) -2 Zka(x), ke Nj, meZ? xeR? (1.169)

be its p-normalised modification where 0 < p < oco. Let dQg;,, with d > 0 be the
rectangle concentric with Qy,, and with side-lengths d27%1 and d27%2.

Definition 1.40. Let 0 < p < 00, 0 < ¢ < oco. Then sp4b is the collection of all
sequences
A={Am€C : k€N, meZ? (1.170)

ispebl = (X (X hanl?)) <0

and s, f s the collection of all sequences according to (1.170) such that

such that

21550 /1= | (X Wi 220001) 1Ly @) | <00 172)
k.m

with the usual modifications if p = oo and/or ¢ = oo.

Remark 1.41. This is the counterpart of Definition 1.3. One has s,p,b = spp f,
0<p =< oo

Definition 1.42. Letr € R, 0 < p <00, K € Ng, L € Ng and d > 1. Then the
Loo-functions ag,, : R? > C with k € N3, m € Z? are called (r, p)-atoms if

Supp dgm C dQim, k € N3, m € 72, (1.173)

there exist all (classical) derivatives D%ag,, witha = (a1, @2), 0 < oj < K such that

|D%ajm(x)] < 2 k1HRIC—p)thiathom o \2 4y e 72, (1.174)
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x € R? and

/[Rxf arm(x)dx; =0, j=12:B<L,kjeN, meZ> (1.175)

Remark 1.43. This is the counterpart of Definition 1.5. If L = 0 then (1.175)
is empty (no condition). If K = 0 then (1.174) means that ar,, € Ls(R?) and
|aem(x)| < 2_(k‘+k2)('_%). No cancellation (1.175) is required if k; = 0. If
Qkm(X) = Ak m, (X1) Akym, (X2) then one has the same conditions as in Definition 1.5
with n = 1. The above definition coincides essentially with [Vyb06, Definition 2.3,

p- 25] and [SchmO7, Definition 4.4, p. 180] (with different normalisations). One may
also consult [Baz05a].

Theorem 1.44. (i) Let0 < p < 00,0 < g <o0o,r € R. Let K € Ng, L € No, d € R
with |
K >r, L>max(—,1)—1—r, (1.176)
V4

and d > 1 be fixed. Then f € S'(R?) belongs to Slqu([Rz) if, and only if, it can be

represented as
=Y Mimaim: (1.177)

keN3 mez?

where ayp, are related (r, p)-atoms according to Definition 1.42 and A € spqb. Fur-
thermore,

1.1 1S54 B(R)|| ~ inf || |spgb] (1.178)
are equivalent quasi-norms where the infimum is taken over all admissible representa-
tions (1.177) (for fixed K, L, d).

(i)Let0 < p<00,0<qg <00, reR Let K € Ny, L € Ng,d € R with

11
K >r, L>max(—,—,1)—l—r, (1.179)
P q

and d > 1 be fixed. Then f € S'(R?) belongs to quF(IRz) if, and only if; it can be
represented by (1.177) where ay,, are related (r, p)-atoms according to Definition 1.42
and A € spq f. Furthermore,

I 185, F(R?)|| ~ inf [|A |spq f | (1.180)

are equivalent quasi-norms where the infimum is taken over all admissible representa-
tions (1.177) (for fixed K, L, d).

Remark 1.45. This is the direct counterpart of Theorem 1.7. It is remarkable that the
restrictions for L in (1.176), (1.179) are the same as in (1.36), (1.39) withn = 1 in
(1.35). This reflects the well known fact that spaces with dominating mixed smoothness
behave in many respects, for example embedding theorems, in the same way as the
spaces Ay, (R) on the real line. This will be one of the points later on when we deal
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with sampling, numerical integration and discrepancy. A detailed proof of the above
theorem may be found in [Vyb06, Section 2.2], where one can replace the assumed
continuity of ag,, by ar, € Lo without any changes. In Definition 1.5 and, as a
consequence, in Theorem 1.7, we weakened a possible differentiability assumption
for D%aj, with |o| = K by the Lipschitz continuity (1.32). This can also be done
in Definition 1.42 and Theorem 1.44 if «; = K or ap; = K in (1.174). For this
purpose one has to modify the proof in [Vyb06] slightly. We refer in this context also
to [SchmO7, Theorem 4.6, p. 182]. In both papers, [Vyb06], [SchmO7], more general
spaces with dominating mixed smoothness are considered. Finally we remark that the
above theorem remains valid (at least for some K, L, d) if one admits only atoms

Akem(X) = Aieymy (X1) Ay, (X2), &k = (k1,k2) € N§, m = (m1,m») € Z?,
(1.181)
having a product structure. This follows from wavelet representations of the above
spaces, interpreting wavelets, satisfying (1.181), as optimal atoms.

1.2.3 Local means

We describe the counterpart of Section 1.1.3 where we dealt with local means for
isotropic spaces. The kernels we are looking for are products of one-dimensional
kernels according to Definition 1.9 which will be now denoted by wj,, in order to
avoid a clash of notation with the summation index k. Let

Okm = Ikymy % Ikomys  k = (k1.k2) € N3, m = (my.,mp) € Z*.  (1.182)
be the rectangles according to (1.168).
Definition 1.46. Let A € Ny, B € Ny and C > 0. Let
Wim (x) = w,ilml (x1) w,%z,m(xz), k e IN%, m e Z?, x € R?, (1.183)

where wljC ¢ R C are L-functions with

jmj
supp w,’cjmj CClxym;» kjeNo, mjeZ, (1.184)

j = 1,2. Then Wy, are called kernels (of local means) if there exist all (classical)

L7y, (6) with [ < A such that

derivatives il

I

Fw,{jmj (z)‘ <2k AFD - fi e Ng, mj € Z, (1.185)
t € R, and if
/t” wkjmj(t)dt =0, veNo,v<B, kieN mjeZ, (1.186)
R

j=12.
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Remark 1.47. In other words, the kernels Wy, for spaces with dominating mixed
smoothness are products of corresponding one-dimensional kernels according to Defi-
nition 1.9. One can replace (1.185) with [ = A by the counterpart of the Lipschitz
condition (1.43). Otherwise one has the same interpretations as in Remark 1.10. Next
we need the counterparts of the Definitions 1.11, 1.13. We adapt the spaces s,4b and
Spq J introduced in Definition 1.40 to the different normalisation of kernels compared
with atoms. Let yg,, be the characteristic function of Qg,, in (1.182).

Definition 1.48. Letr € R,0 < p < 00,0 < g < co. Then slr,qb is the collection of
all sequences A according to (1.170) such that

a/p\1/q
1A s bll = ( 3 2(k1+k2)(r—%)q< > |)tkm|p) ) < 00 (1.187)
keN2 mez2

and s,, f is the collection of all sequences A according to (1.170) such that
1/q
215 £1 = | (322917274 Py samO)I7) L, 83| <00 (1L188)
k,m

with the usual modification if p = oo and/or g = oco.

Remark 1.49. The summation over k and m in (1.188) is the same as in (1.187), hence
k € N3, m € Z?. Furthermore spob =5, f.

Definition 1.50. Let f € S;qB([RZ) where r € R, 0 < p < 00,0 < ¢ < oo. Let
Wi m be the kernels according to Definition 1.46 with A > max (%, 1) — 1 —r. Then

Wion(F) = (- Wiom) = [ Win) F0) Ay, k€ WG me 72 (L189)

are local means, considered as dual pairing within (S(R?), S’(R?)). Furthermore,
W(f) = {Wim(f) : k € N§, m € Z?}. (1.190)

Remark 1.51. This is the counterpart of Definition 1.13. As there one has to justify
that (1.189) makes sense. This is again a matter of duality. The needed counterpart of
(1.49) may be found in [Vyb06, p. 42].

Theorem 1.52. (i) Let 0 < p < 00,0 < g < oo, r € R Let Wy, be the kernels
according to Definition 1.46 where A € Ng, B € Ng with

1
A > max (—,1)—1—r, B >r, (1.191)
p

and C > 0 are fixed. Let W(f) be as in (1.189), (1.190). Then for some ¢ > 0 and all
f e S;QB([RZ),
IW(F) Ispgbll < ILf 1S, BRI (1.192)
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(i) Let0 < p < 00,0 < g <00, 7 € R. Let Wy, and W( f) be the above kernels
where A € Ng, B € Ng with

11
A > max (—,—,l)—l—r, B >r, (1.193)
P q
and C > 0 are fixed. Then for some ¢ > Q0 and all f € S;qF([RZ),
(W) I5pg SN < IS 1Sy, F(RP)]. (1.194)

Proof (Outline). This is the counterpart of Theorem 1.15 where we referred in Re-
mark 1.16 for a proof to [TO8, pp. 7-12]. One can adapt this proof to the above
situation. For this purpose one expands f € S, qB([Rz) according to Theorem 1.44 (i)
where the atoms ag,, in (1.177) have the product structure (1.181) (one may think
about wavelet representations we are going to describe later on). Together with (1.183)
one has

2
/[R Wim() agz (0 dy =[] /[R W], ) g (7). (1.195)
j=1

and one can apply the corresponding estimates in [TOS, pp. 7-2] with n = 1 (one-
dimensional). For this purpose one has to adapt some technicalities as it has been done
in [Vyb06, Lemma 1.18]. Following this way one obtains part (i) of the above theorem.
For the F-spaces we relied in [TOS, p. 10, (1.70)] on the well-known vector-valued
maximal inequality of Fefferman—Stein. There is a coordinate-wise generalisation
which may be found [ST87, Theorem 1, p. 23] with a reference to [Bag75] and which
has been used in [Schm07], [Vyb06] in the above context. After this modification one
can again follow the arguments in [TO8] appropriately adapted. One obtains part (ii)
of the above theorem. O

Remark 1.53. Local means for spaces with dominating mixed smoothness have been
considered in [Vyb06, Section 1.3.5] under more restrictive assumptions for the kernels.
In Theorem 1.15 we relied on (1.42), (1.43) instead of (1.54). Similarly one can
replace (1.185) with /[ = A by a corresponding Lipschitz condition. Based on a related
comment in Remark 1.45 one can modify the above arguments. Then one obtains
Theorem 1.52 under these slightly weaker assumptions.

1.2.4 Wavelets

We are interested in the counterpart of Theorem 1.18 for spaces with dominating mixed
smoothness preferring now the same normalisation as for atoms in Definition 1.42 and
Theorem 1.44. This is better adapted to our later needs when dealing with Haar bases
and Faber bases. Let r € C¥(R) and y3y € C*(R) be the same compactly supported
real Daubechies wavelets as in (1.55), (1.56). Let

Voim(®) = N29p( —m) and Yim(t) = Yar (21 —m) (1.196)



1.2 Spaces with dominating mixed smoothness 31

withk € Ngand m € Z. Let N_; = Ny U {—1}. We always assume that
(2529 (1) k€ N_y, m € Z} (1.197)
is an orthonormal basis in L, (R). Let I]\IE1 = N_; x N_7 and let
Yiom () = Vi, (1) Veama (v2). k = (kik2) € N2y, m = (my.mo) € 72,

(1.198)
be the usual tensor product in R?. Then

(3kitky, ke N2, meZ?) (1.199)

is an orthonormal basis in L, (R?) (for any u € N). Furthermore,

=3 2 am2ztitRlyy, (1.200)

keN2 | meZ?2
. . . . . 1
is an atomic representation according to (1.177) with ag,, = 22 (k1+k2)1pkm and

Aom = A (f) = 23E1+K2) / F6) Vo () dx. (1.201)
[RZ

We discussed in Section 1.1.4 what is meant by an unconditional basis in a separable
quasi-Banach space, unconditional convergence in S’(R?) and local convergence now
with respect to Sp, B(R?). Similarly as in (1.68) we abbreviate (1.200) by

3 dgm 22 ®HRD g (1.202)
k.m

since the conditions for the sequence A always ensure that the corresponding series
converges unconditionally at least in S’(R?). We need the sequence spaces introduced
in Definition 1.40 in connection with atoms but with k € I}\li1 instead of k € IN%.
To avoid any misunderstanding we give a precise formulation. Let 0 < p < oo,
0 < g <ooand

A={lmeC:keN2, meZ?. (1.203)

Let X,(f:n) be the p-normalised characteristic function (1.169) of the rectangle (1.168)
now withrespecttok € N2, andm € Z?. Then sp,b~ is the collection of all sequences

A in (1.203) such that
_ a/p\1/q
M Ispab ™= (20 (2 1aeml?) ) <00 (1.204)
keN2, meZ?
and 5,4 f ~ is the collection of all sequences A in (1.203) such that

15501 = (3 e 220019) 1L, @) < o0 (1.205)
k

m

with the usual modifications if p = oo and/or ¢ = oo.
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Theorem 1.54. (i) Let 0 < p < 00,0 < q < 0o, r € R, and let Yy, be the wavelets
(1.198) based on (1.55), (1.56) with

1
U > max (r, max (—, 1) —1- r). (1.206)
p
Let f € S'(R?). Then f € Slqu(lR2) if, and only if, it can be represented as

=Y M2 C@HROD g e spgb (1.207)
k,m

unconditional convergence being in S'(R?) and locally in any space Sg, B(R?) with
o < r. The representation (1.207) is unique,

App = 2(k1+k2)(r—§+1)(f, Viem) (1.208)
and
Ji f e OO0 (py Y (1.209)
is an isomorphic map of quB(IRZ) onto Spqb™. If, in addition, p < oo, g < oo, then
{Wkm} is an unconditional basis in Sl’,qB(Rz).
(i) Let0 < p <00, 0 < g < oo, r € R, and

11
u > max (r,max (—,—,1)—1—r). (1.210)
P 4
Let f € S'(R?). Then f € SlﬁqF([Rz) if, and only if, it can be represented as
F= 2 EHRCTD g N e sy 7 (1.211)
k,m

unconditional convergence being in S'(R?) and locally in any space quF (R?) with
© < r. The representation (1.211) is unique with (1.208). Furthermore, J in (1.209)
is an isomorphic map ongqF([Rz) onto Spq f ~. If, in addition, g < oo then {Yi,,} is
an unconditional basis in S, F (R?).

Proof. This is the counterpart of the corresponding Theorem 1.18 for the isotropic
spaces By, (R") and F,,(R") now with the same normalisation as in Theorem 1.44
for atoms. The necessary references may be found in Remark 1.19. The proof of
Theorem 1.18 is reduced to the atomic representations in Theorem 1.7 and the local
means in Theorem 1.15. For spaces with dominating mixed smoothness the Theorems
1.44, 1.52 are the direct counterparts of these two crucial ingredients. Then one can
follow the arguments in the references given in Remark 1.19. One point should be
mentioned. Wavelet representations of the above type for sufficiently large u € N
in (1.55), (1.56) have been proved in [Vyb06, Theorem 2.11, p. 41]. These smooth
wavelets can be identified with optimal atoms in (1.181), (1.195) resulting in the sharp
Theorem 1.52 as far as the assumptions for 4 and B are concerned. Afterwards one
can use this theorem combined with Theorem 1.44 to minimise the needed smoothness
for u € N according to (1.206), (1.210). O
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Remark 1.55. In [Vyb06, Theorem 2.11, p. 41] and [Schm(7, Theorem 4.9] one finds
wavelet representations for more general spaces with dominating mixed smoothness
and also further related references. Our arguments give optimal restrictions for u € N
in (1.206), (1.210) which are the same as in the one-dimensional case n = 1 in (1.69),
(1.73).

1.2.5 Higher dimensions

Not only the definitions of the spaces with dominating mixed smoothness in R2, but
also the special cases and equivalent norms in Section 1.2.1 have obvious counterparts
in R”, n > 2. This applies also to the assertions about atoms, local means and wavelets
in the preceding sections. We stick at n = 2 also in what follows as the model case.
But occasionally it is desirable to switch to n-dimensional formulations, for example
in connection with discrepancy and logarithmic spaces. For this reason it is helpful to
fix a few definitions and to hint how some assertions look like in R” where now n > 2.

(i) Basic definitions. With
n
o) = []ox, (). k=(ki.....kn) e NZ, x€R", (1.212)
=1

in place of (1.148) the corresponding spaces S,, B(R") and S;, F(R") in Defini-
tion 1.38 are quasi-normed by

A 1/q
17185, BRIy = (32 26t £V, ®DI7) (1213
keNj

and

A /
17155, FRlp = | (30 270+t £ (1) 2, @)

keNg

(1.214)

(i1) Classical Sobolev spaces. Let 1 < p < oo. Then the Littlewood—Paley assertion
L,(R") = Sy ,F(R") (1.215)
generalises (1.154). If 1 < p < ocoandr € N then
S;W([R”) = S;’zF([R") (1.216)

are the classical Sobolev spaces with dominating mixed smoothness which can be
equivalently normed by

IFIS;WRYD |~ Y D f LR (1.217)
aENG

0§aj5r
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as the natural extension of (1.156) or the obvious counterpart of (1.145).

(iii) Sobolev spaces. The lift J; in (1.157) is now given by

Jo: [ (]_[(1 + |§,-|2)"/2f)v, o€R, (1.218)

j=1

and, in generalisation of (1.159), the Sobolev spaces with dominating mixed smoothness
are defined by

STH(R") = J_,Ly(R") = S5 ,F(R"), reR, 1<p<oo. (1.219)
As in (1.160) one has
SLH®R™) = SSW(R™), 1€ No, 1 < p < oo. (1.220)

(iv) Holder—Zygmund and Besov spaces. The mixed differences (1.164) can be nat-
urally extended from two to n dimensions. Then one obtains more or less obvious
counterparts of (1.165)—(1.167).

(v) Atoms. The rectangles Qg,, in (1.168) can be naturally extended from two to n
dimensions. This applies also to the sequence spaces in Definition 1.40 and the atoms
in Definition 1.42. After these modifications one obtains the # dimensional version of
Theorem 1.44 for the spaces S, B(R") with unchanged K, L in (1.176) and for the
spaces Sy, F(R") with unchanged K, L in (1.179).

(vi) Local means. The kernels Wy, in (1.183) have natural extensions to n dimen-
sions based on the same one-dimensional functions u),]c _as there. With appropriately
modified sequence spaces in Definition 1.48 one obtams the n dimensional version of
Theorem 1.52 for S;, B(R") with unchanged A, B as in (1.191) and for S;, F(R")
with unchanged A, B as in (1.193).

(vii) Wavelets. Let N" | be the collection of all k = (ki,...,k,) withk; € N_; =
No U {—1}. Then the counterpart

n
1
{22(k1+ +kn)wkm ke INril, m e Zn}7 wkm(x) = 1_[ wkjmj ()Cj), (1.221)
j=1

of (1.198), (1.199) is an orthonormal basis in L,(R"). One has to modify the se-
quence spaces, quasi-normed by (1.204), (1.205), appropriately. In generalisation of
Theorem 1.54 (i) with u as in (1.206) one can characterise S Iqu([R”) by

S dkm pC1t kD=3 gL € spgbT (1.222)
keN" | meZ"

with |
e = 201 FHROC5HD (£, (1.223)
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As there,
J: f {2(k1+-..+k;z)(r_%+l)(ﬁ Vim) © k € Nlil’ m e Z"} (1.224)

is an isomorphic map of S7, B(R") onto sp,b™~. Similarly for S;, F(R") with u as in
(1.210).

1.2.6 Spaces on domains: definitions, problems

Recall that open sets in R” are called domains. Let g € S’(R"). Then the restriction
2|2 of g to 2 has the same meaning as in (1.86).

Definition 1.56. Let 2 be adomainin R”,n > 2with Q £ R". Let0 < p < oo (p <
oo for the F-spaces), 0 < g < ocoandr € R. Let Sy, A(R") with A € {B, F} be
the spaces introduced in Definition 1.38 and extended from R? to R” as indicated in
Section 1.2.5. Then

S1,AQ) ={f € D'(Q): f =g|Qforsome g € S; A(R")}, (1.225)
1 1S5, A = inf [1g 1S, AR (1.226)
where the infimum is taken over all g € S, A(R") with g|Q2 = f.

Remark 1.57. This is the counterpart of Definition 1.24. In any case S, ,A(2) is a
quasi-Banach space. One may ask for intrinsic characterisations and for linear and
bounded extension operators from S;, A(2) to S;, A(R"). In [TO8, p. 117] we dis-
cussed what could be meant by the somewhat vague notation intrinsic. This will not
be repeated here in general. But we return later on to a few characterisations which
may be called intrinsic.

We discuss in some detail the so-called extension problem. Let
reg = g|Q: S, AR") — S;,A(Q) (1.227)

be the restriction operator according to (1.86) as used above. Then one asks whether
there is a linear and bounded extension operator ext,

ext: S A(Q) — S, AR"), extf|Q = f (1.228)
Using (1.227) this can be written as
reoext =id (identity in S, A(R2)). (1.229)

This is the counterpart of (1.98)—(1.102). As there one may ask for common extension
operators or for universal extension operators. In case of isotropic spaces we have
Theorem 1.27. Furthermore we studied in detail in [T08, Chapter 4] the existence
of (common) extension operators for isotropic spaces in rough (bounded) domains,
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mainly based on wavelet characterisations. One may ask to which extent this method
can be applied to spaces with dominating mixed smoothness. We return to this question
later on. But there is a decisive difference between isotropic spaces and spaces with
dominating mixed smoothness depending heavily on the underlying Cartesian coordi-
nates. Roughly speaking in case of isotropic spaces one is working with atoms and
wavelets supported by cubes in Q or in Q¢ = R” \  with side-lengths proportional to
the distance to the boundary 92 of 2. One can take this rather natural and far-reaching
approach to the extension problem for isotropic spaces as a guide. Atoms and wavelets
for spaces with dominating mixed smoothness have been discussed in Sections 1.2.2,
1.2.4 with (1.173) as the typical support condition. This suggests to consider domains
Q in R” such that for any x € Q there is a cube in Q2 of side-length, say, 1, with sides
parallel to the axes of coordinates and with x as a corner-point, and/or, for any y € Q¢
there is cube in Q¢ of side-length 1 with sides parallel to the axes of coordinates and
with y as a corner-point. This is a severe restriction especially if €2 is assumed to be
bounded. But it might be of great interest to apply the method developed in [TOS,
Chapter 4] to spaces with dominating mixed smoothness S;, A(£2) in domains €2 of
the indicated type. Nothing has been done so far. The only paper known to us where
conditions of the above type have been used in connection with the extension problem
for some spaces with dominating mixed smoothness is [Dsha74]. It relies on inte-
gral representations based on derivatives and differences for spaces of type Sy, B(£2).
We refer also to [Ull09] where intrinsic characterisations of spaces S,  A(2) with
Q={xeR"x;>0,j =1,...,[} for ] </ <n and linear bounded extensions to
S 1: qA([R”) are considered. Both [Dsha74], [U1109] deal with more general spaces.

1.2.7 Spaces on domains: representations, wavelets

Let S;,A(£2) be the spaces introduced in Definition 1.56 where €2 is now the unit cube
in R*, n > 2,

Q"={x=(x1,....x0) €R" : 0 < x; < 1}. (1.230)
As before we concentrate on the two-dimensional case, hence Q2. The generalisation

from two dimensions to higher dimensions is a technical matter in the same way as
indicated in Section 1.2.5. We deal with representation theorems for the spaces

Sr,B(@%), reR 0<p<o. (1.231)

For this purpose we need the wavelet representations for the spaces S , B(R?) according
to Theorem 1.54 and the corresponding assertion for the spaces B;,(R) on the real
line R. This is covered by Theorem 1.18 (i) which we now adapt to the notation used
in Section 1.2.4. In other words, let

(2% 2y k€ N_y, me Z) (1.232)
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be the same orthonormal basis in L, (R) as in (1.196), (1.197). Then f € S’(R) is an
element of B, ,(R) if, and only if, it can be represented as

o0
f= 3 Y MRy, deb, (1.233)
k=—1meZ
where
A={Ak eC:keN_y, mez) (1.234)
and

I £ 1S, ®)] ~ (12 |b ,,||—(Z S k7). v ek 0<p =00, (1.239)

k=—1meZ

(usual modification if p = 00). By (1.233) one has

My = 2 (1) =20 [0 (. (1.236)
R

This is a reformulation of Theorem 1.18 (i). Let / = (0, 1) be the unit interval on the
real line R and let B, (1) be the restriction of B}, ,(R) to I according to Definition 1.24.
Let SIZPB([RZ) be as in Definition 1.38 and let

Sr,BUI%), I’ =RxI={x=(x1.x2) €R* x; eR, 0<xp <1} (1.237)

be the corresponding spaces with dominating mixed smoothness as introduced in Defi-
nition 1.56 with respect to the strip /2.

Theorem 1.58. Let0 < p <ocoandr € R. Let
{1//jm :jeN_, me Z} (1.238)

be an orthogonal Daubechies wavelet basis in L,(R) according to (1.196) (with suffi-
ciently many moment conditions for ¥y ).

. 2 2 . . .
(i) Let f € S'(R®). Then f € S, B(R?) if, and only if, it can be represented as

fenx) = 30 Y fimx) 277Dy (1.239)

j=—1meZ
with
[ (B, @) = (3 X 1im B, ®17) " <0 (1200
Jj=—1meZ

unconditional convergence being locally in any space Sy, B(R?) witho < r. If f €
S;pB([RZ) then the representation (1.239) is unique and

fim(x2) = 27050 /R S (x1.x2) Yjm (x1) dxy, (1.241)
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X2 € R (appropriately interpreted). Furthermore,

Lf 1S5, BRI ~ [[{ fjm} 1€p (B}, (R))

equivalent quasi-norms.

.o 2 2 . . .

(ii) Let f € D'(1?). Then f € S;,B(I?) if, and only if, it can be represented by
(1.239) where now x = (x1, x2) € I1? with

|, (1.242)

ad /
[l 16 (B )| = (3 Wi 1B DI7) " <00, (1243)

j=—1meZ

unconditional convergence being locally in any space Sy, B(I?) witho < r. If f €
S;pB(]z) then the representation (1.239) with (x1,x2) € I? is unique with (1.241)
where now x, € 1. Furthermore,

1S 1Spp BUPN ~ [[{ fim} €5 (B, (D)

equivalent quasi-norms.

, (1.244)

Proof. Step 1. For the proof of part (i) we use Theorem 1.54 (i). By (1.207) and (1.204)
with p = g we have

o
ki (r—L
f= 00 20 27T Y, (30 Sy (02) (1.245)
ki=—1m|eZ
with
— 1
Jieim, (x2) = Z Z Ay o). (m1ma)2 2D Y o (302) (1.246)
ko=—1mye”Z

and, according to (1.233)—(1.235),

1/p
I ferm 1 Bpp (R ~ ( > |/\(k1,k2),(m1,m2)|p) (1.247)

ko,mo

(modification if p = 00). Then it follows from the isomorphic map (1.208), (1.209)
that

1S 1S5, BRI ~ (12 Isppb ™| ~ [ fjm} 1€p(Bp, (R)) I, (1.248)
hence (1.242). Finally one obtains (1.241) from the orthonormalisation in (1.232).
Step 2. We prove part (ii). Let f € D’(I?) be the restriction both of g' € S}, B(R?)
and g* € S;, B(R?) to I?. Let

o0

g =Y Y gl )2 ). =12, (1.249)

Jj=—1meZ
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with the counterpart of (1.240)—(1.242). Let ¢(x) = ¢1(x1)p2(x2) with ¢; € D(R)
and ¢, € D(I). Then g'(¢) = g%(p) and, hence,

o0
3N (8 — & 92) 2777 (Y 01) = 0. (1.250)

j=—1meZ

In Remark 1.19 we referred to the technicalities resulting in Theorem 1.18 and also in
Theorem 1.54 (ensuring convergence based on duality). In particular one may choose
a sequence of functions ¢; € D(R) converging to v, for fixed j and m. Then it
follows from (1.250) that

(8jm-#2) = (g7m-92). @2 € D). (1.251)

Conversely, if one has (1.251) for j € N_;, m € Z, then it follows by standard
arguments that

(g'.9) =(g%¢). ¢eDU?, (1.252)

(approximation of ¢ € D(I?) by finite linear combinations of products of functions
¢1 € D(R) and ¢, € D(1)). In other words,

f=g'lI*=¢g*|I* ifandonlyif, g},lI =g}l (1.253)

forall j € N_jand m € Z. Letnow f € S;I,B(IZ) be the restriction of g €
SIZPB([RZ) represented by the g-counterpart of (1.239) with (1.242). Let fjm =

gimll 2. Then it follows from the above considerations that f can be represented
by (1.239) where x, € I with (1.243), (1.244). O

Remark 1.59. Part (i) can be reformulated in terms of vector-valued Besov spaces
B, (R, X) with X = B}, (R) or in terms of tensor products B, ,(R) ® B, ,(R). We
preferred the above direct approach. But we wish to refer to the survey [Schm87] as
far as vector-valued Sobolev and Besov spaces are concerned and to the recent paper
[SiU08] dealing with tensor products of related spaces employing wavelet representa-
tions.

In Chapters 2, 3 we use part (ii) of the above theorem to study Haar bases and
Faber bases for spaces with dominating mixed smoothness in cubes Q" according to
(1.230). But first we apply the method developed above to construct wavelet bases
in some spaces S;I,B(Qz). We rely on [T08] and recall some assertions obtained
there. Let again I = (0, 1) be the unit interval in R. We adapt the definitions in [TOS,
Section 6.1.1, pp. 178-180] to the above situation. Let

Z'={xjel:jeNogl=1..,N} NjeN, (1.254)
typically with N; ~ 2/, such that for some ¢; > 0,

X/ —x)|=c1277, jeNog, I #1. (1.255)



40 1 Function spaces

Let 0 < p < oco. Then by, (Z?) is the collection of all sequences

A={MeC:jeNyl=1,...N} (1.256)
such that
o N 1/p
1216 @) = (YD IA17) T <00 (1.257)
j=01I=1

(obviously modified if p = oo). Of course, b, (Z') is a quasi-Banach space, quasi-
normed by (1.257). Let

B(x,t)z{ye[R: |y—x|<t}, xeR,t>0. (1.258)
Recall that C*(1) with u € N is the collection of all complex-valued continuously

differentiable functions up to order u inclusively in the closed interval / = [0, 1]. Let

' = {0, 1} be the boundary of I consisting of the points 0 and 1. Let ¢*) = ‘3;(7',/: be
the usual classical derivatives.

Definition 1.60. Let again / = (0, 1) be the unit interval in R and let Z be as in
(1.254), (1.255). Letu € N.

(i) Then
W={yj i jeNg I =1,...,N;} cC*(I) (1.259)
is called a u-wavelet system in I if for some ¢, > 0, c3 > 0,
supp 1 C B(x],c2277)N[0,1], jeNo;l=1,...,Nj, (1.260)
and _
WP @) <2 jeNgl=1.... Nixel (1.261)
fork =0,...,u.

(i) The above u-wavelet system W! is called interior if, in addition, for some
cq4 >0,

dist (B(x/,c2277),T) > ca27/, jeNo; I =1,...,N;. (1.262)

Remark 1.61. This is a simplified version of [T08, Definitions 5.25, 6.3, pp. 152, 179].
In connection with the extension problem some cancellations of the above wavelets
might be useful. A corresponding description will be given when needed. Recall again
that B, (1) is the restriction of B ,(R) to I according to Definition 1.24.

Theorem 1.62. Let again I = (0, 1) be the unit interval on R and let B, ,(I) with
r € Rand 0 < p < co be the above Besov spaces.

(1) Let u € N. Then there is a common orthogonal interior u-wavelet system
vl = {¥1} according to Definition 1.60 (ii) for all p, r with

0<p<oo, max(%,l)—1<r<%,

l<p<oo, r=0, (1.263)
O<p=<oo, r<O,
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and
u > max (r, max (5, 1) =1 —7r), (1.264)

such that f € D'(I) belongs to By,(1) if, and only if, it can be represented as

oo Nj

F=2">"A 27 iy A€ bpy(Zh), (1.265)

Jj=01[=1

unconditional convergence being in D'(1) andin By,(I) foranyo < r. If f € B,,(I)
then the representation (1.265) is unique, A = A(f), with

M =203 [ 0w ax (1266)
1

(appropriately interpreted) and
J: feB,,(I)— A(f) (1.267)

is an isomorphic map of B, (I) onto bpp (Z1). If. in addition, p < oo then W! is an
unconditional basis in B}, ,(I) (common orthogonal interior u-wavelet basis).

(i1) Let u € N, v € N with v < u. Then there is a common u-wavelet system
vl = {¥)1} according to Definition 1.60 (i) for all p,r with

1 <p<oo, l—1<r—v<l, (1.268)
p p
suchthat f € D'(I) belongs to B, (1) if, and only if, it can be represented by (1.265),
unconditional convergence being in By, ,(I). If f e B, (1) then the representation is
unique, A = A(f), and J in (1.267) is an isomorphic map of B}, ,(I) onto bpp zh
(common u-wavelet basis).

Remark 1.63. This theorem is an adapted version of more general assertions in [TOS,
Theorems 3.13, 3.23, 5.35, 6.7, pp. 80/81, 89/90, 162, 181]. Compared with the
formulations given there we used in addition that

- 1 1
BI,(I)=B!,(I), 0<p<oco, i l<r< > (1.269)

where E;p (1) is a special case of Definition 1.24 and (1.92). This is a well-known
pointwise multiplier assertion mentioned in [TO8, Proposition 6.12, p. 182]. One may

also consult [TO1, p. 58]. In (1.266) we assumed that {2//24/;;} is L,-orthonormal.

After this preparation we return to the spaces in (1.231) asking for wavelet rep-
resentations. On the one hand the situation is similar as in Theorem 1.54. On the
other hand our method, a combination of Theorems 1.58, 1.62, works only for spaces
Shq B(Q?) with p = ¢, although the outcome should be valid on a larger scale. Using
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other arguments we construct later on Haar bases and Faber bases also for some spaces
Spq B(Q?) with p # q. First we need the counterparts of the sequence spaces by, (Z1)
in (1.257) and of the wavelet system W' in (1.259) with Q2 according to (1.230) in
place of 7. We put temporarily 0 = Q2.

Definition 1.64. Let W = W/ = {y;;} be an (interior) u-wavelet system according to
Definition 1.60, u € N. Let

ka(x) = Wklml(xl) v/kzmz(xZ)’ k € IN%? ml = 17 e 7Nk]’ (1270)
x € Q. Let
Py = {m € Z*> with m asin (1.270)}, k € N3, (1.271)
and
72 =7 x 7" = {(xk! . xk2) ke N3, m e P} (1.272)
Then
WO = 0! x W =y, ke NZ, me P} (1.273)

is called an (interior) u-wavelet system in Q. Let 0 < p < co. Then s,,b(Z ) is the
quasi-Banach space of all sequences

p={pkm : k € N3, m e P} (1.274)

quasi-normed by

lsb @ = (XY lnanl?)”” (1.275)

keN3 meP
(with the usual modification if p = o0).

Remark 1.65. We try to simplify our notation as much as possible, also at the expense
that some symbols are used in different meanings. If extra clarity is needed then the
Daubechies wavelets ¥/, in Theorem 1.58 are denoted temporarily by wﬁn, whereas
lem stands for the wavelets in Definition 1.60 and Theorem 1.62. In the proof of the
following theorem we need both types of wavelets. Then, and only then, we use the
indicated additional marks.

Theorem 1.66. Let O = Q2 be the unit square in R? according to (1.230) with
n =2 Let SIZPB (Q) be the corresponding spaces with dominating mixed smoothness
as introduced in Definition 1.56 and (1.231).

(i) Let u € N and p,r be as in (1.263), (1.264). Let U2 = w! x W peasin
(1.273) where ! = {y;} = {wjll} is the common orthogonal interior u-wavelet
basis according to Theorem 1.62(i). Let f € D'(Q). Then f € S, ,B(Q) if, and only
if, it can be represented as

F= 30 k2 @R g A s,pb(Z9), (1.276)

keN3 meP
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unconditional convergence being in D'(Q) and in Sy, B(Q) forany o < r. If f €
S, B(Q) then the representation (1.276) is unique , A = A(f'), with

Mem (f) = 2("‘“‘2)("/‘9“)/ () Yiem (x) dix (1.277)
0

(appropriately interpreted) and
J: f€S,,B(Q)— Af) (1.278)

is an isomorphic map of S, , B(Q) onto sppb(ZQ). If. in addition, p < oo then W€ is
an unconditional basis in S,, B(Q).

(ii) Letu € N, v € Nwithv < u, andlet p,r be as in (1.268). Let e = gl x !
be as in (1.273) where now W1 = {y;;} = {1//1.11} is the common u-wavelet basis
according to Theorem 1.62(ii). Let f € D'(Q). Then f € S;,B(Q) if, and only
if, it can be represented in terms of this u-wavelet basis by (1.276), unconditional
convergence being in S,, B(Q). If f e S, B(Q) then this representation is unique,
A = A(f). Furthermore, J in (1.278) is an isomorphic map onto s,,b(Z2) and V2
is a common unconditional basis in S, B (0).

Proof. Step 1. We prove part (i). As indicated in Remark 1.65 we distinguish now
between the Daubechies wavelets Y jll) and the wavelets J.Il from Theorem 1.62 (i). We
use Theorem 1.58 (ii). In particular f € S}, B(I 2) can be represented by

o0

forx) = DY fim () 27D YL (), (1279)

ki=—1meZ

x1 € R, xp € I, with fi, 1, € BIZP(I) and

> /
17155800~ (32 3 Wiam, 1B, (017) " (1.280)

ki=—1m|eZ
We expand each fi,,, € Bzgp (1) according to Theorem 1.62 (i),

00 Nkz

— _1
Sam () = Y 37 akike pka=p) gl (xa). (1.281)

ko=0m2=1
We insert this representation in (1.279) and obtain
00 (o) Nk2
farax) = Y 3 3 S akike gtk Dyl (x)
ki=—1ko=0m|€Z mr=1
[ole] Nk2

Cha(r—L
= Z Z y—ka(r p)wlgzmz(xz) Zkoms (X1)

kr=0m>=1

(1.282)
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with -
_1
Glomy (1) = Y Y Akika a7k gD (xy) (1.283)
ki=—1meZ
and as in (1.246), (1.247) with a reference to (1.235)
I kams 1By R ~ ( Y ke "N (1.284)
ki=—1meZ

By (1.280) and (1.267) one has

Ny

s~ (3 Y Y Y nkk )
k1=—1ky=0m€Z mpy=1 (1.285)

00 Nkz

/
~ (X3 Ik 185, ®017) "

ko=0m2=1

Obviously, S;,B(Q) can also be obtained in the usual way as the restriction of
Sy, BU 2) to Q. But then we have the same situation as in Step 2 of the proof of
Theorem 1.58 where x; and x, change their roles. Using again Theorem 1.62 (i) now
with respect to x; one obtains the representation (1.276) and

£ 185, B(O)l ~ lIA sppb(Z9)]. (1.286)

Conversely, if f is given by (1.276) then one can argue backwards using that (1.267)
is a map onto, first from Q to /2 and then from /2 to R2. Finally for the orthogonal
basis {Y, } the assertion (1.277) follows from (1.266).

Step 2. The proof of part (ii) is the same using now Theorem 1.62 (ii). O

1.2.8 Spaces on domains: extensions, intrinsic characterisations

Whether one accepts the wavelet expansions in Theorem 1.66 as intrinsic is a matter
of taste, even for the orthogonal bases as in (1.276), (1.277). But in any case one
would ask for more explicit descriptions in terms of derivatives and differences. For
the Sobolev spaces S, W(R?) one has the equivalent norms (1.145), (1.156) and for the
Besov spaces Slqu([Rz) the equivalent norms (1.166), (1.167). Are there counterparts

on domains with Q? as the case of preference? For isotropic Sobolev spaces ka (Q)
and Besov spaces B;,(£2) in, say, bounded Lipschitz domains €2 in R” one has rather
satisfactory assertions which we briefly described at the end of Section 1.1.6.

First we collect some known assertions. Let again / = (0, 1) be the unit interval
on the real line R and let for M € N,

(AM f)(x) ifx+lhelforl=0,....M,

) (1.287)
otherwise,

(AN )x )—{
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be the same differences adapted to / as in (1.106). If
0< p,q < o0, max(%,l)—1<r<MelN, (1.288)

then B, (1) is the collection of all f € L;(/) such that

d
IIfle(l)||+(/0 79 sup A2 1Ly (D) [) <o (1289)

(equivalent quasi-norms). This is a special case of (1.108) and the references given
there. By the arguments in [T83, p. 112] one can replace (1.289) by

1 1/q
1 185 Dllar = 1 1+ ([ ool r i, §) 7 < o0

’ (1.290)
(equivalent quasi-norms). In (1.166) we described equivalent norms in the spaces
quB([Rz) with 1 < p,g < oo, r > 0. As mentioned there one can extend these
assertions to some p < 1 and/or ¢ < 1, but not in a satisfactory way. One may ask
whether there are counterparts for the spaces SlﬁqB(Qz) with 1 < p,g < oo, r > 0.
We do not have a final answer but we can say something if p = ¢. First we introduce
some notation in the unit square 0 = Q? according to (1.230) combining (1.163),
(1.164) with (1.287). Let (A ) (x) with x € R? be the differences with respect to
the x;-direction according to (1 163), M € N. Then

AM f(x) if (xy +1h,x3) e Qforl =0,....M
A o f(x) = q *! ’ ot (1291
h’l’Qf( ) {0 otherwise. ( )
Similarly Ah 2.0 f. Let
AR S0 = AL S0 = AR (AR @), x e R, (1292)

as in (1.164) and

f( )_ AMMf(x) 1f(x1+11h1,x2+12h2)6Q lm—O M,
otherwise.
(1.293)
Letl < p<o00,0<r <M e N. Weput

£ 185, B(Q)|M
= £ I1L,(Q)I

! dh\'/»
([ a0 N 1L/@1 + |8t o f 1L@IM) )

(/ [(h By AMM £ 11,(0)]” d")

(1.294)
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Using (1.290) with p = g one has

! 1/p
17 185, I ~ ( / 1762 1B (DI dva
1/p
(/ / rp”Ah2Qf( x2) | B, (I)HM h dxz) )

(1.295)
Here || -| B}, (1)|| is applied with respect to the x;-direction. This is the counterpart of

(1.166). Recall that S;W([RZ), 1 < p <oo,r € N, with (1.155) and the equivalent
norms (1.145), (1.156) are the classical Sobolev spaces with dominating mixed smooth-
ness. Let S) W@Q? =S o F (Q?) according to Definition 1.56 be the restriction to

Q2. Recall that
da f

1 W DIl = 17 LDl + | T2, (1.296)

is an equivalent norm for W (1), 1 < p < oo, r € N. With Q = Q2 let

LF 1S, W()I*

=111+ [ | + [ o] + [ o)
N(/Ol ||f(-,x2)|W;(1)||de2)””+(/O 8’f( WD) pdx2)1/p
(1.297)

be the counterpart of (1.294), (1.295). In bounded Lipschitz domains €2 in R” one
has for some isotropic spaces B, (£2) and ka (R2) the intrinsic quasi-norms (1.104),
(1.108) and also the extension property described in Theorem 1.27. We ask now for
counterparts for the above spaces S;,B(Q) and S, W(Q). We explained in Sec-

tion 1.2.6 what is meant by a (common) extension operator. Let S 1(7) W(Q) = L,(0Q).

Theorem 1.67. Let Q = Q2 be the unit square in R? according to (1.230) withn = 2.

()Letl < p<oo, M €N, and0 <r <M. Let S, ,B(Q) be the corresponding
Besov spaces with dominating mixed smoothness as introduced in Definition 1.56 and
(1.231). Then there exists a common extension operator extyy,

extyr: S),B(Q) — S; B(R?). (1.298)

Furthermore, S, ,B(Q) is the collection of all f € L1(Q) (or likewise f € Lp(Q))
such that
1£ 185, B(Q)IM < oo according to (1.294) (1.299)
(equivalent norms).
(ii)Let1 < p <oo, M € N, andr € Nowithr < M. Let S;W(Q) = S;,ZF(Q)
be the above Sobolev spaces with dominating mixed smoothness. Then the extension
operator extyy in (1.298) is also a common extension operator,

extar 2 STW(Q) — S;W(R?). (1.300)
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Furthermore, S;,W(Q) is the collection of all f € L1(Q) (or likewise | € Lp(Q))
such that
Il f |S;W(Q)||* < 00 according to (1.297) (1.301)

(equivalent norms).

Proof. Step 1. By (1.145), (1.166) with p = g and Definition 1.56 it follows that
IF 1S, W = c |l f IS;W(Q) (1.302)

and

11185, BOIM < cIlf 1S, B(Q)I. (1.303)
Step 2. It is well known that the classical extension method by Hestenes, [Hes41],
works for all extensions of A3, (R%) to A7 (R") with 1 < p,q < o0, s > 0, [T92,
Section 4.5.2, p. 223], n > 1. One may also consult [HaTO8], where we described in
Section 4.6.1, p. 112, the history of this method. With an additional cut-off this can
also be used for the above spaces W (1) and B,,(I). We apply this observation for

frozen x, € I to f(-, x) and % (-, x2) in the last equivalence of (1.297) with respect

to W, (1). This gives the desired extension from Q to / 2. Applying this method again
(now for frozen x; and with respect to x,) one obtains the desired extension to R?, hence
(1.300) and also (1.301) as a characterisation (equivalent norm). Using (1.295) one
can apply this argument also to the spaces S, B(Q) with the same extension operator
as in (1.300). This proves (1.298) and also (1.299) as a characterisation (equivalent
norms). O

The spaces SI} W(@Q"), 1 < p < oo, will play a crucial role later on. We need a
few additional properties, traces on Q" and equivalent norms, which are well known.
But it seems to be reasonable to give direct short proofs. Again we restrict ourselves
to n = 2 and put as before Q> = Q according to (1.230). Let / = (0, 1) be the unit
interval on the real line R. Let C(/) and C(Q) be the respective spaces of complex-
valued continuous functions on 7and Q according to Definition 1.24 (iii). The very
classical Sobolev spaces Wp1 (1), 1 < p < o0, can be equivalently normed by

I W, (D= 1L ILp(DN + Lf 1 Lp(Dl
~ dnax |f(0)] + 1f ILp(D] (1.304)
~ [ fo)| + IIf"ILp(T)

In particular, one has the continuous embedding

, 0<t <1

Wy(I) = C(I), 1<p<oc. (1.305)

These simple assertions can be extended to S 1} W(Q), essentially by integration. Let

00 = Uj=1 1; be the boundary of Q consisting of the four sides /1, .. ., I4 (including
the corner-points). Let C(dQ) be the space of all continuous functions on dQ. Then

W) (00) ={f € COQ) : flIj € W) (Ij). j =1,2,3.4}. (1.306)
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In particular functions f € Wpl (0Q) may assumed to be continuous also in the four
corner points of Q. As usual,

trpp: f = f100 (1.307)

is called the trace operator of spaces on R? or on Q into spaces on dQ (if exists). In
our case it is well known that there is a constant ¢ > 0 such that

ltrag £ 1W, QQ)l < cllf [S,W(Q)|| forall f € S(Q). (1.308)

where S(Q) = S(R?)|Q. Since S(Q) is dense in SI} W(Q), one can extend (1.308) by
continuity to all functions f € S 1} W(Q). The outcome is denoted as the corresponding
trace operator. It follows that tryg is a linear and bounded map both of § 1} W(R?) and
of S)W(Q) onto W,! (9Q). This can be obtained from [ST87, Theorem 2.4.2, p. 133]
where one finds more information about traces of general spaces with dominating mixed

smoothness. In our context it seems to be reasonable to give a direct simple proof of
(1.308). By Theorem 1.67 (ii),

I 15" = 15 1L,(@)1 + |5 12,@)| + | 22 L,(0)]

0% f
0x10x5

is an equivalent norm in S ; W(Q).

(1.309)

o P )|

Proposition 1.68. Let SI} W(Q) with 1 < p < oo be the above Sobolev spaces with
dominating mixed smoothness. Then

id: SI} W(Q) — C(Q) (1.310)
and
tryg : SyW(Q) — W, (30). (1.311)
Furthermore,
PP\
|UWM@W(AaMMdQ + lwag / W, G0) (1312)

(equivalent norms).

Proof. Since S 1} W(Q) is the restriction of S 1} W(R?) to Q it follows that the restriction
of S(R?) to Q is dense in S} W(Q). Hence we can deal with smooth functions. The
rest is a matter of completion. By (1.304) one obtains for fixed x; with 0 < x; < 1
that

d
ummvﬂﬁuh

p

1
6/ (If(xl,xz)ll’+’§—£(x1,x2) (1.313)

02 f
3x18x2

p
+

(x1,x2)

p
)dx}

et
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Similarly for the other three sides of Q. One can replace 0 on the left-hand side of
(1.313) by x9 with 0 < x9 < 1. Using (1.304) one has for any fixed (x{,x9) € QO that

|fG DI < e fCxD WD) <N IS, W) (1.314)

From (1.314) follows (1.310) and afterwards (1.311) by integration of (1.313) over xj.
By similar arguments one obtains (1.312) from

1 p 1
/ ;—f(xl,xz) dxs <c L +c/
0 X1 8-xl 0
1 1
/ 0 xa) [P da < ¢ | F(0. 07 + ¢ /
0 0
of

dxa

p

92 f

p
d 1.315
0x10x2 2 ( )

(xlv())

(x1,x2)

and

p

i(x(l), Xx2)| dxp

8x2

p
dx, + ¢’ /
o

Remark 1.69. In connection with Faber bases in some Besov spaces and Sobolev
spaces with dominating mixed smoothness we obtain later on assertions of type (1.310)—
(1.312) on a larger scale based on different arguments. We are interested in the above
proposition mainly for two reasons. On the one hand, the spaces Wp1 (Q™) will play a
dominant role in connection with two major topics of this book, numerical integration
and discrepancy. On the other hand, we wanted to demonstrate how closely some asser-
tions for spaces, say, on intervals, are related to corresponding spaces with dominating
mixed smoothness in higher dimensions, say, on Q”.

1 p

dX1 dXZ.

(1.316)
0

02 f
8x1 sz

(0, x2) (x1,x2)

< £ (x0.0)7 +c’/

0

We introduced in Definition 1.56 the spaces S, A(£2) by restriction of S, A(R")
to 2 and explained afterwards what is meant by the extension problem. So far we
have satisfactory assertions for the spaces Sy, B (@Q?%*)and S > W(Q?) covered by Theo-
rem 1.67. This is mainly based on the classical Hestenes extension method for spaces
on intervals into corresponding spaces on R and the explicit norms in (1.294), (1.295)
and (1.297). But this type of argument does not work for other spaces. In [T08, Chap-
ter 4] we studied in detail the existence of (common) extension operators for isotropic
spaces in rough domains. As indicated in Section 1.2.6 it might be worth to check to
which extent these techniques can be used in the context of spaces with dominating
mixed smoothness. This will not be done here, but as a first step in this direction we
have a closer look at the spaces covered by Theorem 1.66 and their wavelet expansions.
These representations can be used to construct extension operators for the spaces in

both parts of Theorem 1.66. But the spaces S, B(Q) in part (ii) of this theorem with

(1.268), in particular 1 < p < oo, r > %, are covered by Theorem 1.67 (ii) for which

we have already (1.298). This justifies that we deal only with the spaces in part (i) of
Theorem 1.66.
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Theorem 1.70. Let Q = Q2 be the unit square in R? according to (1.230) withn = 2.
Let u € N. Then there exists a common extension operator ext¥,

. 2
ext“: S, B(Q) = S,,B(R%), (1.317)
for all spaces S, B(Q) with
1

;’
l<p<oo, r=0, (1.318)

0<p<oo, max(%,l)—1<r<

O<p=<oo, r<O,

and
U > max (r, max(%,l)—l—r). (1.319)

Proof. The conditions (1.318), (1.319) coincide with (1.263), (1.264). By Theo-
rem 1.66 we have for these spaces the common orthogonal interior wavelet basis W<
and the expansion

F=2 2 mn 2 ORIy, des,h@),  (1320)

keNZ meP¥
with Ag = Ak (f) as in (1.277). Recall that

Yiem () = Viymy (X1) Yiymy (x2), k€ NG, mp =1,..., Ny, (1.321)

where v/;; (¢) are the wavelets from Definition 1.60 and Theorem 1.62. For the interval
I = Q one can identify the wavelets v/;; with <I>{ used in [TO8, Theorems 3.13, 3.23,
pp- 80/81, 89/90]. These wavelets originate from [T08, Definition 2.4, p. 32] having
either the desired moment conditions (interior wavelets) or can be complemented such
that these modified wavelets have the desired moment conditions (boundary wavelets)
as described in [TOS8, p. 81]. This can be used to construct extension operators for
B,,(I) to By, (R), [TO8, p. 105]. By (1.321) one has now the needed moment con-
ditions for ¥, as required in Definition 1.42, (1.175). Then one can construct an
extension operator for the spaces S, B(Q) in the same way as for B (/). O

1.3 Logarithmic spaces
1.3.1 Introduction
A compact set I" in R” is called a d-set, 0 < d < n, if there is a Radon measure p in

R with
supppu =T and  p(B(y,1)) ~ 14 (1.322)
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for all balls B(y,t) in R” centred at y € T and of radius #, 0 < ¢ < 1. This is a
distinguished class of fractal sets in R” which has been studied especially in the last
two decades with great intensity. The standard references are [Fal85], [Mat95]. We
dealt with these fractal sets in [T97], [TO1], [T06] in the framework of function spaces.
Especially the isotropic Besov spaces Bj,(R") fit perfectly to d-sets. This is also
illustrated by some dichotomy assertions which may be found in [TOS8, Section 6.4].
In connection with fractal drums (the music of the ferns) it came out that perturbed
compact d-sets I' in R” are of interest for which there is a Radon measure p in R” with

suppp =T, pu(B(y,0)) ~ 19 w(r), (1.323)

yeTI,0<t < 1. Here again 0 < d < n, whereas W(¢) is a monotone (decreasing or
increasing) positive function for0 < ¢ < 1 with W(¢) ~ W(¢?). The most distinguished
casesare Wy (1) = (1+|log?])?, b € R, where log is always taken to base 2. The search
for optimally adapted spaces results in spaces BI(,Z"II)(R”) of generalised smoothness
of the same type as in Definition 1.1 but with

> . R 1/
17 1BS P ®)ly = (3250w g /)Y IL,RDI7) T (1324)
=0

in place of (1.9). If & = W, then ¥;(277/) ~ (1 4 j)?. This may explain the notation
logarithmic spaces if the perturbation of 275 in (1.324) is of power type, ~ (14 j)?. The
theory of these spaces started in [EdT98], [EdT99], but the first comprehensive studies
are due to S. D. Moura, [Mou01], and (in the more general context of so-called /-sets)
to M. Bricchi, [Bri04] (and his preceding papers mentioned there). We do not deal
with fractals in this book, but the situation is similar now as some ten years ago when
asking for optimally adapted spaces for perturbed d-sets. The main topic of this book
is sampling, numerical integration and discrepancy (based on Haar and Faber bases).
Spaces with dominating mixed smoothness (in cubes and in more general domains)
are an adequate and effective but maybe not optimal choice. Taking assertions in one
dimension, for intervals, as a guide one has in higher dimensions additional log-factors.
One may try to compensate these log-terms by switching from spaces with dominating
mixed smoothness to their logarithmic perturbations imitating the replacement of (1.9)
by (1.324). First we collect in Section 1.3.2 some results for logarithmic spaces in one
dimension preferably with W = W in the above notation. This will be combined in
Section 1.3.4 with some assertions obtained in Section 1.2 for spaces with dominating
mixed smoothness. We will be a little bit sketchy (as in [EdT98], [EdT99] some
ten years ago) hoping that everything (and more) will be substantiated later on (as in
connection with [EdT98], [EdT99]). Just for this purpose we sandwich Section 1.3.3
between Sections 1.3.2 and 1.3.4 which might be considered as a research proposal.

Remark 1.71. As indicated above we restrict ourselves to the bare minimum of a
few assertions which will be helpful for the later considerations. On the other hand
the recent Fourier-analytical theory of (isotropic) spaces of generalised smoothness
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produced in the last decade many deep and interesting assertions about atoms, wavelets,
(sharp) embeddings, envelopes and related topics. In addition to the above-mentioned
papers [MouO1], [Bri04] we refer to [BrMO03], [CaF06], [CaHOS5], [CaL06], [CalL09],
[CaMO04a], [CaM04b], [FaL06], [HaM04], [HaMO8], [KnZ06], [Lop09], [Mou07],
[MNPO09] and the relevant parts in [HarO7] based on the just-mentioned papers. It
might be of interest not only for its own sake but also for the applications we have
in mind and which are subject of this book to develop a corresponding theory for
logarithmic spaces with dominating mixed smoothness.

1.3.2 Logarithmic spaces on R

By (1.324) it is quite clear what is meant by isotropic logarithmic spaces on R”. But
we restrict ourselves in this section to n = 1, hence logarithmic spaces on the real
line R. This is the only case of interest for us later on when it comes to logarithmic
spaces with dominating mixed smoothness in R” and on cubes Q" (with a preference
of n = 2). First we formalise what has been said above.

Definition 1.72. Let ¢ = {¢;}72, be the dyadic resolution of unity on R according
to (1.5)—(1.7) (or (1.146), (1.147)). Let0 < p < 00,0 < g < 00,5 € R,and b € R.
Then Bls,;lb([R) is the collection of all f € S’(R) such that

> . A /
17 1B ®)y = (32790 + )Ml /) IL, @) <00 (1325)

j=0
(with the usual modification if ¢ = o0).

Remark 1.73. If b = 0 then the above definition and its obvious n-dimensional
extension coincide with Definition 1.1 (i) There is an F-counterpart mentioned later
on in an n-dimensional setting. These (and more general) spaces have been studied
in detail in [MouO1], including atomic and subatomic characterisations, local means,
liftings and embeddings. As for the further developments and some generalisations
we refer to the papers mentioned in the preceding Section 1.3.1. These spaces are
independent of ¢ (equivalent quasi-norms). We collect a few specific properties which
will be of some use for us later on and which are (more or less) covered by the literature.
Let

(AR = fx+h) = f(x). (A ) = AyALNX).  (1.326)
where x € R, h € R, be the same differences as used before.

Proposition 1.74. Let 0 < p,q < o0, b € R, and

1
max (—, 1) —l<s<MeN. (1.327)
4
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Then
£ 1BS2®)]|
1 d[ 1/‘1
~||f|Lp([R>||+( / =54(1 + [log)?7 sup ||A24f|Lp([R)||q—)
0 O0<h<t 1
1 dh 1/q
N 1L @® 1+ ([ o+ o) 18l £ 1L, )

(1.328)
are equivalent quasi-norms in BIS,}Ib(R). If, in addition, s > 1/ p, then also

I/ B3y ®)]

1 dr\ V4
P L@+ ([ togel® | sup 1AY O IL,®) )
0

0<h<t
L b M g dr\!/
1@+ ([t o)™ | sup K NI IL®] T
<h<t
ly—I<t
(1.329)
are equivalent quasi-norms in B;;Ib([R).

Remark 1.75. If b = 0, hence B;’qo([R) = B, (R), then (1.328) is covered by (1.23),
(1.24) and [T83, Theorem 2.5.12, p. 110]. Otherwise the first equivalence in (1.328)
is a special case of [Mou07, Theorem 4.1, p. 1196] dealing with characterisations of
this type for larger classes of spaces with generalised smoothness. We refer also to
[HaMO04, Theorem 2.5, Example 2.6, pp. 161/162], [HaMO08], [FalL06, Section 3.3,
pp.- 27/28], the references given there to the extensive Russian literature, and most
recently and most generally to [CaL09, Theorem 3.16]. From this assertion one can
prove the second equivalence in (1.328) in the same way as in [T83, Section 2.5.12,
p. 112] where we dealt with the case b = 0. This has been done in detail in [CaL.09,
Theorem 3.16] for more general Besov spaces of the above type. Recall that

B3P(R) — C(R) ifs>1/p (1.330)

as in case of b = 0 and with the same proof. Then (1.329) makes sense. The first
equivalence in (1.329) with b = 0 is covered by [T92, Theorem 3.5.3, p. 194] (with
u = oo there). This can be extended to b € R (all what one needs is available). But
the proof of this theorem covers also the second equivalence in (1.329).

Remark 1.76. Let again / = (0, 1) be the unit interval in R and let B;;]b (1) be the

restriction of B;;Ib([R) to I as in Definition 1.24. As in Section 1.1.6 one may ask for
linear and bounded extension operators and intrinsic characterisations. Let again

0<p,qg<o0, max(%,l)—l<s<M€|N,be[R. (1.331)

The classical Hestenes extension method mentioned in Step 2 of the proof of Theo-
rem 1.67 with a reference to [T92, Section 4.5.2] works also for the corresponding
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spaces B;;Ib (1). This follows from interpolation with function parameters. We refer
to Point 8 of the subsequent Section 1.3.3 dealing with extensions in an n-dimensional
setting. Then there should be also counterparts of the equivalent quasi-norms (1.289),
(1.290). Hence one can expect by (1.328) that

ILf 1By (D)
1

_ de\ /4
AL+ ([ 700+ fog® sup 182 £ 1L, T )
0

O<h<t
! dh\ /e
~F LD+ ([ 579+ Do) 1Al £ 1L, 5

° (1.332)
are equivalent quasi-norms in B Is);]b (I). We will not need these assertions later on when
dealing with Haar bases and Faber bases for spaces of this type. One may consider
the above remarks as part of the research proposal of the following section. The direct
arguments in [HaTO08, Sections 3.4, 4.2] may be helpful in this context at least for some
spaces.

1.3.3 Isotropic logarithmic spaces: comments, problems, proposals

Logarithmic spaces with dominating mixed smoothness in R”, n > 2, (preferably
R?) are based on logarithmic spaces on the real line R as considered in the preceding
Section 1.3.2. However our original motivation to deal with spaces of generalised
smoothness is truly n-dimensional and closely related to traces of these spaces on
compact isotropic fractal sets, d-sets and (d, ¥)-sets according to (1.322) (1.323), and
more generally, i-sets. This goes back to [EdT98], [EdT99] and is also well reflected by
the two basic papers [MouO1], [Bri04] in this context. In the subsequent papers as listed
at the end of Section 1.3.1 the connection with fractal geometry and related spectral
theory for fractal elliptic operators was no longer in the focus of interest. These papers
deal with spaces of generalised smoothness in R” for their own sake, concentrating on
atomic and subatomic decompositions, local means, (sharp) embeddings and (above
all) impressive deep assertions about growth and continuity envelopes. We restricted
the list at the end of Section 1.3.1 to papers directly related to the indicated topics.
But there is a huge literature about spaces with generalised smoothness, quite often
defined in terms of differences Aﬁ” [ of functions and moduli of continuity, especially
by Russian and Czech mathematicians and their co-workers. We collected respective
references in [T06, Section 1.9.5, pp. 52-55] including the surveys [Kal.87], [Liz86]
reflecting the extensive Russian literature up to the end of the 1980s. A more recent
comprehensive list may also be found in [FaLL06] which has the character of a survey
also with respect to the quoted literature. This will not be repeated here. As far as
we can see all these papers deal with spaces on R”. There is no attempt to extend the
theory of the spaces A3,,(£2) on domains €2 in R to corresponding isotropic spaces
of generalised smoothness. To avoid a misunderstanding we add a comment. Let T’
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be a compact (d, ¥)-set in R” according to (1.323). Then it was just one of the main
reasons of [EdT98], [EdT99] and also of some subsequent papers, especially [MouO1],
[Bri04] to introduce logarithmic spaces on I' by traces of suitable spaces on R”,

a u’\pinm
By = wrByy 7@, (1.333)
where
0<pg<oo, 5s>0, ack. (1.334)

Here trr must be understood similarly as in (1.307), (1.308). We refer to [TO1, Sec-
tion 22.20, p. 346] and more general to [TO1, Sections 22, 23] for the fractal connection
of these spaces and the music of corresponding isotropic drums. This may also be of
some interest in our context but it is not what we meant by the above remarks about

spaces of type ASLI’\P)(Q) where 2 is a domain in R”. What follows might be consid-

ered as a research proposal. We restrict ourselves to keywords and a few comments.
But first we formalise some definitions.

A real function ¥ on the interval (0, 1] is called admissible if it is positive and
monotone on (0, 1] and if

U2y ~W2%), jeN. (1.335)
Let0 <c¢ < 1andb € R. Then
W(r) = Wp(r) = |loget|?, 0<r<1, (1.336)
are distinguished examples. One has in any case
U(t) ~W(t?), 0<t<1. (1.337)
Furthermore, there are positive numbers ¢y, ¢2, b and ¢ with 0 < ¢ < 1 such that
c1lloget| ™ < W(t) <cplloget’, 0<t<1. (1.338)

We refer to [TO1, pp. 333/334] or, in greater detail, to [Mou(1] and the above-mentioned
subsequent papers. This may explain where the notation logarithmic spaces comes
from.

Definition 1.77. Let W be an admissible function.

() Lety = {g;}7Z, be the dyadic resolution of unity in R” according to (1.5)—(1.7).
Let
O<p=<oo, 0<g=<oo, seR, (1.339)

(with p < oo for the F-spaces). Then Blgi;q')(ﬂ?”) is the collection of all f € S’(R")
such that

oo

. . A 1/
17 ISP ®RD, = (3 271w@ ) g /) 1L, (R)7) ' <00 (1340)
j=0
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and FI,(;’\I’)([R”) is the collection of all f* € S’(R™) such that

. . A 1/q
1/ IESY @ = | (32719019, £)Y (1) LR < 00
j=0
(1.341)
(with the usual modification if ¢ = 00).
(i) Let 2 be a domain (= open set) in R” with Q # R”, let p, ¢, s be as in (1.339)
(with p < oo for the F-spaces) and let either A = B or A = F. Then

ASV(Q) = {f € D'(Q) : f = g|Q for some g € ALY (R")}, (1.342)
Lf 1ASP Q)] = inf [|g |45 (RM)]]. (1.343)

where the infimum is taken over all g € A(s \P)( R") with g|2 = f. Let

A (@) = {f € A5V (R") = supp f C Q. (1.344)

Then
A@ ={f eD'(@): f =glQforsomeg € ALY (@)}, (1.345)
LS 1A Q)] = inf [lg |45:" (R, (1.346)

where the infimum is taken over all g € Affq’q’)(Q) with g|Q2 = f.

Remark 1.78. This is the generalisation of Definitions 1.1, 1.24. We used the same
notation as there. We refer to the Remarks 1.2, 1.25 for comments. If ¥ = W, as in
(1.336) then it is usual to write

ASP(R™) = AP (R (1.347)

used now also with €2 in place of R”. On the other hand, some generalisations of the
above spaces Af,sq’w)([R”) have been considered, originally in connection with fractal
h-sets introduced by M. Bricchi, [Bri02], [Bri04], later on in [FalL06] and also in some
of the papers mentioned at the end of Section 1.3.1. One replaces 2/SW(27/) in (1.340),
(1.341) by 0; and 2% in the resolution of unity (1.6) by some N, typically subject of
compatibility conditions of type 0 ~ 0;+1 and Ny ~ Ni1. However to which extent

the comments and suggestions below for the spaces A(S b apply also to these more
general spaces remains to be seen.

We add now a few further comments about the above spaces A(S qj)([R") and
A(s o (2) restricting ourselves to keywords.

1. Atoms. The atomic expansion Theorem 1.7 for the spaces Ay, (R") can surely

be extended to the spaces A;,Sq’w)([R”). This is essentially covered by [MouO1, Theo-
rem 1.18, p. 31], including the minor technical modifications in Definition 1.5 which
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are useful in connection with Haar bases (a;, are Lo-functions) and Faber bases (Lip-
schitz condition (1.32)).

2. Local means. Characterisations of the spaces A4y, (R") in terms of local means go
back to [T92, pp. 58, 122, 138] and the original paper [Tri88]. This version has been
extended to the spaces A;Sq’w)(ﬂ%”) in [Mou01, Theorem 1.10]. But in connection with
spaces Ay, (€2) in rough domains, the extension problem and wavelet characterisations
as considered in [TO8] we needed the much stronger Theorem 1.15 with a reference to
[TO8, Theorem 1.15, p. 7]. It would be desirable to find a counterpart of this assertion
for the spaces A;ZW)(R”) (maybe based on the proof in [TOS8, pp. 8—12]).

3. Wavelets. The wavelet characterisation of the spaces A4y, (R") according to Theo-
rem 1.18 is mainly based on sharp assertions about atoms and local means. In other
words, if one has sufficiently strong counterparts of these assertions for the spaces

A;,sq"y) (R™) then one has a good chance to extend Theorem 1.18 to the spaces A (S b (R™).
As for an alternative proof for Besov spaces based on interpolation we refer to [AlmOS].

4. Diffeomorphisms, pointwise multipliers. The step from A,/ (R") to A4;,(€2),
where €2 might be a bounded smooth domain, requires that the spaces A4j,(R") can
be localised, that smooth cut-off functions are pointwise multipliers, and that they can
locally distorted by smooth diffeomorphisms. This has been finally established for
the spaces A3, (R") in [T92, Sections 4.2, 4.3, pp. 201-211]. One may asked for an

extension of these assertions to the spaces A(s lI’)( R™).
5. Traces. Similarly as for the spaces A3, (R") one asks for traces of f € A(s \I/) (R™)

and, more generally, of ?;7{ on the hyper-plane R" !,

o - o f

. l( x) > (x 0), x= (" x,), x' e R"L (1.348)

Traces have a long history. One may consult [T78], [T83], [T92]. But nowadays one
can base trace problems on atoms and wavelets. The construction of wavelet-friendly
extension operators as in [T08, Section 5.1.3] seems to be especially effective.

6. Spaces on manifolds. Having affirmative answers of the above questions for the

spaces A(s \P)([R") then one can construct by standard techniques spaces A(S \P)(F) on
compact n-dimensional C * manifolds I', including wavelet frames (and in some cases
even wavelet bases). As for the spaces qu (I") we refer to [TO8, Section 5.1.2].

7. Homogeneity, extension. Let
11
O<p<oo, 0<g=<oo, s>n|lmax|—,—,1)—1]. (1.349)
4

Then

1) [ Egg R ~ A7 || f 13, (R, supp f C {x € R" @ x| < A} (1.350)
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where the equivalence constants are independent of f and A withO < A < 1. This goes
back to [TO1, Corollary 5.16, p. 66]. There are counterparts for the B-spaces, [CLT07],
and more general results in [TO8, Theorem 2.11, p. 34]. This homogeneity assertion
plays a decisive role in connection with wavelet representations for the spaces zzfj, 4(§2)
and A3, (2) according to Definition 1.24 and the crucial extension problem. Unfor-

tunately there is no immediate counterpart for the spaces A},Sq"lj)(Q) and X},Sq’w)(ﬁ)
as introduced in Definition 1.77. But according to [CalL09, Theorem 3.18] there is a
substitute at least for some B-spaces. It remains to be seen whether the theory devel-
oped in [TO8] about spaces of type 43, (£2) in rough domains, wavelet expansions and

extensions from €2 to R” has a counterpart for corresponding spaces Aés(;\p)(ﬂ).

8. Interpolation, extension. The classical real interpolation method has been ex-
tended to interpolation methods with function parameters. This has some history. We
refer to [Gus78], [Jan81], [Mer84], [Per86], [CoF88], [CFMMAO7]. Of special interest
for us are [Mer84], [CoF88] extending the real interpolation method (Ao, A1)g,4 With
0 < 0 < 1 to interpolation methods (Ao, A1)g(.),4 Where g(+) is a function parameter
covering in particular logarithmic spaces. This can be applied to the above logarithmic
spaces

By (R") = (Byg, (R™), By (R") ()00 S0 <5 <s1, (1.351)

P,40.91,9 € (0,00] and some admitted function parameter g in dependence on W
(and s9, 51, 5). We refer to [CaMO04a, p. 47] and [AImO5, Proposition 7, pp. 204/205]
based on [Mer84, Theorem 13, p. 194] and [CoF88, Theorem 5.3, Remark 5.4]. One
may ask for an 2-counterpart of (1.351), hence

¥ _
By () = (Byg, (), Byl () 4 40 (1.352)
and the existence of a (bounded linear) extension operator
ext: BSY(Q) < BV (RY). (1.353)

Let €2 be a bounded Lipschitz domain in R”, n > 2, or a bounded interval on the real
line. Then there is a universal extension operator,

ext: B3, (Q) = B, (R") (1.354)

in the understanding of Theorem 1.27 and (1.99)—(1.102). One has in particular

reoext =id (identity in By (£2)). (1.355)
Then it follows from (1.351) and the interpolation property that
one has (1.353) and also (1.352) for all s € R and p, qo, 41,9 € (0, c0].

In [TO8, Chapter 4] we dealt with several types of common extension operators in
rough domains (beyond bounded Lipschitz domains) for the spaces Ay, (S2). This can

be extended by the above arguments to spaces of type Bl(,f]"p)(Q).



1.3 Logarithmic spaces 59

9. Elliptic boundary value problems. Let 2 be a bounded C*° domain in R” and let
I' = 0L be its boundary. Elliptic boundary value problems of type

Au= Y ay(x)Du=f inQ, (1.356)
lee|<2m
Biju = Z big(y) trr DAy = gi onl, (1.357)
|Bl<k;
J=1....mand k; € Nowith0 < ky < k < -+ < k;u < 2m have a long

history. About conditions for A and B; we refer to [T78], [T83] and the huge literature
mentioned there. One may think about the Dirichlet problem,

J

— (AT o
A= (—A)" and B]—a/u.,

meN; j=0,....m—1, (1.358)

2 . .
as aprototype. Here A = > j_,; ;;—2 is the Laplacian, whereas p denotes the outer nor-

mal. The L,-theory has been developed in the famous book by S. Agmon, [Agm65]. An
introduction to boundary value problems for second order elliptic equations may also
be found in [HaTO8]. These assertions have been extended to L ,-spaces, 1 < p < oo,
Holder-Zygmund spaces €, s > 0, and finally to the spaces B, and Fj,. The corre-
sponding theory in full generality is due to [FrR95] and subject of [RuS96, Chapter 3].
Furnished with the interpolation (1.352) one has a good chance to extend this theory
from some B, -spaces to corresponding Blgf]’q’)-spaces. This is of interest for its own
sake. But it may be also of some use in numerical applications.

10. Compact embeddings. Entropy numbers, approximation numbers and other
widths of compact embeddings between spaces of type Al(,q"y) (£2) in bounded domains
2 are not only of interest for their own sake but they can also be used for spectral asser-
tions (distribution of eigenvalues) of the above elliptic operators. Entropy numbers for
compact embeddings between spaces B;;Ib (£2) in bounded domains €2 in limiting situa-
tions have been considered in [Leo00]. Some assertions about approximation numbers
for embeddings of A;,sq’\p)(Q) into C(£2) may be found in [CaHOS5, Proposition 5.10,

pp- 65/66]. Interesting sharp results for compact embeddings between BIS“;’IP) (2) and
B;,,(§2) have been obtained recently in [CoKO09]. For the approximation numbers

one needs the extension property (1.353) for the spaces BI(,sq’w)(Q). If, in addition, the
embedding
id: BSEY(Q) = C(Q) (1.359)

is compact, then one may also ask for the behaviour of linear and non-linear sampling
numbers.

11. Approximation of elliptic problems. In numerics one asks for optimal approxima-
tions of elliptic problems in bounded (smooth or Lipschitz) domains €2 in R” by distin-
guished linear and non-linear mappings. This has been done in [DNS06a], [DNS06b],
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[DNSO07], [DNS09], [Vyb07] in the context of Sobolev spaces H*(2) = H5(£2) and
Besov spaces B, (§2). If some of the above points have affirmative answers then one

may replace B, (£2) by BI(,f]’\P)(Q) hoping for a finer tuning.

There are now three motivations to deal with logarithmic Besov spaces.

* They can be created by the real interpolation (1.351), (1.352) from related Besov
spaces.

* They originate naturally from fractal geometry, (1.323), (1.324).

* Combined with dominating mixed smoothness and restricted to domains, prefer-
ably cubes, they may be of some use in numerical integration and discrepancy.

Nevertheless they will play only a marginal role in this book. But this may change in
future.

1.3.4 Logarithmic spaces with dominating mixed smoothness

On the one hand we introduced in Definition 1.38 the spaces S, A(R") with dominating
mixed smoothness where preference is given to n = 2. According to Definition 1.56
corresponding spaces S, A(£2) on domains €2 in R" are defined by restriction where
Q = Q" in (1.230) is of special interest, again with a preference of n = 2. On the
other hand we dealt in the preceding Section 1.3.3 with isotropic logarithmic spaces
on R” and in domains. In the context of numerical integration and discrepancy it is
reasonable to admit logarithmic perturbations of some spaces with dominating mixed
smoothness preferably in Q”. Then we rely on specific arguments based on Haar bases
and Faber bases. This may explain why we restrict ourselves now to basic definitions
and a few comments.

Definition 1.79. Let ¢ = {¢gi}; en? be the dyadic resolution of unity according to
(1.146)—(1.149).
(i) Let
O<p<oo, 0<g<oo, reR, beR. (1.360)

Then S5 B(R2) is the collection of all f € S’(R2) such that

ILf 1852 B[R],

= (0 2R k)P (1 4 k) H((/)kf)V|Lp([R2)||q)l/q — o (136D)
keNZ

(with the usual modification if ¢ = 00).
(ii) Let
O<p<oo, O0<g<oo, reR, bekR (1.362)
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Then S;’qu (R?) is the collection of all f € S’(R?) such that
17 1857 F(R?)

= [( 2 kP k)i £ OF) L@ (6
keN3

<00
(with the usual modification if ¢ = 00).

Remark 1.80. These logarithmic spaces with dominating mixed smoothness generalise
Definition 1.38. We refer also to Definitions 1.72, 1.77 (1). These quasi-Banach spaces
are independent of ¢ (equivalent quasi-norms). Definition 1.77 (ii) can be modified as
follows.

Definition 1.81. Let Q be a domain (= open set) in R? with Q # R?. Let p,q,r,b be
as in (1.360) (with p < oo for the F-spaces) and let either A = B or A = F. Then

SrPAQ) = {f € D'(Q) : f = g|Q for some g € S, A(R?)}, (1.364)
b —: b 2
I/ 1S54 A@)|l = inf [|g |S,7 AR, (1.365)

where the infimum is taken over all g € SIZ;IbA([Rz) with g|Q2 = f. Let

SrbAQ) ={f € S;PAR?) : supp £ C Q. (1.366)

Then
SrhAQ) ={f € D'(Q) : f = g|Q forsome g € SIPAQ)}, (1.367)
1L 1857 A(Q)|| = inf [[g 1S, A(R?)] (1.368)

where the infimum is taken over all g € S‘Z;IbA(S_Z) with g|Q2 = f.

Remark 1.82. Similarly as in Section 1.2.5 there are obvious extensions of the above
definitions to higher dimensions. If » = 0 then S ;’qOA(Q) = §,,A4(82) are the spaces
introduced in Definition 1.56. As in (1.227), (1.228) one may ask for the existence of
linear extension operators. But the discussions in Section 1.2.6 apply even more to the
spaces S IZ}IZ’A(Q) suggesting to deal preferably with Q = Q" according to (1.230) (or
more specifically @ = Q?). It remains to be seen to which extent the assertions from

Sections 1.2.7, 1.2.8 can be extended to the above spaces, especially to S, ;}f’B([Rz) and

Syy B@?).

Later on we deal with some spaces S;;IbB(@”) in the context of Haar bases and
Faber bases using specific arguments. This may justify to restrict our attention now to
one peculiar point. By Theorem 1.67 (i) the spaces SIZPB(QZ) with 1 < p < oo and
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0 < r < M € N can be equivalently normed by (1.294), which can be rewritten as
(1.295). Let Q = Q2. The natural extension of (1.294) is given by

1 1857 BEIM = 1 I1L,(Q)]
dh)l/l’

1/2
+ ( /0 W loghl (14, o f 1Lp(Q)N1” + 1A} o/ |Lp(Q)I7) S

dh \Vp

hihs
(1.369)
where we used the same notation as there, in particular (1.291)-(1.293). Assuming

that (1.332) is an equivalent norm in B;},b (1) then one has

/2 p1/2
+ ([o /(; (h1h2)_rp|logh1|b”|logh2|bp||A2f’QMf 1Lp,(0)]”

1 1/p
Lf ISP B(O)IM ~ ( /0 LfCx2) BRI, dxz)

y, (1370

1 p1/2 , " . i
+(/O [o h—rP|10gh|P||Ah,2,Qf(-,X2)|B;’p(l)||fldeZ) 7

where ||- |B£}§) (1) p refers to the second equivalence in (1.332) with r in place of s and
with p = q. Butafterwards one is in the same situation as in the proof of Theorem 1.67.
However for this purpose one has first to ask whether the equivalent norms (1.166),
(1.167) for the spaces S}, B(R?) have counterpart for Sg’qu([Rz). This is of self-
contained interest and we formulate the expected outcome as far as the generalisation
of (1.166) is concerned. Let, as there, 0 <r < M e Nand 1 < p,g < oo. Letb € R
and let S,f’qu([Rz) be the corresponding spaces introduced in Definition 1.79 (i). We
use the same notation as in connection with (1.166). Then one may ask whether

S;;IbB([RZ) is the collection of all L,(R?) such that

2 1/2 - b M 2 dh Va
If 1L, (R3] + ([0 W ltog M A, o f 1L, 5 )
1/2 dh 1/q
([ rraoghPriath o f 1,601 ) (1371)
0
1/2 p1/2 dh \ /4
w ([ b o P tog a1 £ 1L, @21 )
0 0 ’ hihs

is finite (equivalent norms).

Maybe one can prove this assertion combining the arguments resulting in [ST87,
Theorem 2, p. 122] with the techniques in the papers mentioned in Remark 1.75. Now
we can try to follow the proof of Theorem 1.67. If (1.371) with p = q is established
as an equivalent norm in S ;}f’B (R?) then one has (1.303) with S ;}f’B (Q) in place of
S,,B(Q) and (1.369). Step 2 of this proof can also be carried over. This follows from
(1.370) and the comments about extension operators in Point 8 in Section 1.3.3.



Chapter 2
Haar bases

2.1 Classical theory and historical comments

So far we described wavelet bases in isotropic spaces A, (R"), Theorem 1.18, in spaces
S ;qA([Rz) with dominating mixed smoothness, Theorem 1.54, and their restrictions
Sop B(Q?) to cubes, Theorem 1.66. All these bases originate from Daubechies wavelets
and we always assumed that they are sufficiently smooth with (1.69), (1.73) as typical
and natural restrictions for the required smoothness u. In this book we are mainly
interested in sampling, numerical integration and discrepancy in the context of function
spaces. For this purpose the indicated wavelet expansions are occasionally helpful but
they are not very effective. We rely on the better adapted Haar bases and Faber bases
and develop the corresponding theory in the Chapters 2, 3. Although Haar bases, Faber
bases and their numerous descendants have a history of some 100 years they are of vital
interest up to our time, maybe now even more than a few decades before. This may
justify to have a closer look at the papers of the old masters and to find out what they
are telling us nowadays. This provides also a better understanding of what follows.
Let / = (0, 1) be the unit interval on R. Let

{ho, hjm : j € No; m=0,...,27 — 1} 2.1)

be the L -normalised orthogonal Haar system in L, (1) where hy is the characteristic
function of [0, 1) and

1 if2/m<x<2/m427771,
him(x) =3—1 if2/m+27771 <x <27/ (m+1), (2.2)

0 otherwise.

The Faber system

{vo, Vi, Vjm : j € No; m=0,...,2/ —1} (2.3)
is the collection of functions
vo(x)=1—x, vi(x)=x, xe€el, 2.4)
and
. X
0im(3) =21 [ () dy
0
27t (x =277 m) if27/m<x<2m+27/71, (2.5)

=22 (m+1)—x) if27m+27 1 <x <2/ (m+1),
0 otherwise,
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Figure 2.1. The Haar system goes back to A. Haar, [Haar10], 1910, whereas the Faber
system had been introduced by G. Faber, [Fab09], 1909. We add in Remarks 2.3, 2.4
below a few more detailed historical comments. But first we discuss (and prove partly,

27 im 42771

0 27im 277 (m+1) 1

Figure 2.1. Faber system.

following the old masters) some classical fundamental assertions. Recall that C(1) is
the space of all complex-valued continuous functions on the closed interval / = [0, 1]
furnished with the L,-norm. Let as before

(ALOYX) = fx+h) — fx), AYTf = A (AY ). (2.6)
be the usual differences, x € R, 7 € R, M € N. In particular,
—2(A2_ L )2 m) = fRTm+2 )= f (2 m) =5 f (27 (m+1)). (2.7)

Between Definition 1.17 and Theorem 1.18 we recalled what is meant by a basis,
unconditional basis and conditional basis in a separable quasi-Banach space.

Theorem 2.1. (i) The Haar system (2.1), (2.2) is
* an orthogonal basis in L, (1),
* an unconditional basis in L,(I) with1 < p < oo,

e and a conditional basis in L1(I).

Furthermore,
o0 2/—1 '
f = /1 Fory +3° 3 2 [I FOVymIAY him(x), x €1, (28)
j=0 m=0

forany f € Li(I).
(ii) Let f € L1(I) and let

J 2/-1

F10 = [ 01y + XX 2 [ 10y by, xe 1. @9)

j=0m=0
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J € Ng. Then
fI(x) = f(x) ae. ifJ - o0 (2.10)

(pointwise convergence almost everywhere). If f € C(I) then
) = fx) ifJ - o0 (2.11)
(uniform convergence).
(iii) The Faber system (2.3)—(2.5) is a conditional basis in C(I). Furthermore,

oo 2/ -1

@) = FOu + f0n =33 3 (AL /)T mum() @2.12)

j=0m=0
forany f € C(I)and 0 < x < 1.

Proof. In Steps 1-4 we prove the classical parts established before 1930, following
essentially Haar, Faber and Schauder. In Step 5 we comment on more recent assertions.

Step 1. Orthogonal L,-basis. Obviously, the functions in (2.1) are pairwise orthogonal.
It follows by iteration that the characteristic function

Xim of Iim=[27m277(m+1)), jeNp;m=0,..2 -1, (213)

is a finite linear combination of &g and hy; with k < j. This shows that the Haar
system (2.1) is an orthogonal basis in L, (/) with (2.8).

Step 2. We prove part (ii). Let f/ with f € L{(I) be given by (2.9). First we wish
to show by induction that

27+

Fo= 3 2 [ 0y et x el T eb @1
m=0

J+1.m

From (2.9) with J = 0 it follows that

o= fony+ / F)dy
Iy,

I o

+ (/1 f(y)dy—/l f(y)dydy)(xl,o(x)_Xl’l(x)) 2.15)
= 2/11’0 SOy x10(x) + 2[11.1 FO)dy x1.1(x),

hence (2.14) with J = 0. For J € N one obtains by (2.9) that

27 1
o =rtwe2 Y ([ s 2.16)

m=0 “WIr+1.2m

- / f(Y)dJ’) (x7+1.2m(X) = xr412mr1(x)).
Ij+1.2m+1
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We insert (2.14) with J — 1 in place of J and decompose

Iim=1Irv12mYUlst12m+1 and  xym = Xy+12m + XJ+12m+1-
Then we obtain (2.14). It follows that

27+l

fO=r e = X 2 [ (0= S0y gm0, @D
m=0

J+1.m

Recall that x € [ is called a Lebesgue point of f € L{([) (extended by zero from [/
to R) if
1

— | f(x)— f(y)|dy =0 forr — 0, (2.18)
2r Jix—yl=r

[Ste70, p. 11]. If x € I is a Lebesgue point and x € ;1 then it follows from
(2.17), (2.18) that

| f(x) = f7(x)] = 27!

/ (f(0) = F()dy
Iyt1m (2.19)

s @0l 0
xX—y|=27

for J/ — oo. This proves (2.10). If f € C(I) then one obtains (2.11) from (2.19) and
the uniform continuity of f.

Step 3. We prove that the Haar system (2.1) is a basis in L, (/) with 1 < p < co. By
(2.14) and Holder’s inequality one has

2/t -1 1/p
_ _1
MO 2’“( / If(y)l”dx) 27D 1 (x) (2220)
m=0 Iy41m
and
/|f’(x)|1’dx §/|f(x)|pdx forall J € No. (2.21)
I I

This can be complemented by
lg” 1Loo(DIl < lIg |Loo(Dl. 8 € Loo(I). J € No. (2.22)
Let f € L,(I). For any ¢ > 0 there are two functions g, and s, with
f =8 t+he ge€Loo(l), |hel|Lp(D)] <e. (2.23)
One obtains by (2.14) and (2.21), (2.22) uniformly in J that
If = S 1Ly < lige = & 1Lp (DI + 1he = B |Lp (D]

L p  (2.24)
<26+ (2]1ge |Loo (D))" p(/1|(gs—g!)(x>|dx) .
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By (2.22), Lebesgue’s bounded convergence theorem and (2.19) it follows that
If = 7 ILp(D] <3¢ it T = J(f.e). (2.25)

Hence f/ — finL p(1). The uniqueness of the representation (2.8) is a consequence
of the orthogonality of the system (2.1). Hence (2.1) is a common basis in L, (/) with
1 <p<oo.

Step 4. We prove that the Faber system (2.3)—(2.5) is a basis in C (/) with the expansion
(2.12). Let f € C(I) and let

12 2/-1 _
Sr() = FO) vo) + fDv1(x) =5 > D7 (A3, )27 m) vjm(x). (2.26)
j=0 m=0
where J € No. We prove by induction that
frx) = f(x) if x=2"Y*Vm withm=0,...,2/ 1 (2.27)
Let J = 0. Then f5(0) = f(0), fo(1) = f(1) and by (2.7)
fo(1/2) = 3 f(O) +3 f(D)+(f(1/2) =5 f(0) =5 f(1))veo(1/2) = f(1/2). (2.28)

Assume that for J € N,

fro1(x) = f(x) ifx=2"7mwithm=0,...,27. (2.29)
By (2.26) one has
1 271
fr@) = fra@) =5 30 (A )@ mvm). @230)
m=0

Since vy, (x) = 0 if x = 2771 it follows from (2.30), (2.29) that
f1(x) = froi(x) = f(x) ifx=2"m=2"""12m, (2.31)

where m = 0,...,27. Letx = 27U+D@2m + 1) withm = 0,...,2/ — 1. Then
f7—1 is linear in the interval 277 m, 277 (m + 1)] and it follows from (2.29), (2.30)
and (2.7) that

1279 em + 1)
=17 m)+Lr2 7 m+1)
+[feTm+27T =L m) =L@ (m+ D) vym(2 T m+27771)

= f@7Tm+277).
(232)
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This proves (2.27). Hence f;(x) is a piecewise linear function which coincides with
f(x) in the nodes 27/ ~!m. Then it follows that

fr(x) = f(x) if J — oo, convergence in C([/). (2.33)

Hence any f € C([/) can be represented in C (/) by (2.12). It remains to prove that
this expansion is unique. Let

oo 2/ -1

0 = agvo(x) + ajvi(x) + Z Z AjmVim(x), xe€l, (2.34)

j=0 m=0

convergence in C(/), where ag, a1, dj, are complex numbers. Insertingx = 0, x = 1
and then x = 1/2 one obtains ap = a; = Oandthenagy = 0. Iteration gives a;,, = 0.
This proves that the Faber system (2.3) is a basis in C (/).

Step 5. The above arguments reflect the situation at the end of the 1920s. More detailed
historical comments will be given below. The above proof does not cover that the Haar
basis (2.1) is unconditional in L,(/) with 1 < p < oo and conditional in L;([),
and that the Faber basis (2.3) in C(/) is conditional. We comment on these more
recent assertions restricting ourselves to references. By [Woj91, p. 62] any basis in
Lq(1) is conditional. This applies in particular to the Haar basis (2.1) from which
we know by Step 3 that it is a basis in L; (/). By Step 4 the Faber system (2.3) is a
basis in C(/). But any basis in C (/) is conditional, [Woj91, p. 63]. The Haar system
(2.1) is an unconditional basis in L,(/) with 1 < p < oo. This is a consequence
of the famous Littlewood—Paley theorem for L ,-spaces with 1 < p < oo which will
be discussed later on in detail. The assertion itself goes back to J. Marcinkiewicz,
[Mar37], who based on [Pal32]. One may also consult [Woj91, Theorem 13, p. 63],
[Woj97, Section 8.3] and [LiZ79, Theorem 2.c.5, pp. 155/6]. O

Remark 2.2. Both in (2.8)—(2.10) with respect to the Haar bases and (2.12), (2.26)
with respect to the Faber bases we dealt with J -blocks of corresponding series. Within
the J -blocks one may assume that the terms are ordered naturally by m = 0, ...,27 —1
and that assertions of type (2.10), (2.11) are refined by inserting additionally m with the
same outcome. But any other rearrangement of the terms within the J-blocks gives the
same result. This is not totally obvious. But it follows from the arguments in Steps 2
and 4 applied to J and m.

Remark 2.3. The complete orthogonal system (2.1), (2.2) had been introduced 1910
by A. Haar in his PhD-thesis [Haar10, Kapitel IIT] (Uber eine Klasse von orthogonalen
Funktionensystemen). Hilbert was the supervisor (Doktorvater). Chapters I (Diver-
gente Reihen) and II (Theorie der Summation) deal with the unsatisfactory situation
in connection with pointwise convergence of corresponding expansions of continuous
functions in I = [0, 1]. He mentions in particular trigonometrical series,

f)~ Y a e, g = /I f(y)e PR dy, (2.35)

k=—00
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k € Z,0 < x < 1. It was known at this time that there are continuous functions
such that the corresponding trigonometric series do not converge at any point x with
0 < x < 1. Haar even asked: Gibt es iiberhaupt ein orthogonales Funktionensystem,
das so beschaffen ist, dafs jede stetige Funktion auf die Fouriersche Weise in eine
gleichmdpflig konvergente Reihe entwickelbar ist, die nach Funktionen dieses Systems
fortschreitet? (Does there exists an orthogonal system of functions such that any
continuous function can be expanded in the way of Fourier in a uniformly convergent
series with respect to this system?) His answer is yes and he introduced in Chapter III
in [Haar10] the system (2.1), (2.2) named nowadays after him. Part (ii) of the above
theorem is essentially covered by Haar, including (2.11) (as one of the main goals) and
also (2.10) for willkiirliche Funktionen (arbitrary functions). In a somewhat hidden
way he relies on (2.14) and even uses Lebesgue points. Nowadays Haar’s paper is
usually mentioned as the very first and distinguished example of a wavelet system
having the multiresolution property. One may consult [T06, Section 1.7] and the
references given there. Using Haar’s observations, especially (2.14), Schauder proved
in 1928, [Scha28], that the Haar system (2.1), (2.2) is a basis in all spaces L, (/) with
1 < p < oo. Thisis covered by Step 3 of the above proof where we followed essentially
Schauder’s arguments. The system (2.3)—(2.5) goes back to Faber, [Fab09]. He proved
that this system is a basis in C (/) and that continuous functions can be represented by
(2.12). His arguments are similar as in Step 4 of the above proof. But it is the main
aim of his paper die tiefe Kluft, die zwischen den differenzierbaren and blof; stetigen
Funktionen besteht zu erhellen (to shed light on the deep rift between differentiable
functions and merely continuous functions). For this purpose he discusses in detail
properties of continuous functions (differentiability, rectifiability) represented as

f(x) = Zajm Vim(X), ajm €R, (2.36)
Jj.m

in dependence on the admitted coefficients a;,,. Faber’s construction had been re-
discovered in 1927 by Schauder, [Scha27], replacing {2_/ m:jeNgy;m=0,...,
2/ — 1} by more general dense sets {tj} C I. But otherwise the construction of a
basis in C (/) is similar using adapted second differences of type (2.7). However the
main aim of Schauder’s paper [Scha27] is the proof of the famous fixed point theorem
named after him: A continuous map T of a compact convex set K in a Banach space
with T(K) C K has a fixed point. Schauder needed for his proof that the Banach
space in question has a basis (later on it came out that this is not necessary). For this
reason Schauder presented a (short) list of Banach spaces with basis. The first example
is C(I) with the indicated construction. Nowadays it is usual to call these piecewise
linear bases in C (1) Faber—-Schauder systems or Schauder systems. We use here only
the original dyadic version by Faber. This may justify to speak about Faber systems
(Faber bases).

Remark 2.4. There was always an interest in Haar systems especially on R, R”,
intervals and cubes. This can be seen by the above classical references at least as far
as L,-spaces on intervals are concerned. It is just one of the main aims of this book
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and in particular of Chapter 2 to deal with Haar systems in the context of the spaces
B;,. Fpy- Then we give also more specific and more recent references. The question
for Faber bases in spaces of type A4, (/) requires that the embedding

Ay, (I) = C(I) is continuous. (2.37)

This is a consequence of the needed pointwise evaluation of f* € A}, (1) according
to (2.12). It excludes Ly(/), 1 < p < oo, and all spaces A,,(I) with s < 1/p.
Furthermore, the functions vj,, in (2.5) are non-negative. In particular the system (2.3)
cannot be orthogonal. The usual orthogonalisation procedure of the Faber system re-
sults in the Franklin system. This system goes back to Franklin, [Fra28], who proved
in 1928 that this orthogonal system is a basis in C (/). Iteration creates higher orthog-
onal spline systems. This is mainly due to Z. Ciesielski and his co-workers. As far as
unconditional orthogonal spline bases in L,-spaces and a.e. convergence is concerned
we refer in particular to [Cie75], [Cie79] where one finds also further references. In
other words, in contrast to the Haar system, both the original Faber system, [Fab09],
and the Faber—Schauder systems, [Scha27], did not influence the further development
directly, but served as the main ingredient of the recent theory of orthogonal spline
systems, especially on intervals and cubes. In 1960 Ciesielski used the Faber system
for his celebrated assertion that the Holder spaces C*(/), 0 < s < 1, are isomorphic
to £, [Cie60]. It fits to the above remarks that he gave in 1963, [Cie63], a new proof
now based on orthogonal Franklin systems. Further historical comments may be found
in [Woj91, p. 175]. In recent times systems of Faber type have been used in [JoKO1]
to construct bases in Besov spaces on fractals.

Remark 2.5. As mentioned above it is of interest to know whether an (orthogonal)
basis in L, (/) is also an (unconditional) basis in L, (/) with 1 < p < oo and whether
corresponding expansions converge almost everywhere. It was well known at the
beginning of the last century that the most distinguished orthonormal basis in L,(/),
the system

{e?7kx ke 7} (2.38)

of periodic trigonometrical functions, causes a lot of trouble. This attracted the at-
tention of several outstanding mathematicians. It was one of the motivations of Haar
in [Haar10] to look for systems with better properties. It seems to be reasonable to
complement the above historically-oriented comments by a few remarks about (2.38).
By [Woj91, pp. 40/62] the system (2.38) is a conditional basis in L,(1), 1 < p < oo,
p # 2. The question of what can be said about the pointwise convergence of the partial
sums

1
(N0 = Y [ e foay 2 > fn (2.39)

lkel<n 0
if n — oo was a central problem of real analysis over decades. As mentioned above
it was known at the beginning of the last century (in particular to Haar) that there are

functions f € C(I) for which the partial sums s, ( f) do not converge uniformly to f.
Luzin conjectured in 1913 that one has for any f € C(/) an a.e. convergence in (2.39),
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[Luz13]. On the other hand, young Kolmogorov (age 20) constructed 1923 a function
f € Li(I) for which s, ( f)(x) diverges a.e., [Kol23], and in [Kol26] (now age 23)
a function f € Lq(I) for which s, ( f)(x) diverges everywhere. Luzin’s conjecture
was confirmed by Carleson 1966, who proved that one has (2.39) a.e. for any function
f € La(I), [Car66]. This was extended shortly afterwards by Hunt in [Hunt68]
to f € Lp,(I) with1 < p < oo. A precise formulation may be found in [Gra04,
Theorems 3.6.13, 3.6.14, pp. 229/230] with a reference to Chapter 10 of this book for
(rather long) proofs.

2.2 Haar bases on R and on intervals

2.2.1 Introduction and plan of the chapter

Theorem 1.18 is a satisfactory characterisation of the isotropic spaces A4y, (R") in terms
of compactly supported smooth wavelets. By Theorem 1.54 one has a corresponding
characterisation in terms of compactly supported wavelets of the spaces S;, A(R")
(n = 2) with dominating mixed smoothness. On the other hand Theorem 2.1 (i)
describes classical expansions of L,(/), and similarly of L,(R), with 1 < p < oo,
by Haar bases. This can be strengthened in analogy to (1.74) where A € fp(TZ reflects
the famous Littlewood-Paley theorem (recall that L,(R) = F19, ,(R) and similarly
L,(I) = F,?,z(l)’ 1 < p < o0). The Haar system in one dimension (on R) can
be extended to R”, n > 2, either as in (1.59), called Haar wavelet system, or as in
(1.198), called Haar tensor system. What are the natural counterparts of Theorem 1.18
(characterisation of A, (R") in terms of Haar wavelet bases) and of Theorem 1.54
(characterisation of S,  A(R") in terms of Haar tensor bases)? This is the main topic
of Chapter 2. Section 2.2 deals with Haar bases for A}/ (R) and A3/ (7). We obtain in
particular a new proof of the Littewood—Paley characterisations of L,(R) and L, (/) in
terms of the (inhomogeneous) Haar system (2.1). The original classical version relies
on the (homogeneous) Haar system consisting of /;,, according to (2.2) with j € Z,
m € Z. This will be done in Section 2.2.5. Section 2.3 deals with (inhomogeneous)
Haar wavelet bases in AIS, q (R™) (and on cubes) and Section 2.4 with Haar tensor bases in
spaces with dominating mixed smoothness. In Section 2.5 we extend some assertions
to spline bases.

Beyond the celebrated Littlewood—Paley theory for the L,-spaces with1 < p < oo
there are only a few assertions in literature about Haar bases in spaces of type Ay, ,. Some
relevant papers dealing with Haar bases in Besov spaces B;,, will be mentioned later
on. But we have no references about Haar bases in F,,-spaces, including (fractional)
Sobolev spaces H, = sz,Z‘ It is the main aim of Chapter 2 to raise the theory of Haar
bases for isotropic spaces A3, and for spaces S, A with dominating mixed smoothness
at the same level as in Theorems 1.18, 1.54 for smooth compactly supported wavelets.
This might be of interest for its own sake. But in our context these assertions serve as
the fundamentals for a corresponding theory of Faber bases especially in spaces with
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dominating mixed smoothness which in turn paves the way to deal afterwards with
sampling, numerical integration and discrepancy.

2.2.2 Inequalities

Let y;m be the characteristic function of the interval
Lim=[27"m,277(m+1)), j€NymeZ, (2.40)

on the real line R. Let )(J(.f;) =2J/p Xjm beits p-normalised modification, 0 < p < oo.
Let by, and fp, with0 < p, g < oo be the sequence spaces according to Definition 1.3
with n = 1, hence the spaces of all sequences

pw=_{mmeC:jeNy, meZ} (2.41)

quasi-normed by

el = (X (X lml?) ) 42)

j=0 meZ
and

I pall = | (X am #2001) " 1, ®) | 4
Jj.m

The convergence of the series below must be understood as in Theorem 1.7 and as in
the references mentioned in Remark 1.8. We will not stress this point in the sequel.

Proposition 2.6. (i) Let 0 < p,q < oo and

1 1
max (—, 1) —l<s<—. (2.44)
p p
Then
ad : 1
=Y wim277C7) fim. € by (2.45)
j=0meZ
belongs to B;,,(R) and
£ [Bpg (R =<l [bpgll (2.46)

Sfor some ¢ > 0andall u € byy.
(i) Let 0 < p,q < oo and

11 (11
max|{—,—,1]—1<s <min|—, — ). (2.47)
P 9 P q
Then
[ele) _ .
F=220 wim27C7 Yim, 1€ fog, (2.48)

Jj=0meZ



2.2 Haar bases on R and on intervals 73

belongs to F, (R) and
ILf 1Fpq (R < el | foqll (2.49)

Sfor somec > 0andall 1 € fpq.

Proof. Step 1. Let ¥ r and ¥ps be real compactly supported wavelets on R according
to (1.55), (1.56) where we always assume that u € N is sufficiently large. Let the
L,-norms of Y3 and ypr be 1. Then

(Wr(x =1), 252y 2Fx = 1) 1 k € No, 1 € Z} (2.50)

is an orthonormal basis in L, (R). The function y;, can be represented as

Lim@) =Y AP Gm) v =D+ 3 M (m)vm @QFx 1) @2.51)

leZ k=0leZ
with
AT (i) = /R LimO) VF(y —Ddy. 1 €Z. (2.52)
and
M (i) = 2 /[R LmO) Y2y —D)dy, keNo l€Z. (253

We concentrate on /\;‘ (xjm) = Af’M(ij). The terms with A?’F (xjm) can always be
incorporated appropriately. One has for some ¢ > 0 and all admitted k, /, j, m that

MK (tjm)| < ¢ min (1,27U7R), (2.54)
Furthermore,
Af (xjm) = 0 if supp Yar (2 - —1) C Ljm or supp Yar (¥ - —1) C R\ Ijm. (2.55)

In particular, if k > j then only terms with | ~ 2K=7m and [ ~ 25~/ (m + 1) are
of interest. We insert (2.51) in (2.45), (2.48) and order the outcome with respect to
Vr(x —1) and ¥ (2% x — ). We concentrate on typical terms indicating similar terms
by +++ (including the terms with ¥ r (x — /)). Then

f=n+1 (2.56)
where
i 1
A=) v 27Dy @ - + ++ 2.57)
k=0leZ
with ‘ 1
v = DS M Gym) 279 (2.58)

jzk m
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and -
k(s— L
o= D3 0 2K gy R — 1) + ++ (2.59)
k=1leZ
with - .
UI%I = ZMC(XJ',Z/*"I) 2_(]_ S Mjoi—k]- (2.60)
j<k

Here (2.60) relies on the observation (2.55) that only terms with [ ~ 2k=im are
of interest written now as m = 2/7K] (and terms +++) in the understanding that
Xit = Xjift € Z and y;; = 0 otherwise (similarly for ;). Furthermore, in (2.58)
the summation over m can be written as

o= > = 2.61)

[2=/m—2—kI|<c2—k meN(j—k,l)

where N(j — k, 1) indicates the corresponding blocks of 2/ =¥ Z in which Z is decom-
posed.

Step 2. First we deal with the fi-terms in case of B-spaces. One has by (2.58), (2.54)

that
—(i— _1
al=e ), D 20RO ). (2.62)
j>=k meN(j—k,l)

If p < 1 then one obtains

Z |Vlil|p <c ZZ—(j—k)(s—%H)p Z Z |itjm|?

leZ i >k leZ N(j—k,l
© E Gt Ezme UmkD 2.63)
< 3 U Y
j>k meZ

Since s > % — 1 one obtains by a standard argument (explicitly formulated in [Ryc99a,
Lemma 2, p. 284]) that
1 15pgll < ¢ llx bpg . (2.64)

Let p > 1. Theset N(j —k, 1) has ~ 2/~¥ terms. Then one has by (2.62) and Hélder’s
inequality that

|V111| < ZZ—(j—k)(s—%—H) 2(j—k)(1—%)( Z |Mim|p)1/P

>k N(j—k,l

jz ln;j 0] ) (2.65)
e 32U )

j>k meN(j—k,l)

Then it follows for any & > 0 that

ShIP < e 327U PE e 3 e, (2.66)

leZ j>k meZ
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Since s > 0 one obtains (2.64). Next we deal with the f;-terms in case of F-spaces.
Let 0 < w < min(l, p,q) and let M be the classical Hardy-Littlewood maximal
function. Then

|(3 187 ) 1L, ®) | < e[ (S lgmee) “1L,®)]  @on
J.m Jsm

is the well-known vector-valued maximal inequality. Explanations and references may
be found in [TO6, p. 384]. For x € Ij; one has

(Xkl(x) > |Mjm|>w§sz(X) Yo wiml®

meN(j—k,l) meN(j—k,l)

Y [[R S il tim ) dy (2.68)

meN(—k,I)

< M( Y gl 1im()) 0.
meN(j—k,l)

Then one obtains by (2.62) that

il 2 (x)

< YU T T (T gl 7))
J=k meN(j—k,l)
(2.69)
Recall that for fixed j € Ny the characteristic functions x;,, have disjoint supports.
Then it follows for € > 0 that

o0
YN i B el
k=0leZ (270)
_(j— _1_
<Y P UTREHG O (S g ) ) ()

k,l j=k meN(j—k,l)

The counterpart
! 1 fpall < e | foqll 2.71)

of (2.64) with f,4 according to (2.43) in place of b,, follows now from (2.47), w and
& chosen such that

s>e+ 4 — 1, (2.72)
(2.67) and the above arguments (referring again to [Ryc99a, Lemma 2, p. 284]).

Step 3. We deal with the f>-terms in (2.56), (2.59), (2.60). With j = k — ¢ in (2.60)
one obtains by (2.54) that

k
_1
vl <c Zzt(s 2 |kt 211 (2.73)
t=1
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with the indicated agreement after (2.60). Since s < 1/ p in case of B-spaces one can
argue as above and obtains that

V2 1bpgll < ¢l |Bpgll- (2.74)

In case of F-spaces we have

k
k—t
W 2572 0 () < € tkmr 2101277 aa (%) 2
(2.75)

=1
k k=t
=c Z k—t2-111 27 Yiemg p-11(x) 27
t=1

where we used in the second line (which is a crude estimate) the above agreement. If
s < 0 then one can argue by the above scheme and one obtains that

1V [ foqll < c el fpqll. s <O. (2.76)

We wish to extend (2.76) to s < min(%, %). For this purpose we modify (2.60) by

Up = Z M‘ (Xj.25—k1) Pj2i—k; (2.77)
j<k

asking for which s, p, g one obtains a linear and bounded operator from the sequence

space f,,, quasi-normed by
- - . \1/4q
115l = [ (3 1im im0 27°7) L, (RO 2.78)
Jjsm
into itself, hence
152 | gl < c Il Syl (2.79)
With 1 o
g = 2756722 and  fi ik = 27T (2.80)

one has (2.60), and (2.79) can be written as

V2 | fogll < c il foqll- (2.81)

By (2.74) and (2.76) we have (2.81) and hence (2.79) if

{O<p=q<oo, s <1/p, (2.82)

O<p<oo,0<g<oo, §s<0.

We wish to apply the complex interpolation for quasi-Banach spaces according to
[MeMOO], [KMMO7] described in Section 1.1.5. We refer also to pages 71/72, 272
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in [TO6] where one finds details how to use this interpolation for function spaces and
related sequence spaces. We have in particular

Joq = [ oo ;IIPI]O’ 0<6<1, (2.83)

where

1 1-6 6 1 1-6 0
s=(1—-0)so+0sy, —= +— —= + —, (2.84)
p Po P1 q qo P1

and
0< pyg<oo,0<gyg<oo,s9<0 and 0< p; <oo, 51 <1/py, (2.85)

are cases covered by (2.82). As indicated in Figure 2.2 we choose a sequence

; 1
s<s{<—j—>s if j - o0 (2.86)
P

and afterwards 6/ and pé such that for some 59 < 0,

. 1 1—-6/ 6
s=(1-60")s0+0"s], —= —+ - (2.87)
p Po P1

S

Figure 2.2. Complex interpolation.

Then 6/ — 1 and

1 1—-67 647 . 1—67
= +—=s5+& +
q’ qo ri 4o

(2.88)

with ¢/ — 0if j — oo. For fixed j it follows from gg — 0 and g9 — oo that any

é > s can be reached. Hence,

[b& | fogll S cllit|fpgll, 0<p,g <oo, s <min (%, é) (2.89)
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According to (2.79)—(2.81) this can be written as
IV gl < c i fpgll. 0 < pog <oo,s <min(3.2).  (290)

with v? as in (2.60).

Step 4. After these preparations one can now prove both parts of the proposition
as follows. We apply Theorem 1.7 to the atomic decomposition (2.56)—(2.60) of f
given by (2.45), (2.48) always assuming that 157 is sufficiently smooth and satisfies
sufficiently many moment conditions. By (2.44) it follows from (2.64), (2.74) that

V! [Bpgll + 1V 1bpgll < ¢l lbpgll. 0 < p.g < oo, (2.91)

incorporating now p = oo and/or ¢ = oo in the standard way. This proves part
(1) of the proposition. For 0 < p,q < oo and s in (2.47) we choose ¢ > 0 and
0 < w < min(p, ¢, 1) with (2.72). Then one can apply (2.71), (2.90) and part (ii) of
the proposition follows again from Theorem 1.7. O

Remark 2.7. Let /;,, be the intervals according to (2.40) and let K € N. Then one
can replace y;n, in (2.45), (2.48) by polynomials Pj, in Ij, with

degree Pj,, <K and sup |Pjm(x)| <1. (2.92)

x€ljm

One has again (2.46) for0 < p,q < coand s asin (2.44), and (2.49) for0 < p,q < oo
and s as in (2.47). This follows from the above proof where one has to choose wavelets
Y satisfying sufficiently many moment conditions, now in addition larger than K.

We need a second preparation. We extend the Haar system (2.1), (2.2) from 7 to R
using now standard wavelet notation. Let

1 ifo<x <1,

hy(x) = -1 if <x<I, (2.93)
0 ifx &0, 1),
he(x) =i (X)]. hoym(x) = V2hp(x—m). meZ, (2.94)
and '
hjm(x) =hpy(2x —m), j €No, meZ. (2.95)

Let N_; = No U {—1}. Then
{hjm:j € Noy, m e Z} (2.96)

is an (L -normalised) Haar basis in L, (R). Let

Kim(f) = /{R Kim) FOIAY.  kim(?) = 2 hym(y). J € N_y. m € Z. (297)
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be the obviously adapted local means according to Definitions 1.9, 1.13 with A = 0
and B = 1. Fors € Rand 0 < p < oo one has (at least in L;(R))

F =Y kim () hjm = 3 wim() 277 (2.98)
Jj.m j.m
with -
wim(f) =27 kjm(f), jEN_, meZ. (2.99)

This is the same normalisation as in (2.45), (2.48). We adapt (2.41)—(2.43). Let b;q
and fpjl with 0 < p, g < oo be the spaces of sequences

pw=_{umeC:jeN_y, meZ} (2.100)
quasi-normed by
_ > a/p\1/4
Il = (32 (2 wml?) ) @.101)
j=—1 meZ
and /
_ 1/q
il fyall = [ (X lim 2 01) 12, 2.102)
Jj,m

where X,(I,il) (x) = 27/ Xjm(x) with the characteristic function x;, of I;, in (2.40)
now for j € Ny and m € Z.

Proposition 2.8. (i) Let 0 < p,q < oo and

1
max (—,1)—1 <s<l. (2.103)
p

Let jm(f) be as in (2.99). Then there is a ¢ > 0 such that
I 1bpgll < c 1f |Bpy (R forall | € By, (R). (2.104)

(i) Let0 < p < 00,0 < g < o0 and

1 1
max (—, -, 1) —1l<s<l1. (2.105)
P q

Let pjm(f) be as in (2.99). Then there is a ¢ > 0 such that
ILC) | fogll = L [Fpg (R forall f € Fpy(R). (2.106)

Proof. This follows from Theorem 1.15 with A = 0 and B = 1 where 0, and ‘0,4
are given by (1.35) with n = 1 and (2.99), (2.100). O
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2.2.3 Haar bases on R

Theorem 1.18 gives a satisfactory description of smooth wavelet bases in spaces
Aj, (R™). We complement these assertions in Chapter 2 by Haar bases and in Chapter 3
by Faber bases. First we deal in this Section 2.2.3 with Haar bases on R. We rely on
the two crucial Propositions 2.6, 2.8 of the preceding Section 2.2.2. As usual we say
that a series converges locally in some space A7 (R) if it converges in A7, (1) for any
bounded interval / in R. Otherwise the Haar system {/,,} in (2.96) and the sequence
spaces b;q and fp; in (2.100)—(2.102) have the same meaning as before.

Theorem 2.9. (i) Let 0 < p < 00,0 < g < 0o, and

1 1
— —1<s5 <min (1,—). (2.107)
p p
Let f € S'(R). Then f € B, (R) if; and only if; it can be represented as
[ee) _ .
S=00 2 w2 T . e by, (2.108)
j=—1meZ

unconditional convergence being in S’ (R) and locally in any space By, (R)ywitho <.
The representation (2.108) is unique,

tim = Wim(f) = 2765+ / S hjm(x)dx, jeN_,, meZ, (2.109)
R

and
J: f e n(f), (2.110)
is an isomorphic map of B, (R) onto b,,. If, in addition, p < 00, g < 00, then
(277" D b j €Ny, m e Z) @.111)
is an unconditional (normalised) basis in By, (R).
(ii) Let
0<p<o00,0<gq<oo0, max(%,é,l)—l <s<min(%,é,l),
l<p<oo, l<g<oo, s=0, (2.112)

l<p<oo, 1<g=<o0, max(%,é)—l<s<0.

Let f € S'(R). Then f € F,,(R) if, and only if, it can be represented as

o0
i(g—L _
=3 wm2? P by, e £y, (2.113)

Jj=—1meZ

unconditional convergence being in S’ (R) and locally in any spaces F g (R)witho <s.
The representation (2.113) is unique with (L, ( f) as in (2.109). Furthermore, (2.110)
is an isomorphic map of F,,(R) onto f,.. If, in addition, ¢ < oo then (2.111) is an
unconditional (normalised) basis in F,,(R).
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Proof. Step 1. All technicalities such as unconditional convergence, uniqueness, iso-
morphic maps, duality, in particular the correct interpretation of (2.109) as dual pairing,
unconditional basis, are the same as in Step 1 of the proof of [TO8, Theorem 1.20,
p- 15/16] with a reference to [T06, Section 3.1.3, Theorem 3.5, pp. 153—156]. This will
not be repeated here. One may also consult the comments between Definition 1.17 and
Theorem 1.18.

Step 2. Let p, ¢, s be as in the first line in (2.112), in particular s > 0. Let f be
given by (2.113). Then one obtains from Proposition 2.6 (ii) that f/ € F,, (R) with
(2.49) and f,, in place of fp4. Conversely, if f* € Fj,(R) then one has (2.106). If, in
addition, f can be represented by (2.113) with ;, = ijm(f) according to (2.109)
then one obtains by the above arguments that

1f 1 Epg (R~ () [ fpg Il (2.114)

But (2.113) with u(f) as in (2.109) is the same as in (2.97)—(2.99). Recall that {4, }
in (2.96) is an orthogonal basis in L,(R). As detailed in the above references [T06],
[TOS8] the rest is now a matter of completion, embedding and duality according to
Theorem 1.20. This proves part (ii) in case of s > 0.

Step 3. We restrict the first line in (2.112) to
(11
l<p<oo, 1<g<oo, O0<s<min|—,—], (2.115)
r 4

and apply the duality assertion (1.77). One has

1 1
l<p <oo, 1<q <oo, max(—/—l,—/—1)<—s<0. (2.116)
p q

Recall again that {/,,} is an Loo-normalised orthogonal basis in L, (R). The dual of
Step 2, restricted to (2.115) proves part (ii) for s < O (the third line in (2.112)). As for
technicalities we refer again to [T06], [TO8]. This applies also to the remaining case
1 < p,q < o0, s =0, as an outgrowth of the complex interpolation
0 —_
Fpq(R) = [szq(m)’ qus(m)]

L 2.117)

e>0small, 1 < p,g < oo.

Step 4. One can prove part (i) in the same way using (1.76) with 1 < p,g < oo and in
addition the real interpolation

(B3, (R). B3b (R), . = Bjy(R). 0< <1, 2.118)
where 0 < p,qo,q1,9 < 00,50 < 51,5 = (1 —0)so + Os1. O

Remark 2.10. Theorem 2.9 complements the one-dimensional case of Theorem 1.18
where we dealt with compactly supported smooth Daubechies wavelets. In [T06,
Theorem 1.58, Remark 1.59, pp. 29/30] and [T08, Theorem 2.40, Remark 2.41] we
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discussed under which circumstances (n-dimensional) Haar systems are bases in some
spaces By, (R"). Incaseof n = 1 this can now be extended as follows. If 0 < p,g < 0o
and if s is restricted by (2.107) then the Haar system (2.111) is an unconditional basis
in B;,(R) with the indicated isomorphic map onto b, Figure 2.3. On the other hand,

rq’
S . , S
1l ,
| . ,
| L .
| l L .
| 2 | |
1 1 1
| | |
1 1 3 1
1 2 P 2, 1 2 p
_1 ,
2 K
-1 -1
B-spaces H -spaces

Figure 2.3. Haar bases, n = 1.

according to Proposition 2.6 characteristic functions of bounded intervals and hence
also Haar functions, are elements of all spaces

Ay, (R), 0<p<oo, 0<g=<oo, —oo<s<l/p. (2.119)
This applies in particular to spaces with 1 — 1 < s < L as indicated in Figure 2.3.
However if s > 1 then the finite linear combinations of Haar functions are not dense
in these spaces. This has been mentioned in [T06, Remark 1.59, pp. 29/30] with a
reference to [Tri78, Corollary 2, p. 338], based on [Tri73c]. One may consult also
the related assertions in [T78]. Also the other restrictions for p, ¢, s in part (i) of
the above theorem are natural in case of B-spaces, [T06, Theorem 1.58, Remark 1.59,
pp- 29/30]. Haar bases on homogeneous Besov spaces é;q([R) and also l:};,q (R™) have

been considered in [Bou95, Theorem 5, p. 503]. Further references will be given in
Remark 2.14 below.

Remark 2.11. The proof of the Littlewood—Paley theorem
Lp(R) = F5(R), 1< p<oo, (2.120)

(1.12), can be based on the smooth resolution of unity according to (1.7). This is an
application of a smooth Michlin-Hérmander Fourier multiplier theorem in L, (R, £>)
(and more general in L,(R"”,{;), n € N), 1 < p < oo, as it may be found in [T78,
Theorem 2.3.3, p. 177]. Based on this observation we obtained in part (ii) of the above
theorem as a special case a new proof of one of the most spectacular assertions of real
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analysis, the Littlewood—Paley characterisation of L,(R), 1 < p < oo, in terms of the
Haar system

{hjm:jeN_y, meZ}: (2.121)

By part (ii) of the above theorem and (2.120) the Haar system {/, } is an unconditional
basisin L,(R), 1 < p < oo,

f= i > Xjmhjm (2.122)
j=—1meZ
with
Ajm =27 fm f) hjm(x)dx, jeN_;, meZ, (2.123)
and
1L ® 1~ [ (3 m 2mP) 1L, ®)| @.124)
-

where again x;, is the characteristic function of the interval
Lim=[27m2(m+1)), jeN_, meZ. (2.125)

We return later on in Theorem 2.15 to the (original) homogeneous version of this
assertion and to its n-dimensional extension, Remark 2.22. This goes back to J.
Marcinkiewicz, [Mar37], who in turn relied on [Pal32]. A recent proof (homogeneous,
n-dimensional) using wavelet techniques may be found in [Woj97, Section 8.3]. One
may also consult [Woj91, Theorem 13, p. 63] and [LiZ79, Theorem 2.c.5, pp. 155/156].

Remark 2.12. By the discussion in Remark 2.10 the restrictions for p, ¢, s in part
(i) of the above theorem are natural in case of the spaces B;,(R). As for the spaces

F,,(R) it is not so clear to which extent the restrictions in (2.112) caused by ¢ are
necessary or natural. Let

H(R) = F5,(R), 0<p<oo, seR, (2.126)

be the (fractional Hardy—)Sobolev spaces according to (1.17)—(1.19), extended to
p < 1. Then (2.112) reduces to

El

A RI=
N[

2<p<oo, —%<s< (2.127)
1 _ 1<y '

p <2,

’

Figure 2.3. It is not so clear what happens outside the shaded H -region compared with
the shaded B-region.
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2.2.4 Haar bases on intervals

Let I = (0, 1) be the unit interval on R and let
{ho, hjm : j € No; m=0,...,27 —1} (2.128)

be the same L -normalised orthogonal Haar basis in L, (/) as in (2.1), (2.2). Recall
that A is the characteristic function of / and that

1 if2"m<x<2m+27771
him(x) =3 -1 if27/m+277"  <x <277 (m+1), (2.129)
0 otherwise.

This coincides essentially with the restriction of the system (2.93)—(2.96) to I (with
ho = hF in place of h_;9). We wish to extend the classical assertions for L,(/),
1 < p < oo, collected in Theorem 2.1 (i) to suitable spaces Ay, (1). Recall that A7 (1)
is the restriction of A;,(R) to I according to Definition 1.24 (i). For this purpose we
need the counterpart of the sequence spaces in (2.100)—(2.102). Let b,4 (1) and fp4(1)
with 0 < p, g < oo be the spaces of all sequences

p={po. thjm : j € No; m=0,...,27 =1} CC (2.130)

quasi-normed by

x 2] a/p\1/q
12 16pa (DIl = ol + (32 (32 Iwml?) ) 2.131)
j=0 m=0

and

oo 2/-1 /
i1 5pa D1 = ol + [ (X tagm £8O1) 1L 1)

j=0 m=0

(, (2.132)

usual modification if p = oo and/or ¢ = oco. Here X;’,;)(x) = 2J/p Xjm(x), where
Xjm 1s the characteristic function of the interval

Lm=[27m, 277 (m+1)), jeNpum=0,...,2/ —1. (2.133)
Theorem 2.13. (i) Ler 0 < p <00, 0 < g < o0, and
1 . 1
——1l<s<min|l,— ). (2.134)
4 4
Let f € D'(I). Then f € B, (I) if, and only if, it can be represented as

oo 2/ -1

—i(e—L
f=toho+ Y Y wim2 7P hjm, € bpg(I), (2.135)

j=0 m=0
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unconditional convergence being in B, (1) with o < s. The representation (2.135) is
unique,

{Mo = wo(f) = [; f(xX)ho(x)dy,

i(s—L _ .
Wim = Wim(f) =2/675TD [; fXOhjm(x)dx, j € No: m=0,...,27 —1,
(2.136)
and

J: f e u(f) (2.137)

is an isomorphic map of B, (1) onto bpg(I). If, in addition, p < 0o, q < oo, then
(2.128) is an unconditional basis in B, (I).

(i1) Let
O0<p<oo, 0<g<oo, max(%,é,l)—l<s<min(%,é,l),
l<p<oo, 1<g<oo, §s=0, (2.138)

l<p<oo, 1 <qg=<o0, max(%,é)—l<s<0.

Let f € D'(I). Then f € F, (1) if, and only if, it can be represented as

oo 2/-1

f=toho+ 33 wim 27T hjm, € frg(D), (2.139)

j=0 m=0

unconditional convergence being in Fy (1) with o < s. The representation (2.139)
is unique with po(f) and pjm(f) as in (2.136). Furthermore, J in (2.137) is an
isomorphic map of Fy,(I) onto fpq(I). If, in addition, g < oo then (2.128) is an

unconditional basis in F,,(I).

Proof. Recall that the characteristic function y = &g of I is a pointwise multiplier for
Ay (R), seR 0<p=o0, 0<gq=oo, (2.140)

(p < oo for the F-spaces) if, and only if, % —l<s< %. One may consult [RuS96,
Section 4.6.3, pp. 208, 258] for a proof and references. In particular, all spaces of
interest can be identified with

A5,([0,1]) = {g € 45,(R) : supp g C [0, 1]} (2.141)
in the notation of Definition 1.24, Remark 1.25. Then the above theorem follows from
Theorem 2.9. O

Remark 2.14. We complement now the references given in Remark 2.10. Recall that
Ly(I)=Fy,(I). 1< p<oo, (2.142)

as the restriction of (2.120). Then it follows that the Haar system (2.128) is an uncon-
ditional basisin L, (/) with 1 < p < oo and that one has an obvious counterpart of the
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Littlewood—Paley assertion (2.124). This is a new proof of the corresponding classical
assertion in Theorem 2.1 (i). One may also consult the corresponding references at the
end of the proof (Step 5) of this theorem and in Remark 2.11. Furthermore we men-
tion the elaborated theory of spline systems on intervals due to Z. Ciesielski, [Cie75],
covering in particular Haar systems. This had been used in [Rop76] to prove the above
assertion for the spaces B;q(l) with 1 < p,g < 00,0 < s < L A more recent
proof based on wavelet techniques may be found in [KalL95, Chapter 6, Section 5,
pp- 328-335]. As for further information and references about spline bases in function
spaces we refer to [Tri81], [T83, Section 2.12.3] and [Kam96]. In Section 2.5 below
we return to spline bases.

2.2.5 Littlewood—Paley theorem

So far we have the Littlewood—Paley characterisation (2.122)—(2.124) of the spaces
L,(R) with 1 < p < oo in terms of the inhomogeneous Haar system (2.121). But
this can be used rather easily to prove the corresponding classical assertion based on
homogeneous Haar bases. Let hps(x) be the same function as in (2.93). Then the
homogeneous Haar system

(W™ . jeZ mez} (2.143)

with
h™(x) =hy(2'x—m), jeZ meZ, (2.144)
is the counterpart of the (inhomogeneous) Haar system (2.95), (2.96). If j € Ny and

m € Z then h/™ = hjm. It is orthogonal in L>(R). One can replace y ., in (2.124)
by /1 jm. Then one has the following homogeneous counterpart.

Theorem 2.15. Let 1 < p < oo. The homogeneous Haar system (2.143) is an
unconditional basis in L,(R). Furthermore f € L,(R) can be expanded as

EDID I T (2.145)

j€EZ me”Z
with
Am =2/ / f)™(x)dx, jeZ meZ, (2.146)
R
and
, . 1/2
17 1L @) ~ [ (X 17w () 12) T IL,®)| (2.147)
j.m

(equivalent norms).
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Proof. Itis sufficient to prove the theorem for functions f € L,(R) with f(x) = 0if
x < 0. Let Ry = (0, 00),

peDRy), 0<oekx) <1, /[Rga(x) dx =1, (2.148)
and @¢(x) = e @(ex), € > 0. Assume in addition that f has a compact support. Let
fi6) = 10 = [ 101y o) (2.149)
Then
Afs(X)dx =0 and | f — filLyR) <& "7 [fILi(R)] -0  (2.150)

ife — 0. Hence the functions g € L,(RR) with compactsupportin Ry and [p g(y)dy =
0 are dense in L, (R ). If g is a function of this type then for some k& € N,

supp g(2¥-) ¢ I = (0, 1), [g(zky)dy =0. (2.151)
1

We expand g(2k x) according to (2.122). There is no term with j = —1, hence

g(2Fx) = Z D Ajrhm (2 x=1). (2.152)
j=0 leZ
and
g) =" S Auhy (2 Fx—1) =3 3 ay iR (). (2.153)
j=0 leZ j=0 leZ

The rest is now a matter of orthogonality, completion, the (inhomogeneous) equivalence
(2.124), and the homogeneity

Lf Q) LR = 272 fILyR)]. A >0, f € Ly(R). (2.154)
O

Remark 2.16. This is the standard version how the Littlewood—Paley theorem for
Lp-spaces with 1 < p < oo in terms of Haar systems is presented in the literature,
including the references given in Remark 2.11.
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2.3 Haar wavelet bases on R” and on cubes

2.3.1 Inequalities

We wish to extend the assertions in the previous Section 2.2 about Haar bases in function
spaces on R and on intervals to higher dimensions. First we ask for counterparts of the
crucial inequalities in Propositions 2.6, 2.8 in higher dimensions. We use the notation
introduced in Section 1.1.2. Let again Q j, be cubes in R”, n € N, with sides parallel
to the axes of coordinates centred at 2~/ m with side-length 2=/ where m € Z" and
J € Ny. Let y;, be the characteristic function of Q,, and let

A ) = 2P yim(x), x €R", j € No, m € Z", (2.155)

be its p-normalised modification where 0 < p < oo. Let by, and f,4 be the n-
dimensional sequence spaces introduced in Definition 1.3 where again n € N will not
be indicated. The convergence of the series below must be understood as in Theorem 1.7
and as in the references mentioned in Remark 1.8. We will not stress this point in the
sequel.

Proposition 2.17. Let n € N and let byy and fpq be the n-dimensional sequence
spaces according to Definition 1.3.

(i) Let 0 < p,q < oo and

1 1
n(max (—,1)—1) <s < —. (2.156)
4 p
Then
00 o
F=Y0) wim27C70 hjm, € by, (2.157)
Jj=0meZ"
belongs to B, (R") and
I/ 1Bpg (R = ¢ [l [bpgll (2.158)

for some ¢ > 0andall i € byy.
(i) Let 0 < p,q < oo and

11 11
n(max(—,—,l)—l) <s <min(—,—), (2.159)
P 4 P q
Then
> 5 n
F=3000 wim 2T tyme € foa (2.160)
j=0mezZ"

belongs to F,,(R") and
I/ [ Fpqg(R)I < ¢l foqll (2.161)

for some c > 0andall i € fpy.
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Proof. Step 1. We prove part (ii). The case n = 1 is covered by Proposition 2.6 (ii).
Letn > 2 and let f be given by (2.160),

F=303 Wm0 27767) gy (1) (2.162)

j=0meZ

with

n

- n—1
Mj,ml(x/) = Z Mj,(mq,m’) 2777 Xj,m’(x/) (2.163)

m/ezZ"—1

where x = (x1,x’) € R?, x’ € R*"!. Then it follows from Proposition 2.6 (ii) that

1) Fy®)]] < cH(i 3 i 69277 1, 1) 1L, ®)

Jomer (2.164)
/ .- jn/p g Ve '
=<c (Z Z |ijm 2 Kim( x| ) |L17(|R)H‘
j=0mezn
Let f(x) be a measurable function on R” and let
x = (x1,...,x,) € R", xl = (X175 e0r X]—15 X[ 415 -0» Xp) € R (2.165)
where [ = 1,...,n. Then fxl,
xe X)) = f(x), x e R, (2.166)

is considered as a function on R for any fixed x! € R"~!, The left-hand side of (2.159)
S

ensures that £,/ (R") has the Fubini property

1 1ES, @D~ S 1 18, R Ly (R

=1
[TO1, Theorem 4.4, p. 36]. Then (2.161) follows from (2.164), (2.167).

Step 2. We prove part (i). The assumption (2.156) excludes p = oo. Recall Fj,(R") =
B, (R"), p < oo, similarly bpp = fpp. By Theorem 1.22 one has the real interpolation

(B (R"), By (R™)), = By (R™) (2.168)

| (2.167)

with0 < 0 < 1 and
O<p<oo, 0<g=<oo, —0c0o<sy)<s1 <00, §=(1—-80)sg+0s1. (2.169)

One can reformulate the assertions of the proposition in terms of A = {A,,} with
Ajm =277 (s=%) [jm- Then one has to replace byq and fpq by by, and f,, according
to Definition 1.11. The sequence counterpart of (2.168) is given by

(boy-bpb)g.4 = bg- (2.170)
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This follows from the isomorphic map in Theorem 1.18 (restricted to one G -component).
But the assertion itself is much simpler and can be proved directly as in [T78, Theo-
rem 1.18.2, pp. 123-125] (extended to quasi-Banach spaces). Then part (i) of the
proposition follows from part (ii) by real interpolation. O

We need the n-dimensional counterpart of Proposition 2.8. For this purpose we
modify the construction of wavelets in R” according to (1.55)—(1.59) as follows. Instead
of (1.55), (1.56) we have now

hp € Loo(R), hu € Loo(R), 2.171)
with g, hp as in (2.93), (2.94) and

/ hy(x)dx = 0. (2.172)
R
Let
G =(Gy,....,Gy) € G® ={F, M}" (2.173)
and _
G =(Gy.....Gy) € G/ = {F,MY**, jeN, (2.174)
be as in (1.57), (1.58). Then
{hG, :jeNo, GeG/ meZ"} (2.175)
with
n . .
WG, () =[] he,(2'xr —m,). jeNo. GeG/ . meZ", (2.176)

r=1

is the orthogonal Haar wavelet basis in L, (R") we are looking for. We prefer now an
L o-normalisation as in (2.95), (2.96) instead of the L,-normalisation in (1.59). First
we complement the sequence spaces in Definition 1.3 by an additional summation over

G/ according to (2.173), (2.174). Recall that )((p ) is the p-normalised characteristic

jm
function y;,, of the cube Q;,, as introduced in (2.155).

Definition 2.18. Letn € N,0 < p < 00,0 < g < oo. Then by, (R") is the collection
of all sequences

A={15 e€C:jeNy, GeG/ mez"} (2.177)
such that
. > G q/p\1/q
It R = (32 32 (20 Gl?) ") <o (2.178)
j=0GeG/ meZ"
and f,4(R") is the collection of all sequences (2.177) such that

/
A1 @ = | (30 15 2R O1) 12, @)
Jj,G.m

< 00 (2.179)

with the usual modifications if p = oo and/or g = oo.
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Remark 2.19. One has b,,(R") = f,,(R"). Otherwise by, (R") and f,4(R") are the
n-dimensional versions of the sequence spaces in (2.100)—(2.102). We prefer now a
different normalisation of the spaces in Definition 1.17.

We need the n-dimensional version of the local means in (2.97), now with respect
to the system (2.175),

kG, (f) = /{R ki) F) Ay, k() = 27" R, (), (2.180)
where j € No, G € G/, andm € Z". Fors € Rand 0 < p < oo one has (at least in

Ly (R"))
f= 20 k(O b= 3w (27707 1, 2.181)

J,.G.m 7,.G.m
with
G _ Ajs—2), G . J n
pS (f) =270 kS (f), jeNo. GGl mez" (2.182)

This is the same normalisation as in (2.157), (2.160). The sequence spaces by, (R")
and fp4(R™) have the same meaning as in Definition 2.18. Let u(f') be the sequence

A = u(f) according to (2.177) with A].Gm = uij (f).

Proposition 2.20. Letn € N.
(1) Let0 < p,q < oo and

1
n(max (—,1)—1) <s<l. (2.183)
p
Then there is a ¢ > 0 such that

I (f) 1bpg (R < ¢ [Lf 1B (R forall f € By, (R). (2.184)

(i) Let0 < p < 00,0 < g < o0 and

11
n(max(—,—,l)—l) <s<l1. (2.185)
P 4q

Then there is a ¢ > 0 such that
Ie(f) | fog (RO < c |If [ Fpg(RM)I| forall f € F,, (R"). (2.186)

Proof. The kernels ijm in (2.180) satisfy the conditions for &, in Definition 1.9 with
A = 0and B = 1. Then the above proposition follows from Theorem 1.15 with o,
and 0,4 as in (1.35) and the normalisation (2.182). O
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2.3.2 Haar wavelet bases on R”

The proof of Theorem 2.9 about Haar bases on R relied on the preceding Propositions
2.6, 2.8. The Propositions 2.17, 2.20 are their n-dimensional generalisations. The
other arguments used in the proof of Theorem 2.9 such as duality and interpolation
have direct n-dimensional counterparts. Let b,,(R") and f,4(R") be the sequence
spaces according to Definition 2.18. The Haar system {h]Gm} has the same meaning as
in (2.175), (2.176). We use u( f) as explained after (2.182).

Theorem 2.21. Letn € N.
(i) Let0 < p <00,0 < q < o0, and

1 1 1
max (n(——l),——l) <s <min(—,l). (2.187)
4 p p

Let f € S"(R"). Then f € B, (R") if, and only if, it can be represented as

o0
F=Y"3" 3 w6, 27D RS e byg(RY), (2.188)

Jj=0GeGJ meZ"

unconditional convergence being in S'(R") and locally in any space B, (R") with
o < S. The representation (2.188) is unique,

1S, = uS,(f) = zf'<s—2+">/[R f)hG, (x)dx, j €Ny, GeG/, meZ",

(2.189)
and

J: f e u(f) (2.190)

is an isomorphic map of By, (R") onto bpq(R™). If, in addition, p < 00, q < 00, then
(27767 hG  j e Ny, G e G/, meZ") (2.191)

is an unconditional (normalised) basis in B, (R").
(ii) Let

0<p<00,0<gq< o0, n(max(%,é,l)—l)<s<min(%,é,1),
l<p<oo,l<g<oo, s=0, (2.192)
11

l<p<oo,1<gq<oo, max(;,a)—l<s<0.

Let f € S'(R"). Then f € F,,(R") if, and only if, it can be represented as

o0
=33 3 w6, 27D hG e fr(RM), (2.193)

Jj=0GeGJ/ meZ"
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unconditional convergence being in S'(R") and locally in any space Fy (R") with
0 < 8. The representation (2.193) is unique with /,LJ.Gm (f) asin (2.189). Furthermore,
J in (2.190) is an isomorphic map of F,,(R") onto Jpq(R™). If, in addition, g < oo
then (2.191) is an unconditional (normalised) basis in Flfq([R”).

Proof. We are now in the same position as in the proof of Theorem 2.9. The comments
and the references about the technicalities are the same as there in Step 1. Instead of
Propositions 2.6, 2.8 we rely now in the counterpart of Step 2 on Propositions 2.17,
2.20 and the representation (2.181). Step 3 is based on the duality (1.77), now n-
dimensional, and the interpolation (2.117), where one can replace R by R”. Similarly
one can extend the arguments in Step 4 from R to R”. O

Remark 2.22. The comments and references in Remark 2.10 apply also to the n-di-
mensional case. In Remark 2.11 we discussed the classical Littlewood—Paley char-
acterisation of L,(R), 1 < p < oo, in terms of Haar bases. Now one obtains as a
special case of the above theorem a corresponding Littlewood—Paley characterisation
of L,(R"), 1 < p < oo, in terms of the Haar system

{(hG, :jeNo. GeG/ meZ"}. (2.194)
In particular, {hj(.;m} is an unconditional basis in L,(R"), 1 < p < oo,

=3 > 25k, (2.195)

J=0GeGJ meZ"

with
2GS, = 2/'"/ f)hG, (x)dx, jeNo, GeG/, meZ", (2.196)
IRn

and

1 1L @1~ (2 15 1w 2) 1L () 2.197)
J,G.m

where again yj, is the characteristic function of the cube Qj, in R” centred at 2= /m
and with side-length 27/, The homogeneous version of the Littlewood—Paley charac-
terisation for L,(R), 1 < p < o0, according to Theorem 2.15 can also be extended
from R to R” by the same arguments as in the proof of this theorem. References and
historical comments may be found in Remark 2.11.

For the B -spaces (with p < 00, ¢ < 00) one has Haar wavelet bases if (%, s) be-
longs to the shaded region in Figure 2.4. The situation for the F,_-spaces is more com-
plicated. We complement now the one-dimensional case for the (fractional Hardy—)
Sobolev spaces as discussed in (2.126), (2.127), Figure 2.3, p. 82, by its n-dimensional
counterpart

H,(R") = F,,(R"), 0<p<oo, ser (2.198)
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Figure 2.4. Haar bases, n € N.

Corollary 2.23. Letn € N and let

2<p<oo, —%<s<%,

l<p<2 S-1<s<j, (2.199)
1 1

p<l, n(;—1)<s<§,

Figure2.4. Then {Z_j (s_%)thm} according to (2.191) is an unconditional (normalised)
basis in H,(R") and

1/2
1 HSED~ [ (X 115 A8 OR) 1L,®") (2.200)
7,G.m
with (13, (f) as in (2.189), (2.193).
Proof. This is a special case of Theorem 2.21 (ii) with g = 2. O

For sake of completeness we take over the following assertion from [T06, Theo-
rem 1.58 (iii)].

Proposition 2.24. The Haar system (2.191) is not a basis in B, (R") if

either 1 < p < 00, s¢[%—l,%],0<q<oo,
or 5 <p=<1, sgz’[n(%—l),l], 0 < g < oo, (2.201)
or0<p< iy, s€ER 0<g<oo.

Remark 2.25. Details and references may be found in [T06, pp. 29/30]. The assertion
itself goes back to [Tri78]. In other words, outside the shaded region for the B-spaces
in Figure 2.4, p. 94, the Haar system (2.191) is not a basis in B, (R"). This shows
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that part (i) of the above theorem gives a final answer about Haar wavelet bases in
B-spaces with exception of borderline cases. In case of H-spaces, and even more of
F-spaces the situation is not so clear. One can expect affirmative answers about Haar
bases for H-spaces or F-spaces in some (%, s)-regions only if this applies also for
B-spaces. This follows from real interpolation. But it is unclear what happens, say,
outside the shaded region for H -spaces, but inside the shaded region for B-spaces in
Figure 2.4. In case of B-spaces there are at least a few assertions in literature about
Haar bases mentioned in Remarks 2.10, 2.14, especially [Cie75], [Rop76], [KaL95],
[Tri73c], [Tri78], the relevant parts in [T78] and the above references to [T06]. But
we could not find in literature corresponding assertions for, say, H-spaces, beyond
Lp. Something can be said about spaces F, (R") which can be reached by complex
interpolation of B! ,, (R") = F,!,, (R") covered by part (i) of the above theorem and
L,,(R") = FI?Z’Z([R"), 1 < pp < oo, [Tri81]. But this is very selective, excluding, for
example, spaces H, (R") with s # 0, p # 2.

2.3.3 Haar wavelet bases on cubes
Let, as before in (1.230),
@”z{xz(xl,...,xn)e[R":0<xl<1} (2.202)
be the unit cube in R?,2 < n € N. Let
P}’z{mEZ":0§m1§2j—1;l=1,...,n}, Jj € No. (2.203)

Then
{hG, 1 j €No. GG/, meP!} (2.204)

is the restriction of (2.175), (2.176) to Q". We need the n-dimensional version of the
sequence spaces by, (1) and f,,(1) on the interval / according to (2.130)—(2.132).
Let

A={2G,eC:jeNy GeG/ meP} (2.205)

be the restriction of (2.177) to Q". Let 0 < p,q < oo. Then bp4(Q") is the collection
of all sequences (2.205) such that

14 1bpg (Q")] = (Z > ( > AG, ”)q/p)l/q < o0, (2.206)
J=0GeG/ meP}

and f,4(Q") is the collection of all sequences (2.205) such that

/
1@ = [( X 16 xD00) @ <o 207)

Jj,G.m
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with the usual modifications if p = oo and/or g = oo. This s the restriction of b, (R")
and f,,(R") according to Definition 2.18 to Q", where )(J(.‘Zl) has the same meaning
as there. One can replace )(J(.’,;) in (2.207) by th,;l(p ) = pinlp hJGm and/or L,(Q") by
L, (R"). Foruseful modifications of this type we refer to [T06], Section 1.5.3, pp. 18/19.
According to Definition 1.24 the spaces B; (Q") and F,, (Q") are restrictions of

corresponding spaces on R” to 2 = Q".

Theorem 2.26. Let2 <n € N.
(1) Let0 < p <00,0 < q <o0and

1 1 1
max (n(— — 1), - — 1) < § < min (—, 1), (2.208)
4 4 pr

Figure 2.4, p. 94. Let f € D'(Q"). Then f € B, (Q") if, and only if, it can be
represented as

o0
=33 3 uG, 2770 hG,. e bpg@), (2.209)

J=0GeGJ meP}

unconditional convergence being in B, (Q") with o < s. The representation (2.209)
is unique,

1S, = ul,(f) = 2f'<s—2+")/® fx) RS, (x)dx, j €Ny, GG/, mePr,

(2.210)
and

i f () @211
is an isomorphic map of B, (Q") onto bpq (Q"). If, in addition, p < 00, g < 00, then
(2776 DRG - j e No, G e GI, me Pl (2.212)

is an unconditional (normalised) basis in B;q (Q").

(ii) Let

0<p<oo, 0<gq<oo, n(max(%,};,l)—l) <s <min(%,[17,1),

l<p<oo, l<g<oo, s=0, (2.213)

11

l<p<oo, 1<g=oco, max(y, ;)—1<s<0.

Let f € D'(Q"). Then f € F, (Q") if, and only if, it can be represented as

F=20 3" 3w, 2T G, e frg@), (2.214)

J=0GeG/ mP}

unconditional convergence being in Fy,(Q") with 0 < s. The representation (2.214)
is unique, ,uij = ,u](.;m (f), as in (2.210). Furthermore, J in (2.211) is an isomorphic
map of Fy (Q") onto fpq(Q"). If, in addition, g < oo then (2.212) is an unconditional
(normalised) basis in Fpsq (Q").
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Proof. The characteristic function of Q" is a pointwise multiplier for
A;q([R”), SER, 0<p=<o0, 0<qg <o, (2.215)

(p < oo for F-spaces) if, and only if,

1 1 1
max(n(——l),——l) <§5 < —. (2.216)
4 4 4
We refer again to [RuS96, Section 4.6.3, pp. 208, 258]. Now one obtains the above

assertion from Theorem 2.21 in the same way as in the proof of Theorem 2.13. O

Remark 2.27. One does not really need the deep assertion that the characteristic
function of Q" is a pointwise multiplier in the spaces (2.215), (2.216). It comes
out as a by-product for those spaces covered by the above theorem by the same type
of reasoning as in the proof of Theorem 2.41 below. But it illuminates the situation.
Otherwise the above assertion is the extension of Theorem 2.13 from intervals to cubes.
The references in Remarks 2.14 and 2.25 apply partly also to the spaces B;,(Q") and
szq (Q") on cubes. The restriction of (2.198) to Q”,

H,(Q") = F,;,(Q"), 0<p<oo,seR, (2.217)
are the (fractional Hardy—)Sobolev spaces on cubes.

Corollary 2.28. Let2 <n € N and let

2<p<oo, —%<s<%,
l<p<2, $-1<s<j, (2.218)
p<l, n(%—l)<s<%,
Figure 2.4, p. 94. Then
(2776 hG 1 jeNo, GGl me P!y (2.219)

is an unconditional (normalised) basis in H,(Q"),
ad .
F=3020 > wn2’Tng, (2.220)
j=0GeG/ meP!
with
uG, = S, (f) = 2705+ /@ Fx) RS, (x) dx (2.221)
and

e /
1@~ (X X 2 () 200P) L@

J=0GeGJ/ meP}

(2.222)

(equivalent quasi-norms).
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Proof. This is a special case of Theorem 2.26 and the restriction of Corollary 2.23

to Q". O

Remark 2.29. If s = 0, then one has again a Littlewood—Paley characterisation for
Ly(Q") = H)@")., 1<p<oo. (2.223)

This is the restriction of (2.194)—(2.197) to Q".

2.4 Haar tensor bases on R” and on cubes

2.4.1 Introduction

The Haar wavelet system (2.175) is the adequate construction in the context of isotropic
spaces B;,(R"), F,,(R") and their restrictions to the unit cube Q" in R”. One of the
major topics of this book is the study of spaces with dominating mixed smoothness
and their use in connection with numerical integration and related questions. For this
purpose one needs Haar tensor systems in R” and Q", n > 2. Let

{hjim :j € Ny, meZ}, Ny = No U{-1}, (2.224)

be the (Loo-normalised) Haar basis in L,(R) according to (2.93)—(2.96). Let again
IN", be the collection of all k = (ky,...,k,) with k; € N_; as used in (1.221) in
connection with smooth wavelets. Similarly as there we introduce the Haar tensor
system

{him : k € N% . meZ"} (2.225)

with .
him () = [ [ hiym; (). k€ N*y. meZ", (2.226)

j=1

preferring now an Ls.-normalisation. We are looking for counterparts of (1.222)—
(1.224). Let temporarily s,, f ~ be the n-dimensional version of the sequence spaces
(1.203), (1.205) (introduced later on in greater detail). Then it follows from Theo-
rem 2.1 in [Kam96] that {/ix,,} in (2.225) is an unconditional basis in L,(R"), 1 <

p < oo,
F= 30 3 w2zttt (2.227)
keN" | meZ"
A = 22 Gerthen) / F(x) him (x) dx, (2.228)
[Rn
I/ 1Ly (R*) ~ (1A [sp,2.fI- (2.229)

This Littlewood—Paley characterisation in terms of Haar tensor systems can be extended
to some Sobolev spaces with dominating mixed smoothness S; H(R") = S , F(R") in
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(1.219) and some spaces S, , B(R") admitting tensor decompositions. This will be done
in Section 2.4.2. Based on other arguments we describe in Section 2.4.3 corresponding
assertions for the spaces S, B(R"). Section 2.4.4 deals with the restriction of these
results to the unit cube Q". For sake of simplicity we assume n = 2 in Sections
2.4.2-2.4.4, but we indicate in Section 2.4.5 how higher dimensional generalisations
look like.

2.4.2 Haar tensor bases on R2, I

Let Slqu([Rz) and S, F (R?) be the spaces with dominating mixed smoothness as
introduced in Definition 1.38 where

O<p=<oo, 0<g=<oo, reR, (2.230)
(with p < oo for the F-spaces). Let
STH(R?) = S),F(R*), 1<p<oo, reR, (2.231)

according to (1.217)—(1.220) be the corresponding Sobolev spaces with the classical
Sobolev spaces

STW(R?*) = S;H(R?), 1< p<oo,reN, (2.232)

as a subclass. They can be equivalently normed by

L ISy H®R) | ~ (1 + D)2+ £)772 £)|Lp(R?) (2.233)
and
LfIS;WRH ~ Y 1D F L, (R (2.234)

0
O<ajy.ap=<r

We refer in this context to [ST87, Section 2.3.1, pp. 102—-104]. We need the sequence
spaces Spgb™ and 5,4 f ~ according to (1.203)—(1.205), but for our later purposes it is
suitable to change the notation as follows.

Definition 2.30. Let 0 < p,q < oo and
A={lmeC :keN, meZ?. (2.235)
Let xr., be the characteristic function of the rectangle
Okm = (27%1my, 271 (my + 1)) x (27%2my, 27%2(my + 1)) (2.236)

and
ki1+k
AP ) =277 gm(x), ke N2, meZ? xeR? (2.237)
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its p-normalisation. Then s,,b(R?) is the collection of all sequences (2.235) with

Wb @)= (X (X inl?)”) <0 239

keN2, meZ?

and 5,4 f(R?) is the collection of all sequences (2.235) with
1/q
1A Ispq £(R?)]| = H ( > Mkm)(](f:,z('ﬂq) IL,(R?) H <o (2.239)
k,m

with the usual modifications if p = oo and /or ¢ = oo.

Remark 2.31. This coincides essentially with corresponding definitions in Section 1.2.2
and (1.203)—(1.205). Let

{him + k € N2, m € 77} (2.240)
with
Biem (X) = hgym, (1) By, (X2), k€ N2, m € Z*, x € R?, (2.241)

be as in (2.225), (2.226) with n = 2, based on (2.224). We ask for a counterpart of
Theorem 1.54 in terms of the Haar tensor basis (2.240) dealing first with the spaces
S ;pB([RZ) and S, H (R?) which are optimally adapted to tensor products. What is
meant by unconditional basis, unconditional convergence and local convergence has
been explained in Section 1.2.4 with a reference to Section 1.1.4.

Theorem 2.32. (i) Let

1 1
0<p < oo, ——1<r<min(—,1), (2.242)
p p

Figure 2.3, p. 82 (with s = r). Let f € S'(R?). Then f € SIZpB([RZ) if, and only if, it
can be represented as

f= 3 3 N2 @R e s,,b(RY), (2.243)

keN2, meZz?

unconditional convergence being in S'(R?) and locally in any space Sy, B(R?) with
0 < r. The representation (2.243) is unique,

Aem = A (f) = 2K k=540 / £ hiom () dx. (2.244)
[RZ

and

S f = {dm ()} (2.245)
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is an isomorphic map of Sy, B(R?) onto s,,b(R?). If p < oo then (2.240) is an
unconditional basis in S;, B(R?).
(ii) Let
2

2 < p<oo, L <1
. Py (2.246)

1<p<2, ;—l<r<5,

Figure 2.3, p. 82 (withs = r). Let f € S"(R?). Then f € S;H([Rz) if, and only if, it

can be represented as

F= 3 3 M2 CERCD e sp0 f(R). (2.247)

keN2  meZ2

This representation is unique with (2.244), J in (2.245) is an isomorphic map of
S;H([RZ) onto sp» f(R?), and (2.240) is an unconditional basis in S;H([Rz).

Proof. Step 1. By Theorem 2.9 (i) the Haar system {/;,} in (2.224) is a basis in
B, (R) (isomorphic map if p < oo). We apply Theorem 1.58 (i) with {4} in place
of {¥/jm} in (1.238). Then one can argue in the same way as in Step 1 of the proof
of Theorem 1.66. One obtains the tensor system {/ig,,} in (2.240) and the claimed
mapping properties.

Step 2. By Theorem 2.9 (ii) and Remark 2.12 the Haar system {/,,,} in (2.224) is a
basis in H 1: (R) with p, r asin (2.246). Then it follows from [SiUO8, Corollary 1] that
{hkm} in (2.240) is a basis in S; H (R?) with the indicated properties. O

Remark 2.33. In part (ii) we relied on [SiU08] whereas we reduced part (i) to Theo-
rem 1.58. But one can also use [SiUO8, Theorem 2.3] to prove part (i) of the theo-
rem. However all arguments are based on the observation that these spaces are tensor
products of corresponding spaces on R. What about the other spaces S, B (R?) and
Sy F (R?) with counterparts B,,(R) and Fj (R) covered by Theorem 2.9 (where
s = r)? The convenient argument of real interpolation of (isotropic or anisotropic)
spaces stepping from B, , to B, does not work for spaces with dominating mixed
smoothness, [ScS04, Section 4]. But in the next section we describe a direct approach
at least for the spaces S, B(R?).

2.4.3 Haar tensor bases on R2, IT

We wish to extend part (i) of Theorem 2.32 to all spaces S;qB(IRZ) with p,r as in
(2.242) and 0 < g < oo. These are the same restrictions for p, g, s = r as in part (i) of
Theorem 2.9. For this purpose we extend the crucial Proposition 2.6 (i) from B, (R)
to S7, B(R?). Recall that

Tiem(X) = Xkymy (X1) Xhymy (X2), X = (x1,X2) € R?, (2.248)
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are the characteristic functions of the rectangles Q,, in (2.236). The sequence spaces
5pgb(R?) have been introduced in Definition 2.30. As for the convergence of the series
below one may consult the comments and references in front of Proposition 2.6.

Proposition 2.34. Let 0 < p,q < oo and

1 1
max (—, 1) —l<r<—. (2.249)
V4 p
Then
F= 30 tm 2RO e b (R), (2.250)
kel]\lz_1 meZ?
belongs to SlﬁqB(IRz) and
1f 1S5, BR?)|| < ¢ it |spgb(R?)]] (2.251)

for some ¢ > 0 and all . € qub([Rz).

Proof. We follow the relevant parts of the proof of Proposition 2.6. First one expands
Xieymy (X1) and xg,m, (x2) in (2.248) as in (2.51)—(2.55) and inserts the outcome in
(2.250). We split the resulting expansions as in (2.56)—(2.60), where one has now four
terms related to

(J1 = ki, j2 = k), (j1 = k1, j2 <kz), (j1 <ki,j2>=k2), (j1 <ki,j2<kz).

As far as the coefficients in front of g, are concerned one has in all four cases an
exponential decay in both directions. This applies to the counterparts of (2.62)—(2.66)
and of (2.73), (2.74). In other words, the exponential decay in both directions of the
factors of jtx,, ensures that the B-part of the proof of Proposition 2.6 (i) can be carried
over resulting in (2.251). Ll

Remark 2.35. Let s,, f(R?) be the sequence spaces as introduced in Definition 2.30.
There is little doubt that also part (ii) of Proposition 2.6 can be extended to the above
situation. This means that

for0 < p,q < ocoand

11 11
max (—, -, 1) —1 <r < min (—, —) (2.252)
P4 P 4q
any f which can be represented as
_ _1
=0 mm2 @D i € spg f(RY), (2.253)

keN2 | meZ?
belongs to SquF([Rz) with
1 1S5 FRH)| < ¢ [l Ispg f(R?)]| (2.254)

for some ¢ > 0 and all u € spq f(R?).
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One must find suitable substitutes of the relevant parts of the proof of Proposi-
tion 2.6. First we remark that there is a coordinate-wise generalisation of the vector-
valued maximal inequality (2.67) which can be found in [ST87, p. 23] with areference to
[Bag75]. This has been used in connection with spaces with dominating mixed smooth-
ness in [SchmO7], [Vyb06] and also in the proof of Theorem 1.52. This means that
one can adapt (2.67)—(2.70) to the above situation. The complex interpolation (2.83),
(2.84) according to [MeMO0O0], [KMMO07] has a counterpart for the spaces spq f (R?)
and s5,,b(R?). We refer to [Vyb06, Section 4]. In any case there is a good chance to
prove (2.252)—(2.254) which might be considered as a well-supported conjecture. Of
special interest would be again the (Hardy—)Sobolev spaces with dominating mixed
smoothness,

STH(R?) = S),F(R*), 0<p<oo, reR, (2.255)

in generalisation of (2.231) and (1.217)—(1.220).

Remark 2.36. There is a counterpart of Remark 2.7. Recall that yg,, is the character-
istic function of the rectangle

Okm = (278 my, 2751 (my + 1)) x 27%2m2, 27%2(my + 1)) = Tiymy X Tiymsy-

(2.256)
Then one can replace yg,, in (2.250) (and (2.253)) by polynomials
Pkm(x) = Pk1m1 (xl) szmz(XZ)v X € kav (2‘257)
with
degree Py, m; (x;) < K, sup | Pr;m; (xj)| <1, (2.258)

x; €l kjmj
where j = 1,2. This follows from the arguments in Remark 2.7 and the above proof.

Next we need the counterpart of Proposition 2.8. We rely on Theorem 1.52 and the
notation introduced there. Let {/x,,} be the Haar system in (2.240), (2.241) based on
the rectangles Qg = Ik m; X Ikom, in (2.256). Let

Wi () =/ ke () fodr, ke N2, m e Z2, (2.259)
R2
be the local means according to Definitions 1.46, 1.50 with A = Oand B = 1. Let

w(f) = {pam ()} with s () = 2817C=2) e (r) (2.260)

where 0 < p < oo, r € R, k € N2,, m € Z?. The sequence spaces s,4b(R?) and
spq f (R?) have been introduced in Definition 2.30.

Proposition 2.37. (i) Let 0 < p,q < oo and

1
max (—, 1) —l<r<l. (2.261)
4
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Then there is a ¢ > 0 such that
() Ispgb (R < ¢ | £ 1S, BRI forall f €S}, B(R). (2.262)

(i) Let 0 < p < 00,0 < g < o0 and
11

max (—,—,1)—1 <r<l. (2.263)
P 4

Then there is a ¢ > 0 such that

() Ispg fFRI < c 1 f 1Sy F®R) forall f € Sy, F(R?). (2.264)

Proof. By the above considerations one can apply Theorem 1.52 with A = 0 and

B = 1. Then one has (1.192), (1.194) with respect to the sequence spaces sl’,qb and

spqJ Where k € N is replaced now by k € N2 . But this can be rewritten as (2.262),
(2.264). 0

Now we are in the position to extend Theorem 2.32 (i) from S}, B(R?) to S}, B(R?)
adapting the arguments in the proof of Theorem 2.9 (i) to the above situation. As for
technicalities one may consult the references in front of Theorem 2.32 and in Step 1 of
the proof of Theorem 2.9. Let again

{him = k € N2y, m e 7%} (2.265)

be the (Loo-normalised) Haar tensor system (2.225), (2.226) with n = 2, based on
(2.224). Let 5,,b(R?) be the sequence spaces introduced in Definition 2.30.

Theorem 2.38. Let0 < p <00, 0<g <00 (1l <qg <o0if p=00), and
1 1
— —1<r <min (—, 1), (2.266)
p p

Figure 2.3, p. 82 (with s = r). Let f € S'(R?). Then f € S;qB([Rz) if, and only if, it

can be represented as

=30 w2 EROTD e spgb(R2), (2.267)

kelNz_1 meZ?2

unconditional convergence being in S'(R?) and locally in any space quB([RZ) with
o < r. The representation (2.267) is unique,

tiom = e (f) = 201HR)C=5+D [ F) hiom (x) dx (2268)
[RZ

and

I f e {m ()} (2.269)
is an isomorphic map ofSI;qB(IRZ) onto spgb(R?). If p < 00, g < 00, then (2.265) is
an unconditional basis in S,, B (R?).
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Proof. Step 1. Let 0 < p,q < oo and
1 1
max (—, 1) — 1 <r <min (—, 1). (2.270)
p p

Let f be given by (2.267). Then it follows from Proposition 2.34 that f € S qB([Rz)
with (2.251). Conversely if f € Slqu([Rz) then one has (2.262). If, in addition, f
can be represented by (2.267), (2.268) then one obtains

I/ 1Sy, BRI ~ 12(f) Ispgb(R?)]]. (2.271)

But this representability follows from the corresponding assertion in Theorem 2.32.
(Tt is essentially a consequence of the observation that {/,,} is an orthogonal basis
in L,(R?) combined with the technicalities mentioned in Step 1 of the proof of Theo-
rem 2.9).

Step 2. The counterpart of the duality (1.76) is given by

Sy B(R*) = S,7 B(R?), (2.272)
11 1 1

reR, 1<p<oo, 1=<¢g<o0, —+—/=—+—/=1. (2.273)
p P 4 4q

One can prove this assertion by reduction to sequence spaces according to the wavelet
isomorphisms in Theorem 1.54 (where one has to choose u € N sufficiently large).
The corresponding duality for sequence spaces can be obtained in the standard way.
Then one is in the same situation as in Step 3 of the proof of Theorem 2.9. We apply
(2.272) to the spaces Slqu([Rz) with 1 < p,q < 00,0 < r < 1/p, which are covered
by Step 1. This gives the desired assertion for the spaces S, qB([Rz) withl < p,g < oo
and % —1<r<0.

Step 3. The remaining cases with g < oo can be obtained by real interpolation

(Sp90 B(R?), Sy B(R?))y , = Spy B(R?) (2.274)
withl < p <o00,0< 8 <1,
11
O<ro<—, ——=1<r<0, 0<go<oo, 1<gq;<oo0, (2.275)
P p
and 1 1-6 0
r=0—0rg+0r, —=—+—. (2.276)
q q0 q1

The spaces on the left-hand side of (2.274) are covered by the Steps 1 and 2. Any
other space of the theorem with p < 00, ¢ < oo can be reached in this way. The
interpolation (2.274) restricted to Banach spaces, hence qo > 1, may be found in
[ScS04, Proposition 7, p. 127]. Using the isomorphism according to Theorem 1.54 one
can reduce the proof of (2.274) to an interpolation formula of type

(€ao (2770p). £g, (27" ))oq ="t (27¢p) (2.277)
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which is covered by [T78], Theorem on p. 121 (Banach spaces) and Remark 4, p. 123
(quasi-Banach spaces). Finally the cases

1
l<p<oo, ——1<r=<0, ¢q=o0,
p

can be incorporated by a duality argument as in Step 2. O

Remark 2.39. The above theorem applies to the same parameters p, g, r for the spaces
SprqB([Rz) as Theorem 2.9 (i) to p, g, s = r for the spaces B, (R) (with exception of
p = 00,0 < g < 1). One can expected (and conjecture) that one has the same
situation for the spaces S, F (R?) compared with the spaces F,,(R) covered by part
(ii) of Theorem 2.9. This is supported by our comments in Remark 2.35 and by
Proposition 2.37 which applies both to B-spaces and F -spaces. These two observations
are the crucial ingredients for the proof of Theorem 2.38. Of special interest are the
(Hardy—)Sobolev spaces with dominating mixed smoothness

STH(R?) = S;,F(R*), 0<p<oo, rek. (2.278)

In other words, one can expect that Theorem 2.32 (ii) can be extended to all spaces
S,H (R?) with

1
;?
0<p<2, %—1<r<%,

in agreement with Remark 2.12, (2.127), and Figure 2.3, p. 82 (with s = r).

{2§p<oo, —%<r< (2.279)

2.4.4 Haar tensor bases on cubes

Let Q" be the unit cube (2.202) on R”,2 < n € N. Let S, B(Q") and S;, F(Q") be
the corresponding spaces with dominating mixed smoothness as introduced in Defini-
tion 1.56. Let

STH(@") = S;,F(@"). 0<p<oo, reR, (2.280)

be the (Hardy—)Sobolev spaces on Q”. Similarly as in Section 2.3.3 with respect to the
Haar wavelet system on Q" we ask now in which of the above spaces with dominating
mixed smoothness the restriction of the Haar tensor system (2.225), (2.226) generates
a basis. As before we assume n = 2, adding later on a few comments about higher
dimensions. Let

Q={x=(1,x)eR:0<x;<1,0<x<1} (2.281)

be the unit square in R?. We adapt the restriction of (2.225), (2.226) withn = 2 to
the Haar bases on the interval / = (0, 1) according to Section 2.2.4 and to our later
notation in connection with Faber bases. Let as there

{ho. hjm = j € Noy m=0,...,27 —1} (2.282)
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be the L-normalised orthogonal Haar system in L, (/) where /¢ is the characteristic
function of I and

1 2" m<t<2 7 m+27771,
him@) =3—1 if2/m+27771 <t <277/ (m+ 1), (2.283)
0 otherwise.

Then the Haar tensor system on Q? obtained by restriction of (2.225), (2.226) to Q2
is given by

2ho(x1)ho(x2)
ifk = (—1,—1), m = (0,0),
\/zhﬂ(xl)hkzmz (x2)

ifk = (—=1,kp), ko € No,m = (0,mz), mp =0,...,2k2 — 1,

V2 hieymy (X1 o (x2)
ifk = (k1,—1), k1 € No, m = (m1,0),m; =0,...,2k0 —1,

hiem(x) =

hk1m1 (xl)hkzmz (xZ)
ifk e N2,m; =0,....2% —1;1 =1,2.

(2.284)
Recall N_; = No U {—1} = {-1,0,1,...} and N>, = N_; x N_j. Let
P? = {m e Z* with m asin (2.284)}, k € N2,. (2.285)
Then
{hiem k€ N2, m e P} (2.286)
is the Haar tensor system in Q2 we are looking for and
k1+k
{2*‘2 2him k€ N2, m e [P,f'} (2.287)

is an orthonormal basis in L,(Q?). We need the counterparts of the sequence spaces
bpqg(1), fpg(I)in (2.131), (2.132) which are the restrictions of the sequence spaces in

Definition 2.30 to Q2. One can replace )(,(clr’n (x) in (2.239) and Theorem 2.32 by

ki1+ko

|hem ()P =277 |hgm(x)], x € R (2.288)

This is an immaterial modification of the same type as discussed after (2.207).
Definition 2.40. Let 0 < p,g < oo and

A={lmeC:keN2, mePH} (2.289)
Then sf b(Q?) is the collection of all sequences (2.289) with

q
i@ = (X (X ent?)”) " <0 2.290)

keNZ, mePH
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and sﬁl f(Q?) is the collection of all sequences (2.289) with

13152 7@ = [( X e i O1P1) 1@ <00 @220

k,m
with the usual modifications if p = oo and/or ¢ = oo.
After these preparations one can now restrict Theorems 2.32, 2.38 from R? to

Q2. As far as technicalities are concerned we refer to the comments in front of these
theorems.

Theorem 2.41. (i) Let0 < p <00, 0<g <0 (1l <qg <o0if p = 00)and

1 1
——1<r <min (—, 1), (2.292)
p 4

Figure 2.3, p. 82 (withr = s). Let f € D'(Q?). Then f € quB(Qz) if, and only if,
it can be represented as

=3 Y dm 250y, e sEh(@), (2.293)

keNZ | meP!

unconditional convergence being in D'(Q?) and in any spaces Spq B(Q?) witho < r.
The representation (2.293) is unique, A = A(f) with

Aom = A (f) = 2®1HRDC=F+D / F) hiom () dx (2.294)
®2

and

J: = Af) (2.295)
is an isomorphic map of S;qB(Qz) onto sﬂb(@z). If, in addition, p < 00, ¢ < o0,
then {hy, } is an unconditional basis in S;qB(Qz).
(i1) Let
2

2 < p<oo, L <L
. P (2.296)

1< p<?2, ;—1<r<5,
Figure 2.3, p. 82 (withr = 5). Let f € D'(Q?). Then f € S;H(@z) if, and only if,

it can be represented as

f= 303 hn2 @R d e sH (@), (2.297)

keNZ | mePl

unconditional convergence being in S, H (Q?). The representation (2.297) is unique
with (2.294). Furthermore, J in (2.295) is an isomorphic map of S;H (Q?) onto
slfzf(Qz) and {hyp} is an unconditional basis in S} H(Q?).
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Proof. We prove part (i). Let 0 < p,g < oo and

1 1
max (—, 1) —1 <r < min (—, 1). (2.298)
p 4

Let
Sr B@2) = {f €SI, B(R?) :supp f C Q%}. (2.299)

Then any f € §£qB(®2) can be represented by (2.267) with m € [P,f in place of
m € Z?. Furthermore one has

S§r,B(@%) < Li(Q?)

by elementary embedding, [ST87, Section 2.2.3]. Both together show that the charac-
teristic function of Q2 is a pointwise multiplier in S g B (Q?). This can be extended
by duality and interpolation to all spaces S, qB(Qz) in part (i) in the same way as in
the proof of Theorem 2.38. Then one can identify S; B(Q?) with §I§qB(®2) and

part (i) follows from Theorem 2.38. By the same arguments one obtains part (ii) from
Theorem 2.32 (ii). O

Remark 2.42. We restricted the above theorem to spaces covered by Theorems 2.32,
2.38. Otherwise the conditions for the parameters p, g, r = s are the same as for Haar
bases on intervals and on R according to Theorem 2.13 and Remark 2.12, Figure 2.3,
p- 82 (in contrast to Theorem 2.26 and Corollary 2.28, Figure 2.4, p. 94). But we
conjectured in Remark 2.39 that Theorem 2.38 can be extended to all spaces S, F (R?)
with p,q,s = r as in Theorem 2.9 (ii). Then Theorem 2.41 (ii) can also be extended
to Slqu(Qz) with p,q,r = s as in (2.112). Haar tensor systems in squares in R? and
in cubes in R” have been used in [Osw99] to study N -term approximations in spaces
of type S; , B(Q) denoted there as H[; (Q).

2.4.5 Higher dimensions

We introduced in Section 1.2.5 the spaces S, , B(R"), S, F(R") and their special cases
S, H (R?), S, W(R") in higher dimensions and described in (1.221)—(1.224) related
representations in terms of compactly supported smooth wavelets. There are more or
less obvious counterparts for Haar bases extending the above assertions from two to
2 < n € N dimensions. We give a brief description. Let again

{hjm :jeN_, me Z}, N_; = No U{-1}, (2.300)
be the (Loo-normalised) Haar basis in L,(R) according to (2.93)—(2.96) and let

{him =k e N%, meZ"} (2.301)
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with
n
him () = [ hicjm; (xj). k€ N"). meZ", (2.302)
j=1
be the same (L o-normalised) orthogonal Haar tensor basis in L, (R") as in (2.225),

(2.226). Let yx, be the characteristic function of the rectangle

OQkm = 27 1my, 2781 (my+ 1)) x - x (271 my, 2750 (m, + 1)), k € N" |, m e Z",

(2.303)
p-normalised by
1) = 20Dy ), v e R, (2.304)
Let 0 < p,g < oo. Then s,4b(R") is the collection of all sequences
A={kmeC :keN, meZ"} (2.305)

with

Wb @)= (3 (2 hanl?)) " <00 (2:306)

keN™, meZ"

and sp4 f(R™) is the collection of all sequences (2.305) with

< 00. (2.307)

121350 S B = [ (3 1hem 2E0019) 1L ()
k.m

This is the obvious generalisation of Definition 2.30.
For later purposes we outline the n-dimensional modifications of Theorems 2.32,
2.38. Let0 < p,g <oo(l <g <o0if p=o00)and

1 1
——1<r <min (—,1). (2.308)
p p

Then Theorem 2.38 can be extended to R” with the substitutes

— _1
f= 30 Y w2 e spgb (R, (2.309)
keN” | mezZ"
Jiem = e () = 280 TRDC=5D [ g0y () dx (2.310)
[Rn

in place of (2.267), (2.268). Let

P (2.311)
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Then Theorem 2.32 (ii) can be extended to R” with the substitutes
F= 3 Y @O e, fRY, (2312)
keN" | mez"

and (2.310) in place of (2.247), (2.244).
Finally we add a comment about the n-dimensional version of Theorem 2.41. Let
again
Q"={x=((x1,....x) €R" : 0 < x; < 1} (2.313)

be the unit cube in R". Let S;, B(QR") and S, F(Q") be the spaces according to
Definition 1.56 with £ = Q" and let S, H(Q") be as in (2.280). Let

{ho, hjm : j € No; m=0,...,2/ —1} (2.314)

with /1, as in (2.283) and the characteristic function /¢ of the interval / = (0, 1) be
the same L ,-normalised orthogonal Haar system in L, (/) as in (2.282). Let hg,, be
the n-dimensional generalisation of (2.284) with the counterpart [P]fl " of [PkH — [P,f’
in (2.285) for k € N” |, where we indicated temporarily n. Then

fppekn e, s ke Nty m e B (2.315)
is an orthonormal basis in L, (Q"). Similarly as in Definition 2.40 the space sg]b(@”)
is the collection of all sequences

A={AmeC keN', meP™"} (2.316)
with

sgp@nl= (X (X unl?))" < o0 @317)

ke, pepiin

Similarly for the spaces slf‘; f(Q™) with an obvious counterpart of (2.291). Let 0 <
p,q <o0o(l < g < ooif p = o00)and let r be as in (2.292) = (2.308). Then
Theorem 2.41 (i) can be extended to Q" with the substitutes

=y 3 2 CrH = -y esHp@Y),  (2318)

kEN’ll mElPIfI’n

Am = A (f) = 201F-Hon =540 f F) b (%) dx (2.319)
Ql’l

in place of (2.293), (2.294). Let p, r be as in (2.296) = (2.311). Then Theorem 2.41 (ii)
can be extended to Q" with the substitutes

f — Z Z )Lkm 2_(k]+-..+kn)(r—%)hkm’ A c szf(@”), (2320)

keN™ mE[P,{{’n

and (2.319) in place of (2.297) and (2.294).
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2.5 Spline bases

2.5.1 Preliminaries and basic assertions

The techniques developed in connection with Haar bases work also for some ortho-
gonal spline systems applied to the spaces Bj, (R), Fy,,(R) on the real line R, their
isotropic generalisations B, (R"), F,,(R") and related spaces S;, B(R"), S, F(R")
with dominating mixed smoothness. This might be of some interest for its own sake.
However it does not play a central role later on in this book. We insert some related
assertions, but we will be brief. First we describe the background.

The Haar system (2.96), based on (2.93)—(2.95) is now considered as a spline system
of order zero. Otherwise we stick at this notation combined with a suitable modification
of the standard set-up (1.55), (1.56) for wavelets. Let [ € Ng. Of interest is a real
scaling function th (x) and an associated real wavelet hfu (x) on R in the context of a
related multiresolution analysis with the following properties:

(i) The functions A, héu have classical continuous derivatives up to order / — 1
inclusively on R (no condition if / = 0).

(ii) The restriction of A, hfw to each interval (m,m + %) with 2m € Z is a poly-
nomial of degree at most /.

(iii) There are constants ¢ > 0, o > 0, such that

‘d —hle ()| + ‘d —hy ()| <ce™ 2x e R\ Z, (2.321)
andk =0,...,/.
@iv) Fork =0,...,1,
/ x* Rl (x)dx = 0. (2.322)
R

The Haar functions h(l’, = hp and h?u = hys according to (2.93), (2.94) are an
example of the above conditions with / = 0. In analogy to (2.94), (2.95) we put

_1 mx) = x/zh% (x —m) and hj-m(x) = hﬁ,, (2jx — m), (2.323)
where j € Ng and m € Z. Recall that N_; = No U {—1}.

Proposition 2.43. For each | € Ny there are functions hé,, and hgu with the above
properties (1)—(iv) such that

{272ht,,  j e Noy, me Z} (2.324)

is an orthonormal basis in L, (R).
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Remark 2.44. If | = 0 then one can take the classical Haar basis (2.96). A de-
tailed streamlined proof of this fundamental assertion for / € N may be found in
[W0j97, Sections 3.3.1-3.3.3, pp. 52-61]. But we add two comments. The exponen-
tial decay (2.321) is stated in [W0j97, Proposition 3.17, Theorem 3.18, pp. 60/61] only
for the functions hﬂ,[, th themselves. But it follows immediately from the proofs
(and multiresolution arguments) that this applies also to the derivatives of these func-
tions resulting in (2.321) (excluding 2x € Z if k = [). The cancellations (2.322)
with k = 0,...,] — 1 are well-known properties for arbitrary wavelets generating
an orthonormal basis in L,(R), having derivatives up to order / — 1 and decaying
strongly enough. However checking the corresponding proof in [Woj97, Proposi-
tion 3.1, pp. 47/48] it follows that in the above peculiar situation (where the wavelets
are polynomials of degree / in each interval (m,m + %), 2m € Z) this cancellation
remains valid also for k = /. But this is well known and may also be found in [Bou95,
p- 502] in case of homogeneous wavelets of the above type.

Remark 2.45. If [ = 0 then (2.324) can be identified with the L,-normalised version
of the Haar basis in (2.96). Functions with the properties (i)—(iv) are called splines.
The corresponding theory originates from the seminal work of Z. Ciesielski and his
co-workers, preferably on the unit interval. We refer to [Cie75], [Cie79], [CiD72],
[Rop76]. The connection with multiresolution analysis goes back to [Bat87], [Lem88].
These spline wavelets are also discussed in standard books on wavelets, [Dau92],
[Mey92], [Woj97], [Mal99]. Spline functions have also been used to construct bases
in some Besov spaces. We refer to [Rop76], [Bou95], [SiUO8]. One may also consult
[Tri81] and [T83, Section 2.12.3, pp. 184—187] where one finds further references.

First we ask what can be said about spline wavelets in the spaces B, (R) and F;, (R)
relying on the general theory of orthogonal wavelets as described in Section 1.1. Let

b;q and fp; be the sequence spaces as introduced in (2.100)—(2.102). Representability

and local convergence must be understood as before, for example as in connection with
Theorem 1.18.

Theorem 2.46. Let | € N and let
{1 j €Ny, meZ} (2.325)

be an (Loo-normalised) orthogonal spline basis in L, (R) according to Proposition 2.43.
(i) Let0 < p <00,0 < q < o0and

1
max(—,l)—l—l<s<l. (2.326)
4

Let f € S'(R). Then f € B, (R) if; and only if; it can be represented as

o0
—j(s—1 —
= wm2 PR, peb,, (2.327)

j=—1meZ
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unconditional convergence being in S’(R) and locally in any space BJ,(R) witho <s.
The representation (2.327) is unique,

o1 .
/"le = ﬂ/m(f) = 2-](S p+l) /l; f(x) hﬁm(x) dx’ .1 € [N—17 me Z’ (2328)

and
J: e ulf) (2.329)

is an isomorphic map of By, (R) onto b,,. If, in addition, p < 00, g < 00 then

(2776~ Dpl e Ny, meZ) (2.330)

jm *
is an unconditional (normalised) basis in Bj (R).
(i) Let0 < p < 00,0 < g <o0and

11
max (—,—,1)—1—[ <s <. (2.331)
P q

Let f € S'(R). Then f € F, (R) if, and only if, it can be represented as

o0
—i(s—L1 —
F=2 > wim2 PR, we fry, (2.332)

j=—1meZ

unconditional convergence being in S'(R) and locally in any space Fj,(R) witho < s.
The representation (2.332) is unique with (2.328). Furthermore, J in (2.329) is an
isomorphic map of F,,(R) onto f,,. 1If, in addition, ¢ < oo then (2.330) is an
unconditional (normalised) basis in F,,(R).

Proof. This follows from a modification of the proof of Theorem 1.18 and Remark 1.19.
We add a few comments. With 0}, and 0,4 as in (1.35) the conditions (1.69), (1.73) with
u = [ coincide with (2.326), (2.331). Otherwise (1.70), (1.74) with n = 1 is the same
as (2.327), (2.332) where we now adapted the normalisations to Theorem 2.9. Two
additional comments are necessary. Beyond any technicalities (such as convergence,
use of duality) the proof of Theorem 1.18 is based on atoms according to Theorem 1.7
with K = L = u = [ in (1.36), (1.39) and (1.34) in place of (1.31), (1.32) on the one
hand, and local means according to Theorem 1.15 with A = B = u = [ in (1.50),
(1.52) and (1.54) in place of (1.42), (1.43) on the other hand. But the weaker version as
stated there with Lipschitz conditions for the highest derivatives involved is just what
one needs now identifying splines of order / with atoms and kernels of local means.
There is a second point. In contrast to wavelets in Theorem 1.18 and the underlying
atoms and kernels of local means the splines hj-m do not have compact supports located

near 2~/ m. But they decay exponentially. This is sufficient for all estimates. Then one
can prove the above theorem in the same way as Theorem 1.18 based on the references
in Remark 1.19 and the Theorems 1.7, 1.15, which we streamlined just for this purpose.

O
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Remark 2.47. The above theorem complements the one-dimensional case of Theo-
rem 1.18. There is no doubt that there is an n-dimensional counterpart. For this purpose
one extends (2.176) to the above splines of order /,

m

n
WG () =[] hG, (27x- —my). j €No. GeG/, mezZ", (2.333)
r=1

with hé,,, hgu as above, (2.322) in place of (2.172) and otherwise as in (2.173)—(2.176).
Then one obtains the n-dimensional version of the above theorem by the same ar-
guments as in the proof. This complements Theorem 1.18 now in its n-dimensional

version. Similarly one can complement the wavelet representation in Theorem 1.54
for the spaces SlﬁqB([Rz) and SlﬁqF([Rz). For this purpose one modifies (1.198) by

Rl () = iy (1) By (x2). k€ N2y, m € 72 (2.334)
Then one obtains Theorem 1.54 with hf{m in place of ¥, and the same restrictions
of p,g,s = r as in Theorem 2.46. There might be some interest in these spline
representations for isotropic spaces Ay, (R") and spaces S, A(R") with dominating
mixed smoothness, but it is not what we are looking for. In case of Haar functions, hence
[ = 0, the conditions (2.326), (2.331) would be empty, whereas we have Theorems 2.9,
2.21, 2.32, 2.38 which are sharp at least for the B-spaces. It is a challenging task to
raise the theory of spline wavelets of order / € N at the same level. In what follows
we give partial answers.

2.5.2 Spline bases on R

We ask for extensions of Theorem 2.9 from Haar bases (2.324) with [ = 0 to corre-
sponding spline bases with / € N. There are satisfactory assertions if 1 < p < oo,
0 < g < oo in case of B-spaces and if | < p,g < oo in case of F-spaces and some
(Iess convincing) results for p, g otherwise. But we are not interested in most general
formulations. We compromise and incorporate only handsome assertions for spaces
with p < 1. First we extend the crucial Proposition 2.6 to spline systems (2.323) with
the properties (i)—(iv) listed there. We assume 1 < ¢ < oo in case of the F-spaces.
Then (2.47) reduces to

1

0<s<— ifg < p < oo,
P (2.335)
max(%,l)—l<s<é if‘l1<%<1—|—é.

One may consult Figure 2.3, p. 82, for H;(R) = F,,(R), s > 0. In case of F,,(R),
1 < g < o0, s > 0, the breaking point 1/2 must be replaced by 1/¢g and 3/2 becomes
1+ é. Let b;q and fpjl be the same sequence spaces as in (2.100)—(2.102).
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Proposition 2.48. Let [ € N and let {hj.m} be an orthogonal spline basis of order |
according to Proposition 2.43.

(1) Let0 < p <o00,0< g <o0and

1 1
max (—,1)—1 <s<Il+—. (2.336)
p P
Then
o0 ) 1
= > wm2 720, peb,, (2.337)
j=—1meZ
belongs to B,,(R) and
I/ 1Bpg (R < c Il [bpg (2.338)

for some ¢ > 0andall u € b,
(i) Let0 < p <00, 1 < g < oo and

0<s<Il+1 ifg < p,
. p 11 1 . (2.339)
max(;,l)—l<s<l+5 lfa<;<1+a
Then
fele) _ .
=3 wm2 20, ety (2.340)
j=—1meZ
belongs to F, (R) and
I/ 1Fpq (R = ¢l ] foq (2.341)
for some ¢ > 0andall ju € f,,.
Proof. Step 1. We prove part (i). Recall that
1
1 1B, ~ 1,185 ®)] (2342)
r=0
are equivalent quasi-norms, [T83, Theorem 2.3.8, pp. 58/59]. Let
1 1
max(—,l)—l <s—1<—. (2.343)
p p

Let temporarily hll,’f(x) = (th)(')(x) and h;;;(x) = (hfu)(’)(x) withr =0,...,1,
and let hi.’r be the counterpart of (2.323). It follows from (2.337) that

jm

o0

O =33 27D 76Tyl (2.344)

Jj=—1meZ
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As mentioned in Remark 2.7 one can replace x;,, in (2.45) by hj,; using the decay
properties (2.321). Then it follows from Proposition 2.6 (i) with s — [ in place of s that

I
1 1B, B ~ 31,185, ®) < ¢l byl (2.345)

r=0

This proves (2.338) if s is restricted by (2.343). One obtains (2.338) by the same
arguments with s as in (2.44). Application of real interpolation

(Bpg(R), By (R)) g, = Byy(R) (2.346)

0<6<1,s9 <s1,5 = (1 —0)s¢g+ 0s1, Theorem 1.22, gives the desired result.

Step 2. The proof of part (ii) is similar. There is a counterpart of (2.342) with F in
place of B, [T83, Theorem 2.3.8, pp. 58/59]. Instead of (2.343) one uses now (2.335)
with s —/ in place s. Then one can apply Proposition 2.6 (ii), Remark 2.7 and one can
argue as above now based on the complex interpolation (1.83). O

After Proposition 2.48 has been established one can now extend Theorem 2.9 from
Haar bases (which are spline bases of order / = 0) to spline bases of order / € N. One
can follow the proof of this theorem. The result will be stated below. But this might
also be considered as a complement of Theorem 2.46. Comparing these results it comes
out that the new approach based on Proposition 2.48 provides a decisive improvement
of Theorem 2.46 in the expected way if p > 1. However if p < 1 then the situation is
different. There are assertions obtained now which are not covered by Theorem 2.46
(some of them will be formulated). On the other hand even if one applies interpolation
to the results obtained by the new method there remain cases covered by Theorem 2.46
which cannot be reached in this way. One can interpolate all these spaces for which
one has spline bases of order /. But we doubt that one obtains in this way final or
natural assertions for spline bases of order / in spaces B, (R) and F,,(R) with p < 1.
This may justify our restriction to direct counterparts of Theorem 2.9 which may be
considered as a complement to Theorem 2.46. About the technicalities we refer to
these two theorems and their proofs. This will not be repeated here. Let b, and f,
be the sequence spaces according to (2.100)—(2.102).

Theorem 2.49. Let ! € N and let
{hl j €Nl meZ) (2.347)

be an (L oo-normalised) orthogonal spline basis in L, (R) according to Proposition 2.43.
(i) Theorem 2.46 (i) remains valid for 0 < p < 00, 0 < g < oo and

1 A
——1—l<s<l—|—m1n(—,1), (2.348)
p p

region within the broken lines in Figure 3.3, p. 170.
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(1) Theorem 2.46 (ii) remains valid for 0 < p < oo, 1 < g < 0o and

l—1—l<s<%—|—l ifp>gq,

q
%—l—l<s<é—|—l ifl<p<gq, (2.349)
%—1<s<é+l iflf%<l+§.

Proof. Step 1. We follow Step 2 of the proof of Theorem 2.9. Let p, g, s be as in
Proposition 2.48 (ii). If f is given by (2.340) = (2.332) then it follows f € F; (R)
with (2.341). Conversely let f € F;,(R) still with p, g, s as in Proposition 2.48 (ii)
and let (1}, (/) be the local means according to (2.328). By (2.322) the splines hj.m can
be taken as kernels according to Definition 1.9 with A = 0 and B = [ + 1 (different
normalisations). Then it follows from Theorem 1.15 and s <[ + 1 that u(f) € f,,
and

) L pgll < € ILf [ Fpg (R (2.350)

But the rest is now the same as in Step 2 of the proof of Theorem 2.9. This proves
part (ii) of the theorem for p, ¢, s as in Proposition 2.48 (ii). Afterwards one can use
duality and interpolation in the same way as in Step 3 of the proof of Theorem 2.9.
This covers all cases in (2.349).

Step 2. We prove part (i) of the theorem. Let 1| < p < oco. We rely now on part
(i) of Proposition 2.48, argue as above and use in addition the interpolation (2.118).
Afterwards it follows by complex interpolation according to (1.82) that the inequality
(2.338) remains valid for 0 < g < oo and

1 1
——1-l<s<l4+—, 0<p<oo.

4
The splines hém are kernels according to Definition 1.9 with A = [, B =/ 4+ 1 and
(1.50) coincides with (2.348) if p < 1. The rest is now the same as above using again
in addition the interpolation (2.118). The spaces with p = oo can be incorporated as
duals of spaces with p = 1 and interpolation. O

Remark 2.50. Part (i) is a satisfactory assertion and (2.348) is the natural generalisation
of (2.107). One may also consult Proposition 2.24 and the optimality discussion about
(homogeneous) spline wavelets in [Bou95, p. 503] if p,q > 1. Complex interpolation
according to Theorem 1.22 can also be used in case of F-spaces. But in contrast to
B-spaces the outcome does not look very natural. This may explain why we restricted
p < 1 to the third line in (2.349) as it comes out without the indicated complex
interpolation.

Remark 2.51. Let
H;([R) = F;,z([R), O<p<oo, seR, (2.351)

be the (fractional Hardy—)Sobolev spaces according to (1.17)—(1.19), extended to
p < 1. Let
{1 j eNoi.meZ), €N, (2.352)
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be an (L -normalised) orthogonal spline basis in L, (R) according to Proposition 2.43
(including the Haar system {/,,} = {h9,}). Let

1 1 .
—l—§<s<l+; if p>2,
—l—l+%<s<l+% if1 < p <2, (2.353)
1 1 )

l . .. o .
Then {%},, } is an unconditional basis in H;(R) and

1/ @)~ | ( i > wim(f) x§1;3<~>|2)”2|Lp(ne) | (2.354)

j=—1meZ

with (i, (f) as in (2.328) (equivalent quasi-norms). This follows from part (ii) of
Theorem 2.49. It extends Remark 2.12 from / = 0 (Haar system) to/ € Ny. If / € N
and p < 1 then it follows from Theorem 2.46 and Remark 2.50 that (2.354) remains
valid also for some other spaces H,(R).

2.5.3 Spline wavelet bases on R"

Let {2j/ 2h§m}, [ € Ny, be an orthonormal spline basis in L(R) according to Propo-

sition 2.43 with the underlying scaling function th and wavelet hfu. Let G be as in
(2.173), (2.174) where n € N. Then

(W58 jeNo, GeG/ meZ"), €N, (2.355)
with
n . .
WeS () =[] G, 27xr —my). j€No, GeG/ . mez", (2.356)
r=1
is the generalisation of the Haar wavelet basis {h]Gm = {h?;nG} in (2.175) to orthogonal

spline wavelet bases of order [ € Ng in L,(R"). But otherwise we are in the same
position as in Sections 2.3.1, 2.3.2. This applies also to the n-dimensional extension of
Theorem 2.46 based on Theorem 1.18. This will not be formulated here. Furthermore
as discussed in Remark 2.50 that the assertions obtained so far for spaces on R with
p < 1 are not really satisfactory in case of F-spaces. This is even worse if one steps
from one dimension to higher dimensions now both for B-spaces and F'-spaces. This
may justify that we restrict the formulation below to p > 1 (and in case of F'-spaces
g > 1) which are anyway the most interesting cases at least in this context. Let by, (R")
and f,4(R") be the sequence spaces introduced in Definition 2.18.
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Theorem 2.52. Letn € N and ! € Ng. Let {h } be the above orthogonal spline
basis in L, (R™) of order 1.

() Letl < p <o00,0<gq < o0, and
1 1
——1-Il<s<—++1 (2.357)
p p

Let f € S'(R"). Then f € B,,(R") if, and only if, it can be represented as

f= Z DS w2 ST G e byg(RM), (2.358)

=0 GeGJ meZ"

unconditional convergence being in S'(R") and locally in any space By, (R") with
0 < 8. The representation (2.358) is unique,

Wi = ud(f) = 2767 Fm / f) i (x)dx, j€No. GeG/ meZ"
R7
(2.359)
and

T £ u(f) (2.360)

is an isomorphic map of By, (R") onto bpq(R"). If, in addition, p < 00, q < 00, then
(276D T jeNo. GeGl mez") (2.361)

is an unconditional (normalised) basis in By, (R").

(i) Letl < p<oo, 1 <q < oo, and

1 1 .
s—1-Il<s<=+1 ifp=>gq,
{‘i ’1’ .fp 1 (2.362)
;—1—l<s<3—|—l ifp <gq.
Let f € S'(R"). Then f € Fy,(R") if; and only if; it can be represented as
—ny .| G
f= Z Do i 2R e SR, (2.363)
j=0 GeGJ meZn
unconditional convergence being in F ([R”) The representation is unique with

/L]m (f) as in (2.359) and J in (2.360) is an isomorphic map of F,, (R") onto fpq(R™).
Furthermore, (2.361) is an unconditional (normalised) basis in pq(IR").

Proof. This is the direct counterpart of Theorem 2.21. The proof and the related
references are the same as there. We rely now on Theorem 2.49 with the indicated
restrictions for p and q. O
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Corollary 2.53. Letn € N,/ € Ng, 1 < p < o0, and

—1-Ltcs<i 41 ifp>2,
{ 2 P Ip= (2.364)

—l—1+%<s<l+% if p<2.

Then {2_j(s_%) hﬁwG,} according to (2.361) is an unconditional basis in the Sobolev
spaces Hy(R") in Remark 1.2 (iii) and

I, 1/2
1 HHS@D~ [ (3 1155 0 2B OR) 1L ®™) (2.365)
Jj,G.m
., 1,G .
with () (f) as in (2.359).
Proof. This is special case of Theorem 2.52 with Hj(R") = F,(R"). O

Remark 2.54. The above corollary extends Corollary 2.23 (with p > 1) from [ = 0
(Haar functions) to / € Ny.

2.5.4 Spline tensor bases on R?

Sections 2.4.2, 2.4.3 dealt with Haar tensor bases in some spaces S, H (R?) and
S, qB([Rz) with dominating mixed smoothness. This can be extended partly to corre-

sponding spline tensor bases of order/ € N. Let {27/ 2hém}, [ € Ny, be an orthonormal
spline basis in L, (R) according to Proposition 2.43. Then

{hem i k€ N2, meZ?) (2.366)
with
R (X) = hje o (¥1) By, (X2). k€ N2y m e 7% x € R?, (2.367)

is the extension of the Haar tensor basis (2.240), (2.241) to an (L -normalised) or-
thogonal spline tensor basis of order / € Ny in L,(R?). Otherwise we are largely
in the same position as in case of Haar tensor bases. Let s,4b(R?) and s,4 f(R?) be
the sequence spaces as introduced in Definition 2.30 and let S, B (R?) and S, H (R?)
be the spaces with dominating mixed smoothness according to Definition 1.38 and
(2.231)—(2.234). Then Theorems 2.32, 2.38 can be extended from Haar bases to spline
bases as follows.

Theorem 2.55. Let [ € Ny and let {him} be the above orthogonal spline basis in
L»(R?) of order .
) Let0 < p<00,0<g=<o0(l<qg=<o0ifp=00)and

1 1
——1—l<r<l+min(—,1), (2.368)
4 p
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region within the broken lines in Figure 3.3, p. 170. Let f € S'(R?). Then f €
Slqu([Rz) if, and only if, it can be represented as

F= 30 2 TR L e sgb(R?). (2.369)

keN2 | meZ?

This representation is unique,

i = i () = 260540 [ 1 ) (2370)
R2

and

J: f e Amem ()} (2.371)
is an isomorphic map of Slqu([RZ) onto spgb(R?). If p < 00, g < oo then (2.366) is
an unconditional basis in S,, B (R?).

(ii) Let
1 1 .
_l—5<r<l+; if 2<p<oo, 2.372)
=143 <r<l+3 ifl<p<2.
Let f € S'"(R?). Then f € S;H([Rz) if, and only if, it can be represented as
_ _1
f= 00 D mem ORI R e s f(RP). (2.373)

keNZ, meZ?

This representation is unique with (2.370), J in (2.371) is an isomorphic map of
S;H([RZ) onto sp 5 f(R?), and (2.366) is an unconditional basis in S;H([R2).

Proof. Step 1. We prove part (ii). By Theorem 2.49 (ii) and Remark 2.51 the L,-
orthogonal spline system {hém} in (2.347) is a basis in H, (R) for p,r as in (2.372).
Then it follows again from [SiUOS, Corollary 2.6] that {hf{m} in (2.372) is a basis
Sy H(R?) with the indicated properties.

Step 2. We prove part (i). The case / = 0 (Haar system) is covered by Theorem 2.38.
Let/ € N. Recall that

£ 1S5, BR®R)] ~ Y 1D f Sy B(R?)], (2.374)
O<ap =</

O<ap =<l

[ST87, Theorem 2, Section 2.2.6, pp. 98/99]. Let
1 1
max (—, 1) —l<r—-Il<-— (2.375)
p p

and let f be given by (2.369). With the same abbreviation on R as used in (2.344) we
complement (2.367) by

R (x) = R () BB (x5), ke N2, meZ? xR, (2.376)

kim komy
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where @ = (a1, «z) with 0 < &y, @p < [. Then it follows from (2.369) that

pef =3 Y pg, 2 ikl ple 2.377)

keN2, meZ?
with
V“zm = p~ki1—a1)—kz(~a2) Lkem.- (2.378)

We apply Proposition 2.34, modified according to Remark 2.36, with r — [ in place
of r. Then it follows from (2.374) that f € S;qB([R2) and

1f 185, BRI < ¢ |t |spgb(R?)]. (2.379)

One obtains (2.379) by the same arguments if r is restricted by (2.249). The real
interpolation (2.274) appliesto 0 < p < oo and g9 = g1 = ¢q. This follows from
(2.277) with the same references as there. Then one obtains by interpolation of the two
described cases that (2.379) remains valid for all

1 1
max(—,l)—1<r<l—|—min(—,1), O<p<oo, 0<g<oo. (2.380)
p p

Conversely let f € SlﬁqB([Rz). Then it follows from Theorem 1.52 and Remark 1.53
with A = 0and B = [ + 1 that 1 € 5p4b(R?). In other words, if f can be represented
by (2.369), (2.370) then one obtains

1f 1S5g BRI ~ 1t f) Ispgb (R (2.381)

where p, g, r are restricted by (2.380). For p > 1 one can follow the arguments in the
proof of Theorem 2.38. To extend this assertion to p < 1 we first remark that there is
a counterpart of the complex interpolation (1.82) with Sy, B(R?) in place of By, (R?),
[Vyb06, Theorem 4.6]. Then one can argue as in Step 2 of the proof of Theorem 2.49.

O

Remark 2.56. Theorem 1.54 gives a satisfactory answers for general wavelet repre-
sentations of spaces with dominating mixed smoothness. We discussed in Remark 2.47
what happens in the context of general wavelet theory if one deals with him in (2.367)
= (2.334) in place of Y, in (1.198). Then one has again Theorem 1.54 with u = [
or an extension of Theorem 2.46 from h;m in R to hfc m D R? with the same restric-
tions for the parameters. It is one of the main aims of Section 2.5 to find out which
improvements can be expected if one takes into account the very specific nature of
spline tensor systems. In case of the Haar tensor system (spline tensor system of order
[ = 0) the answers given in Theorems 2.32, 2.38 are more or less satisfactory. In
case of spline tensor systems of order / € N one has by Theorem 2.55 at least for the
B-spaces convincing assertions. But the situation is different for the H -spaces and the
F-spaces, especially if p < 1, similarly as for spline systems on R and spline wavelet
systems, Remark 2.50, Section 2.5.3. This is also the reason why we did not try to
improve the assertions of the above theorem somewhat by interpolation. There is little
hope to obtain something natural in this way.



Chapter 3
Faber bases

3.1 Faber bases on intervals

3.1.1 Introduction and preliminaries
Let I = (0, 1) be the unit interval on R. Recall that the Faber system on 7/,
{vo, V1, Vjm : j € No; m=0,...,2/ —1} 3.1)
consists of the basic functions
vo(x) =1—x, vi(x) =x where0<ux <1, 3.2)

and the hat-functions v;,,(x), 0 < x <1,

27t (x =27 m) if27m<x<27m42771L,
Vim(X) = 327127 (m+ 1) —x) 277 m+27 1 <x <2/ (m+1), (3.3)
0 otherwise,

(2.3)—(2.5), Figure 2.1, p. 64. Recall that C([) is the space of all complex-valued
continuous functions on the closed interval I = [0, 1], furnished with the Loo-norm.
According to Theorem 2.1 (iii) the Faber system (3.1)—(3.3) is a basis in C(/). Any
f € C(I) can be represented by

oo 2/-1

) = FO00) + 1) =33 Y (Ao NI m vgm(). (3

j=0 m=0
0 < x <1, where
—3(A2, )@ m) = fQTTm+27 =3 fQTm) =3 fFQ T m+277) (3.5)

are the same second differences as in (2.7). This is Faber’s observation, [Fab09], 1909,
and Step 4 of the proof of Theorem 2.1 follows essentially his arguments. Historical
comments may be found in Remark 2.3. The second distinguished set of functions on
I at that time is the Haar system in (2.1), (2.2), [Haar10], 1910. We collected (and
proved) in Theorem 2.1 some related assertions and added in Remarks 2.3, 2.4 historical
comments. Chapter 2 dealt with Haar bases in some spaces of type B, and Fj,,. One
may ask for counterparts with Faber bases in place of Haar bases. However there are
some crucial differences. The multiresolution property of the orthogonal Haar system
{ho, hjm} according to (2.1) gives the possibility to step from A;,(R) and 43, (1) to
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corresponding isotropic spaces Ay (R") and 43, (Q") in higher dimensions. This has
been done in Section 2.3 where the resulting systems are called Haar wavelet bases.
There is no counterpart of this method in terms of Faber systems. Section 2.4 dealt
with Haar tensor bases in spaces S;, A(R") and S, A(Q") with dominating mixed
smoothness. The underlying procedure admits to replace Haar bases on / by Faber
bases on /. Then we obtain Faber tensor bases in higher dimensions which we call
simply Faber bases (because there are no notationally competing Faber wavelet bases).
The study of these Faber bases in spaces S, , A(Q") with dominating mixed smoothness
is the main topic of this Chapter 3. But first we ask whether the above Faber system in
C(1) is also a basis in some spaces Ay, ().

Recall that A7 (/) with A = B or A = F is the restriction of A7 (R) to /
according to Definition 1.24 (i). One has for all 0 < p,g < oo (p < oo in case of
F-spaces) and s € R that

A5 () ={f e ASD) : e 45" (D)} (3.6)

and

L 145 (DI~ 1Lf [Apg (DI + 1L 1455 (D] (3.7

(equivalent quasi-norms). This well-known assertion is a special case of [TO8, Propo-
sition 4.21, p. 113]. By (3.4) Faber bases in A}, (/) can only be expected if 43, (1) is
continuously embedded in C (7). Recall that

. . O0<p=<o0,0<g=<o00, s> 1
B (1) — C(I) if, and only if, 2 (3.8)
ra 0<p=o00,0<g=l s=,
and
. . O0<p<oo,0<g=<o00, s> 1
Fp,(I) = C(I) if, and only if, 2 3.9
O0<p=<1,0<qg <00, s =

We refer to [T08, Section 6.4.6, p. 229] where one finds the n-dimensional version of
(3.8), (3.9). But the assertion itself is well known. One may consult [TO1, Section 11]
and [HarQ7, Section 7.2]. The sharp limiting cases in R” go back to [SiT95]. We deal
here with the non-limiting case

A3, (1) = C(I) if 0<p,g<oo, s> 1, (3.10)
(p < oo for F-spaces). Then
L 145 (D~ LFO)] + £+ 1L 455" (D] (3.11)

are equivalent quasi-norms. Although assertions of this type are well known we add a
short proof. By (3.7) and (3.10) it is sufficient to show that there is a constant ¢ > 0
such that

L 1454 (DI < e [ fO)] + | fD] +c |l f 1455 (D] (3.12)
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forall /€ A},(I). We assume that there is no constant ¢ > 0 with (3.12). Then one
finds for any ¢ = j € N an element f; € A5, (1) with

17 145" (DI =1 and [fO]+15MDI+ £ 145, (DI =i~ (3.13)

Now it follows from (3.7) that the sequence { f; } is bounded in A7 (/) and hence pre-

compact in A;,;l (/). We may assume that f; converges in A;,;l (1) to some element
f. By ('3.13) and (3.7) this sequence converges even in Ay (/) to f € A}, (]) and
one obtains by (3.13),

If 145 (DIl =1, f(0)= f(1)=0, f'=0. (3.14)

This is a contradiction.

3.1.2 Faber bases

We ask for the counterpart of Theorem 2.13 where we dealt with Haar bases in some
spaces Ay, (1). First we adapt the sequence spaces bpq (1) and fpq (1) according

to (2.130)—(2.132) as follows. Let again )(;’,:1) (x) = 2j/pij(X), where x;,, is the
characteristic function of the interval '

Lm=[27m,277m+1)), jeNgm=0,...2 -1 (3.15)

Let b+ ,(I) and ‘Z(I ) with 0 < p, ¢ < oo be the spaces of all sequences

p={o. i1, ijm : j € No; m=0,...,2/ =1} CC (3.16)
quasi-normed by

2/ -1

- /p\1/4
i b (D1 = Lol + Ll + (32 > wnl?) ) e

j=0 m=0

and

I L0 = ol + ur| + H(Z Sl 2008) 1 G.18)

j=0 m=0

usual modification if p = oo and /or ¢ = co. Recall that one has (3.10) for s > 1/p.

Theorem 3.1. Let {vo, v1,vjm} be the Faber system (3.1)—(3.3).
(i) Let0 < p <00,0 < q < o0and

1 1
—<s< 1+min(—,1), (3.19)
4 4
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Figure 3.1. Let f € D'(I). Then f € B, (1) if, and only if, it can be represented as

oo 2/ -1

—i(s—L
f=povo+puivi+ Y > wim2 TP pebf (D, (320)
j=0 m=0

unconditional convergence being in By, (I) with o < s and in C(I). The representa-
tion (3.20) is unique, v = u(f), with

wo(f) = £O0), m(f) = f), wim(f) = =271 (A2, /)2 m),
(3.21)
where j € Nogandm =0, .. ., 27 — 1. Furthermore,

Ji f e ulf) (3.22)
is an isomorphic map of B, (1) onto b;rq (I). If, in addition, p < 00, g < o0, then
{vo, v1, 276Dy 1 j € Ngs m=0,...,20 — 1} (3.23)

is an unconditional (normalised) basis in By, (I).

s s
o X P
1 777777:"[
a 2 1 1
d P P
—14 1
B-spaces H -spaces
Figure 3.1. Faber bases.
(i1) Let
11 (11
0<p<o00, 0<gqg< o0, max(;,a,l)<s<l+m1n(;,a,l),
l<p<oo,l<g<oo, s=1, (3.24)
11
l<p<oo, 1<g<o0, max(;,3)<s<1.
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Let f € D'(I). Then f € F, (1) if, and only if, it can be represented as

0o 2/ -1

—i(s—L
f=povo+mvi+ Y Y wm2 /P v pe fEA). (325)
j=0 m=0

unconditional convergence being in Fy, (1) with o < s and in C(I). The represen-
tation (3.25) is unique with wo(f), p1(f), wjm(f) as in (3.21) and J in (3.22) is
an isomorphic map of F,, (1) onto pr (I). If, in addition, g < oo, then (3.23) is an
unconditional (normalised) basis in F,, (I).

Proof. Step 1. Let f be given by (3.20) or (3.25) with u € a;q (I) wherea € {b, f}.
Then

2/ -1
fi= > wim 2P v e CI), e N, (3.26)
m=0
with
—i(s—L1 i(g—L
1A 1CD] = 27777 max | m| < 27772 |ula, (D). (3.27)
m

Since s > 1/ p it follows that f € C(/) and

I/ 1CD < cllplaf, (D] (3.28)

By (3.4) and Theorem 2.1 (iii) the representations (3.20), (3.25) are unique and one has
(3.21).

Step 2. The Lipschitz functions vj,, are (not normalised) atoms according to Defini-
tion 1.5 with K = 1 and L = 0. Then it follows from Theorem 1.7 for f given by
(3.20) or (3.25) that

. 1 1
f € Bg,(I) if max (;, 1) —1 <0 < min(s, 1). (3.29)

Then one has in any case covered by (3.19), (3.24) that

fe Ay ) with || f Ay (D < el lag, (D). (3.30)

Step 3. Let {ho, h;m} be the Haar system (2.128). Then it follows from (3.20), (3.25)
that

oo 2/ -1

—i(g—1—L
== ho+2) 3 wim 27T P e, peaf, (). (331
j=0 m=0

The restrictions for p, g, s in the above theorem coincide with the restrictions in
Theorem 2.13 for p,q and s — 1 in place of s. Then

fre A (D L 1AL (DI~ i lagg (DI = lreal = ol + 1 — ol (3.32)
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Now one obtains by (3.6), (3.7) and (3.30), (3.32) that
feAp () and | f |45, (DIl = cllay (DI (3.33)

The converse
I laf, (D < el f 143, (D] (3.34)

is a consequence of (3.32), (3.11) and w9 = f(0), w1 = f(1). This covers all
assertions of the theorem, including that J in (3.22) is the indicated isomorphic map

and that (3.23) is a (normalised) unconditional basis in A;q (I)if p < 00, g < o0.
O

Remark 3.2. The above theorem applies to 43, (1) if, and only if, A;;l (1) is covered
by Theorem 2.13. Smoothness is lifted by 1 and Haar bases are replaced by Faber

bases. One may compare the Figures 2.3, p. 82 and 3.1, p. 127.

Let again
H,(R) = F,,(R), 0<p<oo,seR, (3.35)

be the (fractional Hardy—)Sobolev spaces according to (1.17)—(1.19) extendedto p < 1,
and let H; (1) be the restriction of H,(R) to I.

Corollary 3.3. Let 0 < p < oo and

1 1
2<p<oo, %<s<13+p, (3.36)
p <2, > <85<3.

Figure 3.1, p. 127. Then (3.23) is an unconditional basis in H,(I). Furthermore,
f € D'(I) is an element of H,(I) if, and only if, it can be represented as

oo 2/-1

—i(e—L
f=aovo+pmivi+ Y > wim2 TP v pe £, (337)

j=0m=0

The representation is unique with o (f), k1(f), wjm(f) asin (3.21) and J in (3.22)
is an isomorphic map of H,(I) onto fpfz(l).

Proof. This is a special case of Theorem 3.1 (ii) with ¢ = 2 in (3.24). O

Remark 3.4. We refer to Remark 2.12 for the corresponding assertion in terms of Haar
bases. One may again compare Figure 2.3, p. 82 with Figure 3.1, p. 127. The above
corollary covers in particular the classical Sobolev spaces

1 _ 1
Wi(I) = HXI), 1<p<oo, (3.38)

which will play a role later on.
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3.1.3 Complements

For later use it will be helpful to reformulate and complement some assertions of
Theorem 3.1. Let again / = (0, 1) be the unit interval on R, and let

(AM f)(x) ifx+lhelforl=0,....M,

. (3.39)
0 otherwise,

(AR f)(x) = {

where x € I, M € N and & € R, be the same adapted differences as in (1.287). Let
Vjm be the hat functions according to (3.3), and let x;,, be the characteristic functions
of the interval [, in (3.15).

Proposition 3.5. (i) Let B;q (1) be the same spaces as in Theorem 3.1 (i) with 0 <
p,q < ooand

1 1
—<s< 1+min(—,1), (3.40)
p p

Figure 3.1, p. 127. Then f € By, (1) can be represented as

0o 2/-1

F0) = FO =0+ f0x =33 3 (A1, /)@ myogm(x), x € 1,
= (3.41)
and
v dr\'/e
1 185D~ U L+ ( [ 70 sup [ad £ 1L, )
! dh\'4
~ I 1L (DI + (/O 87, 1 1L
(3.42)

1 » dh\ Ve
~|f(0)|+|f(1)|+(/0 IO S
R . Io\1/
~1£O)| + | F()] + (sz(s—;)q( Z |(A§_j_1f)(2_fm)|1’)q P)l q
j=0 m=0

are equivalent quasi-norms (with the usual modifications if p = oo and/or ¢ = 0).
(ii) Let Wpl(l ) be the classical Sobolev spaces (3.38) with 1 < p < oco. Then
f e Wp1 (I) can be represented as in (3.41) and

1 W DI~ 1L LoD+ 1L 1Ly (DI~ L)+ D]+ 1 1Ly
% 2/-1 . /
~OL+ 101+ (X 2720 ) m) xmIF) 1L
j=0 m=0
(3.43)

are equivalent norms.
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Proof. Step 1. It follows from Theorem 3.1 (i) that f* € B, (1) can be represented by
(3.41) and that the last line in (3.42) is an equivalent quasi-norms in B;q(l ). The first
and the second equivalence in (3.42) are special cases of (1.289), (1.290). As for the
third equivalence it is sufficient to prove that for some ¢ > O and all f € B} (1),

! dh\4
cIIfILp(I)IIslf(0)|+|f(1)l+(/0 h‘”HAZ,,fle(I)Hq?) - (344

This is the same situation as in (3.12). The same proof by contradiction results in a
function f € B, (1) with

If LDl =1, f0)=f(1)=0, AR, f(x)=0. (3.45)

It follows from the last assertion that f is linear in /. We refer for details in a more
complicated situation to [T06, pp. 200/201]. Then f must be zero what contradicts
the first assertion in (3.45).

Step 2. Part (ii) follows from Corollary 3.3 with s = 1 and (3.7), (3.11) with All),z(l) =
Wp1 (1). O

Remark 3.6. As a modification of part (i) of the above proposition one has for

L o<1, (3.46)

By,(I) withl <p < 00, 5

the equivalent norms

_ )4 1/p
1f 182, (D ~ 1 f 1Ly (D] + (/ ) = JOI” 4 ar)

Ixi X —y[sPHl

LS (AN

x1 |x - y|SP+1

~ £ O+ £ D] + (/I

oo 2/—1

o . /
<O+ 1+ (XX 26 9P| (a2 )@ m)P)
mom= (3.47)

and for the Holder spaces

() =¢€(I) =B, (I), 0<s<]l, (3.48)
the equivalent norms

17 1C5 (D ~ supl £ + sup LW
xel x,yel |X - y|
~ 1 £(O)] + | f(1)] + sup /@) = FO)I (3.49)

x,yel |X - y|s

~ £+ [ f(D)] +sup2/ | (A2, _, £)2 7 m)|.

Jj.m
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This follows from the above proposition and the possibility to replace Ai ; J forspaces
with s < 1 by first differences A}, It f according to (1.290).

Remark 3.7. In Section 3.1.1 we asked whether the Faber basis (3.1) in C(/) with
the expansion (3.4) is also a basis in some spaces B, (/) and F,, (). Theorem 3.1 (i)
gives a satisfactory answer for the spaces B, (). For the Sobolev spaces H; (1)
with (3.36) we have Corollary 3.3. But it remains unclear whether this assertion can
be extended to spaces H,(I) with (3.19). The situation for the more general spaces
F,(I) is even worse. Then we have Theorem 3.1 (ii) and one may ask to which extent
the restrictions according to (3.24) are natural. In any case we relied on (3.32) which
reduces the question for Faber bases in A, (1) to the corresponding question for Haar
bases in AIS,;I (1) and hence Theorem 3.1 to Theorems 2.9, 2.13. In Remarks 2.10, 2.14
we collected some references as far as Haar bases in BIs,q (1) are concerned. Taking
these assertions for granted (independently of our approach) one can step from Haar
bases to Faber bases in the way indicated above. This has been done in [Osw81] dealing
with Faber bases in B;q(l), where 1 < p < o0,

l<s<1—|—l or s=l, 0<g<=<1. (3.50)
p p D

By (3.8) the restriction ¢ < 1 in the limiting case s = 1/ p is necessary. This limiting
case is not covered by the above approach and we may ask whether J in (3.22) remains
to be an isomorphic map for B;ép(l), 1 <p<o00,0<g=<1,onto b;{q(l). Otherwise
there are only a few papers in literature dealing with expansions of f € B,,(I) in
terms of Faber bases (3.41) and discrete characterisations as in the last line of (3.42) by
second or higher differences. In [Cie77, Theorem 3.2, p. 401] there is a corresponding
characterisation for the spaces €*(/) = B ., (I), s > 0. Faber expansions and
related characterisations for Bls,q(l), 1 <p,q < oo, Los<14+1, may be found
in [CKR93, Theorem II1.6, p. 189]. We could not find papers dealing with Faber bases
for Sobolev spaces H,(I) covered by Corollary 3.3 or for spaces F,,, (/) covered by
Theorem 3.1 (ii). This is a little bit curious at least in case of the classical Sobolev
space Wpl(l ), 1 < p < oo, where we described the outcome in Proposition 3.5 (ii).
In this special case one can argue rather directly (without the elaborated machinery
on which we relied) taking the classical Littlewood—Paley characterisation for L, (1),
1 < p < oo, for granted, ensuring that any g € L,(/) can be expanded by the Haar
system (2.128), (2.129),

0o 2/ -1

¢ = [z +,§, paEy [ £V ()83 i) (3.51)
with
gLy~ | [ emras]+ (X2 [ e mmmar zx;m(o)l/zleu)H.
j.m

(3.52)
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If fe Wpl(l ) then it follows from (3.51) with ¢ = f’ and integration that

0o 2/ -1

F(0) = fO —x) + f(1)x - % SN (AL NI v, (353)

j=0 m=0

where we used that
/If’(y)h]-m(y)dy =—(A2,, /)@ 7m), jeNpum=0,..,2~1, (3.54)
and
x . .
/ him(y)dy =277 vm(x), j€Ng, m=0,...,27 —1. (3.55)
0

Furthermore, (3.52) with ¢ = f/ and (3.54) give (3.43). In other words, the repre-
sentation (3.53) = (3.41) and the equivalent norms for functions f € Wp1 (1) can be
obtained by rather straightforward calculations from the orthogonal Haar basis (2.128)
and the Littlewood—Paley theorem for L, (/) with 1 < p < oo. This should have been
known for ages, but we have no references.

3.2 Faber bases on cubes

3.2.1 Preliminaries and definitions

We dealt in Section 2.4 with Haar tensor systems on cubes Q" according to (2.313)
with a preference of n = 2, hence the square

QP={x=(x1,x)eR:0<x; <1, 0<x <1} (3.56)

For this purpose we introduced the Haar tensor system (2.284)—(2.286) on Q2 as the
product of the Haar system (2.282), (2.283) on the interval / = (0, 1). Now we wish
to do the same with the Faber system (3.1)—(3.3) on 7, hence

{v0,V1.Vjm : j € No: m=0,...,2/ —1} (3.57)
with the basic functions
vo(x) =1—x, wvi(x)=x where 0 <x <1, (3.58)

and the hat-functions v;,(x),0 < x < 1,

27 (x =27/ m) if27/m<x <2/m+27771,
Ujm(X) = 127712 (m+ 1) —x) if27m+277" 1 <x <2 (m+1),
0 otherwise.

(3.59)
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This coincides also with (2.3)—(2.5), Figure 2.1, p. 64, repeated here for sake of con-
venience. Let x = (x1,x2) € Q% and

Um, (xl) Um, (XZ)
lfk = (_11_1)7 mp € {07 1}7 mp € {07 l}s

Um, (-xl) Vkomo (-x2)

) ifk = (=1,kz), ko € No; my €{0,1}, mp =0,..., 252 — 1,
Vim(X) =
" Vg, (X1) Uy (42)

ifk = (ky,—1), ky € No; my =0,...,25 — 1, m, € {0, 1},

Vkymq (xl) Vkomy (XZ)
ifk e NZ;my =0,...,20 —1;1 =1,2.

(3.60)
Recall that N_; = No U {—1} = {—1,0,1,...} and N2, = N_; x N_;. Let
Pf = {m € Z*> with m asin (3.60)}, k € N?,. (3.61)
Then
{okm : k e N2, m e PF} (3.62)

is the Faber system on Q2 we are looking for. It is the tensor product of (3.58), (3.59)
and also the counterpart of the Haar tensor system (2.284)—(2.286). As explained in
Section 3.1.1 to call (3.62) a Faber tensor system is not necessary because there is
nothing what should be denoted as Faber wavelet system, in contrast to related Haar
systems. Faber systems apply to spaces Slqu(Qz) and S, H (@?) having boundary
values at dQ2. This complicates the situation somewhat (compared with Haar sys-
tems). For this reason we split our considerations dealing first with spaces S}, B(Q?),
SI} W(Q?) where we have tensor arguments and later on with the above more general
spaces. First we introduce sequence spaces covering all cases. For this purpose we
modify Definition 2.40 as follows. Let g, be as in Definition 2.30 the characteristic
function of the rectangle

Okm = (275 my, 27K (my + 1)) x (27%2my, 27%2(m, + 1)), (3.63)
and .
1 2

AD(x)=2"7 yem(x), keNZ mePf, (3.64)

its p-normalisation, 0 < p < co. Recall that I = (0, 1) is the unit interval on R.

Definition 3.8. Let 0 < p,g < co. Then s;fqb((Dz) is the collection of all complex
sequences
A={him ke N2, me P} (3.65)

i@l =( X (X enl?)) <0 o)

keNZ, mePF

with
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and s,, F £(Q?) is the collection of all complex sequences

A= {Akm : k € N3, m e PF}
UAT cj€No 1=0,....27 —1: r =1,2,3.4} (3.67)
U A" 2 €40,1}, rp €{0,1}}
with

15, 7@ = [( X P 22201 1@

keNZ mePF

* Z (X Z 5P O) 1,0

= jE€Ng I=0

(3.68)

+ |/\1’1| < 00
with the usual modifications if p = oo and/or g = oo

Remark 3.9. The second and third terms in (3.68) refer to the sides and to the corner
points of Q2 and originate from f (1) in (3.18) where )((p ) has the same meaning as
there. With obvious identiﬁcatlons one has

sEB@Q?) = sk f(Q?), 0<p<oo, (3.69)

and

(@) > sE (@) > sF

p,max(p,q

yb(@?). (3.70)

Sp, mm(p q

3.2.2 Faber bases in C(Q?)

Recall that the Faber system (3.1)—(3.3) is a basis in C(/) with the expansion (3.4),
(3.5). This assertion can be extended from C (/) to C(Q"), where Q" is the unit cube
in R” according to (2.313). It is sufficient to deal with n = 2, hence the space C(Q?)
where Q2 is the square (3.56). The extension to C(Q") is a technical matter and will
not be done here in detail. According to Definition 1.24 (iii) the Banach space C(Q?)
is the collection of all complex-valued continuous functions in Q2 = [0, 1] x [0, 1],
furnished in the usual way with the norm

If1C@%) = Slgzlf(X)l = m%lf(X)l- (3.71)

We need a few notation. We specify (1.163), (1.164) by

A,zl,lf(xl,xz) = f(x1+2h,x2) = 2f(x1 + h,x2) + f(x1,x2), (3.72)
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where x = (x1,x2) € R? and i € R, similarly for Ai 2f(xl,xz), and the second

mixed differences

Ai’lz,hzf(xl,xz) Aizz(Ail,lf)(xl,xz), hy €R, hy €R,

(3.73)

evaluating the continuous function f in R? at the points (x; + [1h1, x5 + [2h5) with
I1,1, € {0,1,2}. We extend now (3.5) from / to Q*. Letk € N2, and m € [P,f

according to (3.61) and f € C(Q?). Then
d? (f) =f(mi,ma) ifk = (=1,—1),my €{0,1},mz € {0, 1},
d2,(f) = éAi ko1 2f(ml,2_kzmz)
if k = (—1,k2),k2 € No,my €{0,1},mpy =0,...,2F2 — 1,
dkm(f) 2 k1—1 lf(z_klm17m2)
itk = (k1,—1),k; € No,mp € {0,1},my =0,...,2F1 —1,
D (F) =375 1 kgt (275 M1 27%2my)
ifkeN2,m=0,...25%-1;1=1,2
Theorem 3.10. The Faber system (3.62) is a basis in C(Q?),

o0

F0) =Y (fxr1(®) = fxk () + folx), [ € C@),

K=0
convergence in C(Q?), with

fk) = Y Y AR, () umx), K € No.

keN2,  mePF
k1=K.kp<K

Proof. For fixed x, € [0, 1] we expand x; — f(x1, x2) according to (3.4),

f(x1.x2) = f(0,x2) vo(x1) + f(1, x2) v1(x1)

oo 2/ -1

__ZZ e )@ x2) v (x).

j=0 [=0
Expanding the coefficients
f0,x2),  f(lxa), —3(A3,-0 | f)Q@ 71, x2)
according to (3.4) with respect to x, one obtains

f) =Y Y a2, (Humx). x €@

keNZ | mePf

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)
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at least formally. The interpretation of (3.82) by (3.78), (3.79) can be justified as
follows. For J € Ny and fixed x, € [0, 1] let

I (x1,x2) = £(0,x2) vo(x1) + (1, x2) v1(x1)

J 271 (3.83)
__ZZ Ly )@ x2) 01 (x1)

Jj=0 1=0

be the corresponding partial sums of (3.4). By (2.26), (2.27) we have
fJ(xl,xz) = f(x1,x2) if x1 = 27"y with m=o0,...,27 11, (3.84)

for 0 < x, < 1. Expanding the functions in (3.81) where j = 0,..., J, with respect
to x, one obtains the counterparts of (3.84) and, as a consequence,

fx() = fx) ifx= (275" my, 275 my), 0 <myma < 25T (3.85)

In the corresponding squares with side-length 27X~1 the function fx (x) is linear in x;
for fixed x;, and vice versa. Then (3.85) and the uniform continuity of f prove (3.78).
It remains to prove that the representation (3.78), (3.79) is unique. Let

0= Z Z Al Viem (X), x€®_2, (3.86)

keN2, meP}

convergence in C(Q?) as in (3.78), (3.79). For x, = 0 one has the one-dimensional
situation considered in (2.34) and the corresponding coefficients are zero. The same
for x, = 1. Afterwards one chooses x, = 1/2 with the same outcome. Then one
obtains ag,, = 0 by iteration. Hence, {vg,,} is a basis. O

Remark 3.11. The above proof applies to K-blocks in (3.78), (3.79). But in which
way one orders the basis {vg,,} within these blocks does not matter. This is not totally
obvious but it follows from the above arguments. The above theorem is more or less a
routine extension of Faber’s assertion according to Theorem 2.1 (iii) proved 100 years
ago in [Fab09] and generalised by Schauder in [Scha27] (one-dimensional case). We
refer also to our historical comments in Remark 2.3. We did not find the above theorem
explicitly stated in literature. But it follows from more general assertions about product
bases in spaces of type C(Q?) in [Sem63], [Sem82].

Remark 3.12. We explained between Definition 1.17 and Theorem 1.18 what is meant
by a conditional basis in a quasi-Banach space. As formulated in Theorem 2.1 (iii)
the Faber system (3.1) is a conditional basis in C(I) because any basis in C(I) is
conditional, [Wo0j91, Corollary 12, p. 63]. Furthermore, it follows from the famous
theorem by Milutin, which may be found in [Woj91, Theorem, p. 160], that C(Q?)
is isomorphic to C(I). Hence, any basis in C(Q?) is conditional. This applies in
particular to the Faber basis (3.62).
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3.2.3 Faber bases in S} W(Q?) and S, B(Q?)

Let Q2 be the square according to (3.56) and let S;qA(QZ) be the spaces with domi-
nating mixed smoothness as introduced in Definition 1.56 by restriction of S ;qA([Rz)
to Q2. Here A € {B, F},0 < p,q < oo (p < oo for F-spaces), and r € R. Recall

S;A@%) — C(Q%) if 0< p.g <oo, r>1/p, (3.87)

(again with p < oo for F-spaces). This follows by restriction to Q2 of a corresponding
assertion for R? which is covered by [ST87, pp. 132/133]. One may compare (3.87)
with the non-limiting cases in (3.8), (3.9). For Haar tensor bases we have the Theorems
2.32, 2.38 and in particular 2.41 which apply to the same (% r)—regions as for Haar
bases on intervals, Figure 2.3, p. 82 (with r = 5). Now we wish to do the same with
respect to the Faber system (3.62) for the spaces quB(Qz) and S;H (Q?), where
p and r are restricted as in case of B, (/) and H,(I), Theorem 3.1, Corollary 3.3,
Figure 3.1, p. 127 with p and s = r. Similarly as in case of Haar tensor bases we
split the considerations dealing first with the Besov spaces S, B (Q?) and the Sobolev
spaces S 1} W(Q?) with dominating mixed smoothness. For these spaces we have some
additional information. We refer to Section 1.2.8, in particular to Theorems 1.67, 1.70
and Proposition 1.68. Furthermore we constructed in Theorem 1.66 wavelet bases in
Sop B(Q?) where we relied on Theorem 1.58. Now we are doing the same with respect

to the Faber bases {vo., v1, v} in (3.1) on I = (0, 1) and {vi,, } in (3.62) on Q2.

Theorem 3.13. Let Q2 be the square (3.56) and let {vi,} be the Faber system (3.60)—
(3.62). Let d,fm (f) be the mixed differences according to (3.74)—(3.77). Let s;:]b(@z)

and slfq f(Q?) be the sequence spaces as introduced in Definition 3.8.
(i) Let S}, B(Q?) with

1 1
0<p =< oo, —<r<1+min(—,1), (3.88)
p p

be the above spaces, Figure 3.1, p. 127 (with r in place of s). Let f € D'(Q?) (or
likewise f € L1(Q?)). Then f € S;;;B(Qz) if, and only if, it can be represented as

=3 Maem2 FHRDC=0) ) e sEb(@), (3.89)

keNZ | mePf
unconditional convergence being in L1(Q?). The representation (3.89) is unique with
Mem = Aem () = 280705 g2 () e N2, m e PF, (3.90)

and

T £ A(f) 3.91)
is an isomorphic map of SlﬁpB((Dz) onto si,b(@z). If p < oo then {vi,,} is an
unconditional basis in S;pB((DZ)-
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(i) Let 1 < p < oo. Let f € D'(Q?) (or likewise f € Li{(Q?)). Then f €
S 1} W(Q?) if. and only if. it can be represented as

f — Z Z Akm 2_(k1+k2)(1—%) Viems Ac S;;zf(Qz), (392)

keNZ, meP}

in the interpretation given in Remark 3.9, unconditional convergence being in L1(Q?).
The representation (3.92) is unique with (3.90) and J in (3.91) is an isomorphic
map of S W(Q?) onto s 2f((Dz) Furthermore, {Vgy,} is an unconditional basis
in SI} W((Dz) and

S} nin(py B@Q?) = SIW(@Q?) < SI . ,» B(@Q?) = C(@?). (3.93)

Proof. Step 1. We prove part (i). We are in the same position as in the proof of the
parts (i) and (ii) of Theorem 1.66. Let f € S;pB(IRZ) now with r as in (3.88). Then
we have (1.279), (1.280) with /2 = R x I as there where I = (0, 1) is again the unit
interval on R. Now we expand fx,m, € Bj,(I) according to Theorem 3.1 (i) with
r = s and

oo 2k2_—1

iy (x2) = A6 w9 (x2) + K™ vy () + Z S aktks a7k CmR) L (xa)
=0 my=0
(3.94)
as the adapted substitute of (1.281). But otherwise we can argue as there and obtain
related counterparts of (1.282)—(1.286). This gives the representation (3.89). Using
the properties of vg,, it follows from (3.89) that

_ _1
fl < Y 27 EHERITD up A
keN2, mePf

—(k1+k _1
<|IAlsh, @) > 2R oo
keNZ,

(3.95)

where we used r > 1/p. Together with vi,, € C(Q?) one obtains that (3.89) con-
verges also in C(Q?). This proves again (3.87) but also (3.90) as a consequence of
Theorem 3.10. Finally one can argue as at the end of Step 1 of the proof of Theo-
rem 1.66 that J in (3.91) is not only a map into s b(@z) but a map onto § b(@z)
If p < oo then {vg,,} is an unconditional basis in S’ B(Q?).

Step 2. We prove part (ii). So far we have the equivalent norm (1.309) for the Sobolev
spaces S 1} W(Q?) with dominating mixed smoothness and the properties listed in Propo-
sition 1.68. The last embedding in (3.93) is covered by (3.87). Otherwise, (3.93)
follows from the restriction of

Sl VB(R?) = S)W(R?) = S, ,F(R*) = § ) B(R?) (3.96)

p.min(p,2 p max(p,2
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to Q2. As far as (3.96) is concerned we refer to [ST87, pp. 88/89]. It follows also
from the wavelet representation in Theorem 1.54 and (3.70) with R? in place of Q2.
Let f be given by (3.92). Using (3.70) it follows in the same way as in (3.95) that
(3.92) converges unconditionally in C(Q?) and hence also in L{(Q?). In particular
the representation (3.92) is unique with A, asin (3.90) and f € C(Q?). We simplify
temporarily Q2 by QO = Q2. Based on (3.60) we split f in (3.92) into an interior part

fQ — Z Z Aem 2—(k1+k2)(1—%)vkm (3.97)

keN3 mePF
(having boundary values zero at dQ), a boundary part

oo 2k2_—1

—(kr— _1
2 =volx) Y Y Ap,, 2 ® 0T e () + (3.98)
k2=0 my=0

(zero in the corner points) and a corner part

1 1
FPC = 2207 37 N A g (x1) Uy (22), (3.99)

m1=0m>=0

where we adapted the notation to (3.67), (3.68) and the comments in Remark 3.9, such
that

f=f2q fi0 4 p¥0Q (3.100)

Here + + + in (3.98) refers to three further terms with vy (x1), vo(x2), v1(x2) in place
of vg(x1) according to (3.60). Obviously, f82Q € Sl} W(Q) and

1 1
SN ameme ) 27210

m;=0mo=0

<c|fP2siw(0)| (3.101)
1 1
< DD mem,
m1=0m>=0

By Theorem 3.1 (ii) the x,-factor of the first term in (3.98) belongs to Wpl(l ) =
H,(I) = F,,(I), Figure 3.1, p. 127, with a corresponding equivalent norm. Multi-
plication with vo(x1), corresponding assertions for the three other terms in (3.98), and
the equivalent norms (1.309), (1.312) prove %2 e SI} W(Q) and

4

oo 2/—1
Irisiw@l~ Y [(2 2w Por) CiLm|. @i
1 j=0I=0

r=
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adapted to (3.68). By (3.60) and the Haar tensor system {/,,} according to (2.284)
we have

82
33;’5::) — okitka+2 him(x), k€ IN%, m e [P]ip = [P,f, x € Q. (3.103)

Then it follows from (3.97) and Theorem 2.41 (ii) applied to L,(Q) = S 1(,) H(Q) that

2 0
vIT 3N Akm 252 € 1,(0) (3.104)

axla)Cz
keN3 mePF

L@~ (L X e Z0F) L@ <. G0s)

ke[NO meﬂ’k

H 8x1 8)(?2

where we used A € s£2f(Q). Since £2]0Q = 0 one has by (1.312) that f¢ €
S, W(Q) and

710
172 ISl ~ | 22— ILy(0)| 3.106)

More precisely: First one has this equivalence for finite sums of £€ in (3.97) belonging
to S 1} W(Q) and obtains afterwards 2 € S 1} W(Q) and (3.106) by completion. Then
one has by (3.101), (3.102) and (3.106) that f € SI} W(Q) and

1L/ 1Sy W()Il < e lIX sy / (Q)]]- (3.107)
We prove the converse. By (3.93) and Theorem 3.10 one can represent f € Sl} wW(Q)

as
f - Z Z d/?m(f)vkm = Z Z Ak 2= (k1+k2)(1— )Uk

keN2 | mePf keN2 | mePf (3.108)
= O+ et re.
decomposed as before in (3.97)—(3.99). By (3.93) one has

1 1
YooY <l f ICQN < LS ISy W) (3.109)

m1=0my=0

From (1.311) and Theorem 3.1 (ii) with W, (1) = F, ,(I), Figure 3.1, p. 127, it follows

0o 2/—1

4
/
> [(2 X wxPOR) e, < chs wieo) = ¢ 17 st
r=1 j=0 =0

(3.110)
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By the above considerations one has again f°€ € SIW(Q) and f92 € SIW(Q).
Then € = f — f%2 — £92 € SIW(Q) and by (1.312)

32 fe

21sw(Q)| ~ ‘ L H 3.111
£ IS W ~ | 57— ILp(Q) 311D
with the equivalence (3.105). Hence f € Sl} W(Q) can be represented by (3.92) and

1A 1552/ (D] = cILf 1S, W(O). (3.112)
Together with (3.107) it follows that J in (3.91) is an isomorphic map of SI} W(Q)
onto slszf(Q). O

For later purposes we collect, complement and specify some previous assertions.
This might be considered as the counterpart of Proposition 3.5. Let as before Q2 be the
square according to (3.56), sometimes shortened as Q = Q2. Recall that I = (0, 1)
is the unit interval on the real line R. Let

Aprfo Ahiofi Diaof heR, (3.113)

and
Aot b=, hy) € R, (3.114)

be the same adapted differences as in (1.287), (1.291) and (1.293) with M = 2. Let
S7,B(Q?) and S, W(Q?) be the same spaces as in the above theorem. Let yxm be
the characteristic function of the rectangle Qg in (3.63) and yj; be the characteristic
function of the interval /;; in (3.15). Let Wp1 (0Q) and tryp be asin (1.306) and (1.307).

Corollary 3.14. Let Q% = Q be the square (3.56) in R?. Let {vk,,} be the Faber system
(3.60)—(3.62) and let d,fm (f) be the mixed differences according to (3.74)—(3.77).
(i) Let

1 1
0<p<oo, —<r<1+min(—,1). (3.115)
p p
Then f € S,,B(Q) can be represented as
= > a.(f) vkm (3.116)
keNZ | mePf
with
_1 1/p
1f 185, B ~ (D2 26152002 3™ 142 ())7)
keNZ, mePF

1

i@+ ([ (8o i@l

dh\/?
180/ L@ )

! ! -r 2,2 p dh e
([ [ ammrriais i@l )
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(equivalent quasi-norms with the usual modification if p = 00).
(i) Let 1 < p < oo. Then f € SI} W(Q) can be represented by (3.116) with

£ ISSWO ~ 3 | fm1.my)]

my 0,13
moel0,1}

S 1z, 0.2 10P) Pl 4+
J=0 1=0

(X X 295102, 2 OF) 1L,

kewgmew,f

~fIL

~(;

(equivalent norms).

ILp(Q)H \ L)

0x10x5
I f(x)|?

8)(1 8)&?2

dx) + |trag f IW, (00) |
(3.118)

Proof. The representation (3.116) is a reformulation of (3.89), (3.90). The first equiv-
alences in (3.117), (3.118) follow from the isomorphic maps in Theorem 3.13 and the
related sequence spaces according to Definition 3.8. Here the second term on the right-
hand side of (3.118) refers to the side (0, x5), 0 < x, < 1 of Q. Corresponding terms
with respect to the other three sides are indicated by +++. The other equivalent norm in
(3.118) are covered by (1.309) and (1.312). As for the second equivalent quasi-norm in
(3.117) we rely on Proposition 3.5. First we remark that the last expression in (3.117)
can be written as in (1.295) (with M = 2). Then we apply (3.42) with s = r to the cor-
responding quasi-norm for B, (1) which shows that the continuous quasi-norm can be
replaced by the discrete quasi-norm in the last equivalence in (3.42) with g = p. Now
one can change the roles of x; and x,. Using again (3.42) one obtains the equivalences
in (3.117). O

Remark 3.15. With exception of the second equivalence in (3.117) all assertions of
the above corollary are covered by preceding observations. Corresponding equivalent
norms in terms of continuous differences in the spaces S, B(Q) according to Theo-
rem 1.67 are restricted by p > 1. This comes from a corresponding restriction in
(1.166) for the spaces S;qB([Rz) with a reference to [ST87, Theorem 2, p. 122]. In
other words, (3.117) complements Theorem 1.67 (i) for some spaces S, , B(Q) with
(3.115).
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3.2.4 The spaces S}, B(Q?) and S} H(Q?)

Let again

Q?={x=0(x1,x)eR?:0<x;<1,0<x, <1} (3.119)
be the unit square in R?. In Theorem 3.13 we dealt with Faber bases in some spaces
S7,B(Q?) and S} W(Q?) by specific arguments. The question arises whether these
assertions can be extended to more general spaces S;qB(QZ) and S;, F (Q?) with the
distinguished subclass S; H (@Q?) = Sy F (Q?) of Sobolev spaces with dominating
mixed smoothness. As before, S IﬁqA(CDZ) with A € {B, F} are the spaces with domi-
nating mixed smoothness, introduced in Definition 1.56 as restriction of S, qA([Rz) to
Q2. Recall that

S AQ%) — C(Q%) if 0< p.g=<oc.r>1/p, (3.120)

with p < oo for F-spaces. This coincides with (3.87) where one finds references and
comments. On the one hand we wish to extend Theorem 3.13 (i) from S, B (@3 to
Slqu((Dz) with p,r as there and 0 < ¢ < oco. On the other hand we need for our
later purposes some assertions about traces on dQ? and equivalent quasi-norms of the
same type as for SI} W(Q?) in Proposition 1.68. As before we simplify our notation
and abbreviate again Q = Q2 in what follows. For 0 < p,q < oo, r > 1/p we put

B, (00)={f€C@®Q): fllI € B,,(I;); j =1,2,3,4} (3.121)
with the same interpretation as in (1.306). Let as there
trpo: f > f100 (3.122)

be the trace operator of spaces on R? or on Q into spaces on dQ (if exists). From
[ST87, Theorem 2.4.2, p. 133] it follows that

trap: S, B(Q) = B, (30) (3.123)

is a linear and bounded map. One may ask whether there is a linear and bounded
extension operator

extyg: B,,(00) — S,,B(Q) (3.124)
such that
tryg o extgg = id, identity in B, (0Q). (3.125)
We are also interested in the existence of a linear and bounded extension operator
extg: Sy B(Q) — S, B(R?) (3.126)
such that
reg oextg = id, identity in S;, B(Q). (3.127)

Here reg f = f|Q is the restriction from S;qB([Rz) onto Sy, B(Q). In connection
with (1.98)—(1.102) we explained what is meant by a common extension operator.
Now we generalise Theorem 3.13 and extend Proposition 1.68 from S ; W(Q) to some

spaces Sy, B(Q).
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Theorem 3.16. Let QO = Q2 be the square (3.119) and let {vy,,} be the Faber system
(3.60)—~(3.62). Let d ,fm (f) be the mixed differences according to (3.74)—(3.77). Let
s}:qb(Q) be the sequence spaces as introduced in Definition 3.8. Let S, B(Q) with

1 1
0<p<oo, —<r<1+min(—,1), 0<gq < oo, (3.128)
p p

be the above spaces, Figure 3.1, p. 127 (with r in place of s). Let f € D'(Q) (or
likewise f € L1(Q)). Then f € S,4B(Q) if, and only if, it can be represented as

F= 3 Y @Ry L e sk b(0), (3.129)

keNZ | meP}
unconditional convergence being in L1(Q). The representation (3.129) is unique with
Mem = Aem(f) =287 g2 () ke N2, mePF.  (3.130)
Furthermore,

J: f e A(f) (3.131)

is an isomorphic map of S,, B(Q) onto slfqb(Q), and {Vg, } is an unconditional basis
in S,, B(Q). There exists a common extension operator extg with (3.126), (3.127) and
a common extension operator extyg for the trace operator tryg with (3.123)—(3.125).
Furthermore,

0% f |
axla)(fz

1 185, B = |50 155 BO)| + Jiwso £ 1B,00)] (3132

is an equivalent quasi-norm in S, B(Q).

Proof. Step 1. Let f be given by (3.129). One obtains by (3.95) that this series
converges absolutely in C(Q) and hence also in L;(Q). Furthermore, f € C(Q).
Then it follows from Theorem 3.10 that the representation is unique with Ay, (f) as
in (3.130). Let {vo, v1, v;m } be the Faber system (3.58), (3.59) on I = (0, 1). Let Vjn,
be the functions v;,, extended by zero from I to R. Let

Vo(t) = max(1 — [¢],0), Vi(t) = Vot —1), t€R, (3.133)

be the extension of vg and vy from I to R. Let V,,(x), x € R?, be the corresponding
product functions constructed in the same way as in (3.60). Now f given by (3.129)
with Ag,m = Aem(f) is extended from O to R? by

g=extof = Y Y hm(N)2ETROTD Y, ), (3.134)

keNZ | mePf
We wish to show that g € SlﬁqB([Rz) and that for some ¢ > 0 and all f,

g 1S5 BRI < ¢ [A(f) Is5gb(Q)]I- (3.135)
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Recall that

g -1 2
™ 1S B(R®)

2

2 —1 2
18155, BRI ~ llg 1S5, BRI + 5
=1

(3.136)

0%g

ASvr—lB) RZ
8x18xz| ( )

pq

are equivalent quasi-norms, [ST87, Theorem 2, pp. 98/99]. Let yx,, withk € N2, and
m € Z? be the characteristic functions of the rectangles Q, in (2.236). It follows
from (3.134) that

0%g
8X18X2

= Y Y tm(H 2RO (3.137)

keN2, meZ?

where (., (f) are harmless linear combinations of neighbouring Ag/,,,/( f) (or zero).
We assume temporarily » > 1. Then one can apply Proposition 2.34 with r — 1 in
place of r, hence

According to Remark 2.36, Proposition 2.34 remains valid for hat functions Vi, or
products of hat functions and characteristic functions. This shows that there are coun-

terparts of (3.138) with g and ng] in place of g Then (3.135) follows from (3.136)

/ 0x10xp °
so far under the additional restriction r > 1. We extend (3.135) to the remaining ad-

mitted cases by complex interpolation

0%g
8x18x2

ISIVB(R?) | < eI IsEb(Q)I. (3.138)

[SNB([R?), S;!, B(R*)], =S, B[R?*), 0<6<1, (3.139)

0<rg<l,

1 1
0 < p; <00, max (—,1) <r; <1+ min (—,1), 0<q; <oo, (3.140)
P1 P1

and 0
10 1 % 0 o ton. (3.141)
P P9 q1
This is the extension of the complex interpolation method according to [MeMO0O0],
[KMMO7], described in Theorem 1.22, from isotropic spaces to spaces with dominating
mixed smoothness. We refer to [Vyb06, Theorem 4.6, p. 60]. From Theorem 3.13 (i)

it follows that
lg 1S5 BRH)| < c A(f) IsEob(0)]. (3.142)

The interpolation (3.139) originates from a corresponding interpolation of respective
sequence spaces. Thisis also covered by [Vyb06]. The interpolation property applied to
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the linear operator in (3.134) can be characterised in Figure 3.1, p. 127, by aline segment
. 1 .
connecting (0,79) and (5-,71). Together with g1 — 0 and g1 — oo one can reach

any admitted space S;qB([Rz). This proves (3.135) and by restriction f* € S;, B(Q)
with

1 1S54 B < ¢ IIA(f) Ispgb(Q)] (3.143)
for all admitted cases.
Step 2. We prove the converse. Let f € S7, B(Q) with p, g, r asin (3.128). By (3.120)
and Theorem 3.10 or Theorem 3.13 appliedto S;, B(Q) < S, ,°B(0Q),0 < & < r—%,
it follows that f can be represented by

f= Z Z Akem 2—(k1+k2)(r—%)vkm
keN2 | mePf

with (3.130). We decompose f as in (3.97)—(3.100). Let I; = (0,x2),0 < x; <1,
be one of the four sides of Q. Then f?€ in (3.98) can be written as

19 =vo(x)) try, f + ++ (3.144)
where + + + refers to the three other sides of Q. Recall that

try, f € By, (1), (3.145)

[ST87, Theorem 2.4.2, p. 133]. One can expand this function according to Theo-
rem 3.1 (i) with po = 1 = 01in (3.20). Then

oo 2Kk2—1

—(ko—1)(r—1
20 =vole) DY AL, 2@ g (o) + 4 (3.146)
k=0 my=0
and {A}cz mz} € b;rq (1) in the notation of Theorem 3.1. Similarly for the other three
sides of Q and the harmless corner terms in f 90 But this is the boundary part of
slfqb(Q) in (3.66) with k € N2, \ N3. By the arguments in Step 1 it follows that

P2 4 90 € ST B(Q). Hence
2= 3 dm 2 ®HRDCD) e ST UB(O). (3.147)
keN3 mePF
By (3.136) and its restriction to Q one has the expansion
32 fe
0x10x2

_ _1-1 _
=4 > > MmO, e STUB(Q) (3.148)

2 F
keNg meP;

according to Theorem 2.41 with r — 1 in place of r in terms of the Haar tensor basis
{him} in (2.286). In particular,

{Akm = ke N§, me P =PI} e sHb(0). (3.149)
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But this is the interior part of s gD (Q) In(3.66). Thenit follows thatany /€ S;  B(Q)
can be represented by (3. 129) In particular, (3.129) is a one-to-one map of the quasi-
Banach space slfq})(Q) onto the quasi-Banach space S,, B(Q). We justified in [T08,
p- 199] that one can apply the Closed Graph Theorem as stated in [Woj91, pp. 3/4].
Hence (3.129) is an isomorphic map of s b(Q) onto Sy, B(Q) and J in (3.131) is its
inverse. In particular, {vg,,} is an uncondltlonal basis.

Step 3. We prove the remaining assertions of the theorem. By the above considera-
tions £?2 in (3.146) can be considered as an extension operator from B, (/) with
J = 1,2,3,410 5}, B(Q). Complemented by a corresponding assertion for the corner-

part f #0Q ip (3.99) one obtains in this way a common extension operator
extag: B,,(00Q) — S,,B(Q), trygg oextyp = id, (3.150)

identity in B;q (0Q). Furthermore, (3.134), (3.135) can now be interpreted as the
construction of a common extension operator

extg: S7 B(Q) — S; B(R?), regoextp = id, (3.151)

identity in S, B(Q). It remains to prove (3.132). It follows from the above consider-
ations that
2f

159 155,31 ~ | 22— 157" Bio)| (3.152)

and

Together with f = f2 + (92 4 f 92 one obtains that

1S 1Spg BCO) < cll f2 S5, BIQ)| + ¢ lltrag f | B}, (3O)

(72 + 179) 155 B@)| < ¢ [mo £ 1B, 00 (153

8x1 8)(2

2
2r0 , ,
| 7,0m, 'SMIB(Q)H ' [rag £ 1B, G| (3154
2
¢ ax;; 55780+l 185,00

The converse follows from the above considerations. This proves that (3.132) is an
equivalent quasi-norm in S, B(Q). O

For our later use we need a modification of (3.152). For this purpose we introduce
the following subspaces.

Definition 3.17. (i) Let S, qB((Dz) with

1 1
0<p<oo, —<r<1+min(—,1), 0<g < oo, (3.155)
4 p
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be the same spaces as in Theorem 3.16. Then
SrB@) = {feS, B@): f(1.)= f(t.1) =0 0=t <1}. (3.156)

(ii) Let SI} W(Q?) with 1 < p < oo be the same Sobolev spaces with domi-
nating mixed smoothness of first order as in Proposition 1.68, Theorem 3.13 (ii) and
Corollary 3.14 (ii). Then

SAW@?) ' ={f eSIW@?) : f(I.)y= f(t.1)=0: 0=t =<1}. (3.157)

Remark 3.18. The definition makes sense. This follows for the spaces S, B(Q?) from
Theorem 3.16 and for the spaces S 1} W(Q?) from Proposition 1.68 or Corollary 3.14 (ii).

Corollary 3.19. (i) Let p, g, r be as in (3.155). Then

92 Pf
. =
8)618)62 8)618)62

(3.158)

is an isomorphic map of S[;qB((DZ)—| onto Slfq_l B(Q?).

(i) Let 1 < p < oo. Then ﬁ is an isomorphic map of SI} W(Q?)" onto
Ly(@?).
Proof. If f € S;qB(Q)j,again with the abbreviation Q = Q?, then the representation
(3.129) reduces to

f= 2 Y MmO, e sfb(0), (3.159)

keN2 | mePH

with I]’,f as in (2.285) and SIZb(Q) according to (2.290). Instead of (3.148) one has

”f 1 A=l +k2)(r—1-%) , _ H
I X D Mm2 TR 7 hiem, A €sHb(Q).  (3.160)
keNZ | mePl!
with A}, = Ak if kK € N§ and an immaterial modification if k; = —1 or kp = —1

(caused be different normalisations in (2.284) and (3.60), factors 2 and +/2). We
have (3.152) with f € S;qB(Q)-' in place of f€. Then one obtains part (i) from
Theorem 2.41 (i) with r —1 in place of r and Theorem 3.16. The corresponding assertion
for S, W(Q) follows in the same way from Theorem 2.41 (ii) with L, (Q) = Sy H(Q)
and Theorem 3.13 (ii). O

So far we have satisfactory expansions

= a.(f) vkm (3.161)

keN2 | mePf
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in terms of Faber bases {vj,,} in Q? for the spaces
SrB(@Q%)., 0<p<oo, % <r <1+ min (%, 1), 0<g<oo, (3.162)
Theorem 3.16, Figure 3.1, p. 127, the spaces
C(Q%, S"C(@% =S, B@», O0<r<l, (3.163)
Theorems 3.10, 3.13 (i), and the spaces
S,W(Q*) =S, H(Q*) = S,,F(Q%). 1< p<oo, (3.164)

Theorem 3.13 (ii). One may ask whether these assertions can be extended to other
spaces Sy, F (Q?), in particular to some (Hardy—)Sobolev spaces

STH(Q?) = S; ,F(@%) (3.165)

with dominating mixed smoothness. According to Definition 1.56 the spaces S, H (@?
are the restrictions of S7 H(R?) to Q2. If 1 < p < oo then one has the lifting (1.159)

as a special case of (1.157), (1.158). In some sense ﬁ in (3.158) is the adequate
substitute of J; in (1.157) with o = 1. The proofs of Theorem 3.16 and Corollary 3.19
rely, roughly speaking, on the observation that x?; 5 maps the Faber system {vg,,}
onto the Haar tensor system {/,,} in (2.286) which gives the possibility to employ
Theorem 2.41. In case of the spaces S, H (@Q?) we have the restriction (2.296), but
based on the Remarks 2.39, 2.42 we conjectured that part (ii) of Theorem 2.41 (ii)
can be extended to spaces S, H (Q?) with p,r asin (2.279). There are a few other
points in the proof of Theorem 3.16 for which one has no immediate counterparts for
the spaces S, H (Q?). This applies in particular to the use of complex interpolation
of type (3.139). Nevertheless there are good reasons to assume that Theorem 3.16
and Corollary 3.19 can be complemented by corresponding assertions for the spaces
S, H (Q?) with

2<p<oo, f<r<i+14i,
SPE00 a ==y (3.166)
0<p<2, 5 <1 <3,
Figure 3.1, p. 127. Let
H}(0Q%) = {f € COR?) : f|I; € H}(I;): j =1,2,3,4} (3.167)

be the counterpart of B;q (0Q?) in (3.121). With tryg2 as in (3.122), (3.123) one has
now
traq2: Sy H(Q?) — H}(0Q?), (3.168)

[ST87, Theorem 2.4.2, p. 133]. Similarly as in (3.156) we put
S;H(Qz)j ={feSJH@) : fl.)= ft,1)=0;: 0=t <1}. (3.169)

We summarise the above comments as follows.
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Conjecture 3.20. Let Q2 be the square (3.119) and let {vi,,} be the Faber system
(3.60)—~(3.62). Let d ,fm (f) be the mixed differences according to (3.74)—(3.77). Let
s}:q f(Q?) be the sequence spaces as introduced in Definition 3.8. Let S,H (Q?) be
the above (Hardy-)Sobolev spaces with p, r as in (3.160), Figure 3.1, p. 127. Let
f € D'(Q?) (or likewise f € L1(Q?)). Then f € S;H((Dz) if, and only if, it can be
uniquely represented as

f= Z Z Mem 2—(k1+k2)(r—%) Vkm, A€ s]l:izf(@Z)’ (3.170)
keNZ | mePf

With Ak = Aiem (f) as in (3.130). Furthermore J in (3.131) is an isomorphic map
of S;H(@z) onto sg’zf(Qz) and {Vg, } is an unconditional basis in S;,H((Dz). The
common extension operators extyg2 and extgz for the spaces covered by Theorem 3.16
are also related extension operators

exty2: H) (0Q%) — S H(R?) (3.171)

and
extqz: Sy H(Q?) — S; H(R?) (3.172)

for the above spaces S, H (Q?). Furthermore,

a
ox

2
||f|S;H(®2)||*=H 1;;2|5;,—111r(®2) + |tragz f |H;BQR%)|  (3.173)

is an equivalent quasi-norm in S, H (Q?) and % according to (3.158) is an iso-
morphic map of SISH((DZ)—I onto S;_l H(Q?).

Remark 3.21. The most important case r = 1, hence
S,H(Q) = S;W(R?), 1< p<oo, (3.174)

is covered by the above considerations. Otherwise there are good reasons supporting
the above conjecture, but no final proofs. In case of the Besov spaces the situation is
better, both by the above results, but also by the literature. As mentioned in Remark 3.7
there are a few papers, in particular [Cie77], [CKR93], dealing with Faber expansions
and dyadic discrete spline characterisations for Besov spaces B; (1) on the unitinterval
I = (0, 1). This has been extended in [Kam94, Theorem A, p. 173] to isotropic Besov
spaces and anisotropic Besov spaces, including spaces of type S;, B(R"), 1 < p,q <
oo, I/p < r < 1. If p = ¢q then the corresponding assertions are closely related
to (3.117). If p # g then the respective spaces in [Kam94] are defined directly by
(mixed) differences and not by restriction of related spaces on R” (but this might be
the same spaces, [U1106]). Further discrete characterisations in terms of dyadic spline
systems for Besov spaces may also be found in [Kam97] extending the result of the
above-mentioned papers.
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3.2.5 Higher dimensions

In Section 2.4.5 we dealt briefly with Haar tensor bases in n dimensions, n > 3. The
extension of the corresponding assertions from two to higher dimensions caused no
problems. One has the same situation in case of Faber bases. This may justify that we
restrict ourselves to a few formulations. Let again

Ql={x=(1....5n) eER" : 0<x; < 1} (3.175)
be the unit cube in R", n > 2. Let S;, B(Q") and S, F(Q") with
S,H@Q™) =S, ,F(Q"), 0<p<oo,rekR, (3.176)
be the spaces according to Definition 1.56 with 2 = Q”". Let
{vo, vi, Vjm : j € No; m=0,...,2/ —1} (3.177)

be the Faber system (3.1)—(3.3) on the unit interval / = (0, 1) of the real line R.
Let again N_; = No U {—1} and N” | be the collection of all k = (ky, ..., k,) with
k; € N_j. Then there is an obvious generalisation of the Faber system in (3.60)—(3.62),

{Vkm : k€N, me P}, (3.178)

indicating now the dimension n, [P,f = [P,f 2. There are obvious generalisations
s}fqb(Q”) and sl',vq f(Q") of the sequence spaces in Definition 3.8, where the additional
terms in (3.67) must be taken over all faces of dimensions less than 7, including edges
and corners. Similarly the iterated mixed differences in (3.72)—(3.77) must be taken
with respect to all axes of coordinates. In generalisation of Theorem 3.10 the Faber
system {vg, } in (3.178) is a (conditional) basis in C(Q"). The Theorems 3.13, 3.16
and Corollary 3.14 have n-dimensional counterparts with Q" in place of Q2 for the
same parameters p, r, q as there, independent of n2. In particular, the unique expansions
for f are given now by

TR ID DD IR R (3.179)

keN™ me[P/f'n
with
Mem = M (f) = 2E1 T HDC=5) g2 (pyn ke N7 m e PP, (3.180)

where d ,fm (f)" refers to the n-dimensional version of (3.74)—(3.77). Also the asser-
tions in Theorem 3.16 and Corollary 3.19 about traces, extension operators, equivalent
quasi-norms and liftings have obvious n-dimensional counterparts. We fix a few of
them for later purposes.

The boundary Q" of Q" in (3.175) is the closure of the faces

n
ey =Jai;'. @i ={xeR":x;=00<x, <1 1#j} (3181
ji=1
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anchored at (0, ...,0) € R” and of the faces

n
= Jar. Qi ={xeR:x;=10<x <l [#j} (3182
i=1

anchored at (1,...,1) € R”. Recall that in generalisation of (3.120),
S,B(@Q") = C(Q"), 0<p,g=<oo, r>1/p. (3.183)
In particular the n-dimensional version trygs of the trace in (3.122) makes sense,
traqn: f > f|0Q". (3.184)
Instead of (3.121) we have now for n > 3,
S;,BOQ") = {f € COR") : fIQ};' €S, B@]7"): 1 =0.1; j =1,....n}

(3.185)
and, in generalisation of (3.123) and the arguments in [ST87, Theorem 2.4.2, p. 133],

traqn S;qB((D”) — S;qB(E)(D”). (3.186)
For p, r, q as in (3.155) we extend (3.156) to n dimensions,
Sr,B@") = {f €S,B@") : f]dQ} = 0} (3.187)

where f|0Q] is the trace of f on dQ according to (3.182). In addition to the above
spaces S, B(Q") we are especially interested in the Sobolev spaces SI} W(Q") with
1 < p < co. We refer to Section 1.2.5 where we introduced the underlying classical
Sobolev spaces S; W(R™) which can be equivalently normed by (1.217). As above
S)W(Q™) are the restrictions of S) W(R") to Q" according to Definition 1.56 with
Q = Q". They can be equivalently normed by

1A 1S, W@~ > IID*f L@ (3.188)
aeNg
a;€{0.1}
This is an extension of (1.297) and a consequence of the n-dimensional version of Theo-
rem 1.67 (ii). One has (3.183) with SI} W(Q"), 1 < p < oo, in place of S;, B(Q").
Hence, (3.184) makes sense and

traqr 1 SyW(Q") — S, W(IR") (3.189)

with
S,WOQR™) = {f € COR") : fIQ};' € S,W(QF;H, 1 =0,1; j =1,....n}.
(3.190)

We complement (3.187) by
SAW(@™)' = {f € S,W@") : fldQ] = 0}. (3.191)
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Proposition 3.22. Let Q" be the unit cube (3.175), n > 3.
(i) Let

1 1
0<p<oo, —<r<1+min(—,1), 0<gq < oo. (3.192)
p p
Then

| £ 1874 B@DI" = IS'q_lB(Q")

- ”a + || traqn /1S5, BOQ™) | (3.193)

is an equivalent quasi-norm in S, B(Q"). Furthermore,

o o f

e (3.194)

0x1...0x, 0X1...0x,

is an isomorphic map of S;qB((D")—' onto S£q_1 B(Q").
(i) Let 1 < p < oo. Then both (3.188) and

+ ||tragn £ 1S, WOQ™|  (3.195)

I Issweni = |1t
are equivalent norms in Sp1 W(Q"). Furthermore
SP min(p, 2)B(@”) > S wW@") — S max(p »B(@Q") = C(@"). (3.196)

The operator 55— a according to (3.194) is an isomorphic map of S, LW(@Q™)" onto
Lp(@").

Remark 3.23. These are n-dimensional versions of corresponding assertions for
n = 2. We refer to Theorems 3.13, 3.16 and Corollaries 3.14, 3.19.

3.3 The spaces Sp’qu(Qz)

3.3.1 Introduction and definition

It is one of the main aims of this book to study sampling numbers of compact embed-
dings between function spaces. Of special interest are embeddings of type

id: By, (I) = Ly(I), % < s <1+ min (%, 1), (3.197)
Figure 3.1, p. 127, where I = (0, 1) is the unit interval in R and

id: S5,B(0) = Ly(Q). L <r<1+min(L.1), (3.198)
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where
0=Q={xeR*:0<x;<1,0<x;<l} (3.199)

is the unit square in R2. Here 0 < u < oo. If u < 1 then L, () and L,(Q) are no
longer distributional spaces. Then it is reasonable to interpret id both in (3.197) and
(3.198) in the topological context of spaces of measurable functions as described in
1.1.8. The otherwise somewhat isolated spaces L, (/) with u < 1 can be naturally
incorporated in the larger class AJ, (/) according to Definition 1.33 of possible target
spaces in (3.197). Later on we deal with L,, (), suitable distributional spaces A5, (/)
and suitable spaces A, (/) of measurable functions as target spaces. For spaces with
dominating mixed smoothness the situation is less favourable. In particular there is no
counterpart of the isotropic spaces A,/ (R") and A7, (€2) as considered in Section 1.1.8.
It is not our aim to fill this gap. But we describe a possibility directly related to a
possible replacement of L, (Q) in (3.198) by suitable spaces with dominating mixed
smoothness of measurable functions. We take some aspects of the spaces By, (R") and
B}, (€2) in Section 1.1.8 as a guide. As mentioned in Remark 1.37 with references to
[Net89], [HeNO7] and [T06, Section 9.2] these spaces can be characterised in terms
of atomic decompositions. We are doing the same using the Faber system {vg,,} as
atoms.

Let M(Q) be the collection of all equivalence classes of the Lebesgue almost
everywhere finite complex-valued functions on the above square Q, furnished with
the convergence in measure and converted into a complete metric space. One may
consult Section 1.1.8 where we gave a more detailed description based on a reference
to [Mall95, Section I,5] and where we also justified that the convergence in L,(Q),
0 < p < oo, is stronger than the convergence in measure. One can take M(Q) as
a substitute of D’(Q) when dealing with spaces of measurable functions. We are
interested only in some peculiar subspaces of L,(Q) what simplifies the situation
somewhat.

Definition 3.24. Let O = Q2 be the square (3.199) and let {vj, } be the Faber system
(3.60)-(3.62). Let slfqb(Q) be the sequence spaces as introduced in Definition 3.8.
Let

1
0<p <o, 0<r<1+min(—,1), 0<gq < oo, (3.200)
p

Figure 3.2. Then S, B(Q) is the collection of all f* € M(Q) which can be represented
as

f= 3 Y hm2®FRD g desEb(0), (3.201)

keNZ | mePf
absolute convergence being in L, (Q). Furthermore,
17 1S5 B(Q)]| = inf |2 |s5,b(Q)II. (3.202)

where the infimum is taken over all admissible representations (3.201).
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SRE

Figure 3.2. S, B(Q) spaces.

Remark 3.25. We justify the absolute convergence of (3.201). If 1 < p < oo then
one obtains from (3.201) that

1
| f1Lp(O)] < Z ( Z |Akm|? 7= (k1+k2)(r=)p 2—(k1+k2)) /p

2 F
keNZ, meP/

— Z 2—(k1+k2)r< Z |)Lkm|p)l/p

keNZ, mePF

(3.203)

(modification if p = 00). If 0 < p < 1 then one has
1/p
1 1L = (30 27 37 i) G20
keN2, mePF
This shows that (3.201) converges absolutely in L,(Q) and that
I/ Lo = c 1l 1S5,B(O)]- (3.205)

Formally one can extend the above definition to all » > 0. But this does not make
much sense in our context. The restriction of r from above is suggested by (3.128)
in Theorem 3.16. One may also compare the Figures 3.1, p. 127 and 3.2, p. 156. Let
(pl—l, r) be an admitted couple and let f € S}  B(Q) be given by (3.201) with p in
place of p. Let p» < p;. Then it follows from Holder’s inequality

(L1 1/p 1/p
) (% pl)(k1+k2)( Z |Akm|p2) 2 5( Z |)tkm|pl) " (3.206)
meIP[ mE[P{
k € N3, that f belongs also to S5,48(0) and that

1 1Sp,g B = c Il f 1Sy, B (3.207)
This again suggests to restrict 7 as in (3.200).
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3.3.2 Properties
By (3.205) one has always
S5 B(Q) = Lp(Q), 0<p < oo, (3.208)

for the spaces covered by Definition 3.24. It follows by standard arguments that
S;,B(Q) is a quasi-Banach space. If p > 1, g > 1 then sIZb(Q), normed by
(3.66), is a Banach space. Then S B(Q) with p > 1, g > 1 is also a Banach space.
Asbefore, S, B(Q) are the (distributional) spaces with dominating mixed smoothness

introduced in Definition 1.56 as restriction of S;, B(R?) to Q. One can compare these
spaces with S7B(Q) if one has both

S,,B(Q) = L1(Q) and S, B(Q)— Li1(Q). (3.209)
This is especially the case if both spaces are continuously embedded in C(Q).

Theorem 3.26. Let S;,,B(Q) be the spaces according to Definition 3.24.
(i) Let0O < py < p1 <00,0<q <ooand

1

0<r <1+ min (—, 1). (3.210)
P1

Then
S;lq%(Q) s S;Zq%(Q). (3.211)
(i) Let 0 < p,q < oo and

1 (1

— <r <1+ min (—, 1), (3.212)

p p

Figures 3.1, p. 127, 3.2, p. 156. Then
S,,B(0) — C(0Q). (3.213)
The representation (3.201) is unique with
Mem = Mem(f) = 281FRDC=2) g2 (1) ke N2 mePF.  (3214)

where d,?m (f) are the mixed differences according to (3.74)—(3.77). If, in addition,
either max(p,q) < oo or p = q = o0 then

S54B(Q) = S;,B(Q). (3.215)
(iii) Let 0 < p; < 00,0 <r <2,0<q < oo, and

1

1
=——r>0, (3.216)
D2 P1
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Figure 3.2, p. 156. Then

SpgB(Q) = Lp(Q) if0<p<ps (3.217)

If, in addition, ¢ < min(1, p;) then

Sp1qB(Q) = Lp,(Q). (3.218)

Proof. Step 1. Part (i) is covered by (3.207). We prove part (iii). Let p; < p < p,. If
p > 1 then one obtains from (3.201) with p; in place of p that

_ R 1/
1f 1Ly = 3 2O (3 ) L G219)

keN2, mePF
If p < p, then one has

£ 1Ly < c A Is),b(O)l (3.220)

for any g with 0 < ¢ < oo. If p = p, > 1 then one has (3.220) for all ¢ with
0 < g < 1. This proves (3.217), (3.218) if p > 1. If p < 1 then one has to modify
(3.219) as in (3.204). This proves part (iii).

Step 2. We prove part (ii). If » > 1/ p then one obtains (3.213) in the same way as in
(3.95). This covers also that the representation (3.201) is unique with (3.214) = (3.90).
Then (3.215) follows from Theorem 3.13 (i) if p = g = oo, and from Theorem 3.16
if p < o00,q < o0. O

Remark 3.27. We compare the limiting embedding (3.218) with corresponding as-
sertions for the classical spaces B, ,(/), Definition 1.24, and the spaces B, (1),
Definition 1.33. One has for r > 0,

qu

By () Ly,(I). 0< é = % —r<1,q<ps (3.221)
[TO1, p. 170], [TO6, p. 40],
Sy 4B(Q) = Ly, (0). 0< é = % —r<1,q<ps (3.222)
[HaV09], and
B, ,(I) = Lp,(I). 0< é = % -7, q < pa, (3.223)

[HaS08, Theorem 1.16]. Here (3.222) is a special case of the so-called Jawerth—Franke
inequality using in addition (1.154) and its restriction to Q. This is also covered by
[ScS04, Theorem 3] under the assumption p; > 1. These are the same conditions as
in (3.218) if p, < 1. But they are different if p, > 1. If r > 1/ p then one has (3.215).
But it is doubtful whether this is also valid for other cases.
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3.4 Bases in logarithmic spaces
3.4.1 Preliminaries

We dealt in Section 1.3 with logarithmic spaces. This will be complemented now by
some assertions about Haar bases and Faber bases. But we are not interested in a
systematic comprehensive theory. Just on the contrary, we restrict ourselves to those
spaces which will be of some use later on and where we can rely on the techniques de-
veloped so far. Let B;,;Ib(IR) be the spaces according to Definition 1.72 and let B;;Ib 1)
be the restriction of B;,;Ib([R) to the unit interval / = (0, 1) on the real line R. These
are special cases of the isotropic spaces B;’qb([R”) and B;;Ib (£2) as introduced in Defi-
nition 1.77 and (1.347). However in higher dimensions we do not deal with isotropic
spaces, but with the spaces Sy, B(R2) and S5, B(Q2) according to Definitions 1.79,
1.81. We restrict ourselves again to the two-dimensional case and the unit square

0=Q*={xeR?:0<x;<1,0<x <1} (3.224)

We illustrate the necessary modifications when switching from spaces, say, B, (R") =

BIS,’,IO([R”) to spaces B;’qb([R”) with b € R. In Definition 1.5 of atoms one has to replace
the normalising factors in (1.31) and (1.32) by

ID%ajm(x)] < 277672 F (14 )P ol < K—1, j € No, m € Z", (3.225)
and

|D%ajm(x) = D%ajm()| < 277214 )Pl -y, (3.226)
lo| =K —1, j € Ng, m € Z". ‘
Then one has Theorem 1.7 (i) with B;’qb (R™) in place of B;,(R") where the conditions
for K, L,d and the sequence spaces bp, are the same as there. This is covered by
[MouO1, Theorem 1.18] and the above comments in Remark 1.6. But the additional
factors (1 4 )~ are typical and harmless in the above relevant estimates. There is
a direct counterpart of Definition 1.9 of related kernels of local means and of Theo-
rem 1.15 (i). This can be used to extend characterisations in terms of wavelets according
to Theorem 1.18 (ii) from B, (R") to B;;Ib([R”). But this follows also from real in-
terpolation with function parameters as described in (1.351), (1.352) going back to
[Mer84], [CoF88]. We refer also to [AImO05]. Afterwards one can argue as above. In
the proof of the crucial Proposition 2.6 (i) (and in Remark 2.7) one has to replace the
convergence-generating factors

. a1+ .
ekl py 2—au—k|(1+Ti) < ¢ Bli—k (3.227)

where0 < § < ¢&,b € R, j € Ng, k € Ng. There is a counterpart of Proposition 2.8 (i).
This paves the way to extend the assertions for Haar bases and Faber bases from B, (R),

By, (1) to B;,;Ib([R), Bls,’qb (I). A detailed formulation will be given in the next section.
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We have a similar favourable situation for the spaces S lr,;]bB (R?), S;;IbB (Q?) com-
pared with S}, B (R?), S g B (Q?). With the same replacement as in (3.227), now in two
dimensions, one has a counterpart of the crucial Proposition 2.34 (and Remark 2.36).
Similarly there is a counterpart of Proposition 2.37. Both together pave the way to
extend the assertions for Haar bases and Faber bases from S qB([Rz), SIZqB(Qz) to

S ;’qu (R?), S;;IbB (@?). A detailed formulation will be given in Section 3.4.3 below.

3.4.2 The spaces B, (R) and BJ, (I)

Let B;,;Ib (R) be the spaces introduced in Definition 1.72 and let BIS,;Ib (1) be its restric-
tion to the unit interval / = (0, 1) according to Definition 1.77 (ii). We collected in
Section 1.3.2 a few properties. This will now be complemented by Haar bases and
Faber bases relying on the hints in the preceding Section 3.4.1. First we extend Theo-
rem 2.9 (i) using the same notation and conventions as there. In particular, {/;,} is
the Haar system according to (2.93)—(2.96) and the sequence spaces b;q have the same
meaning as in (2.100), (2.101).

Theorem 3.28. Let0 < p < 00,0 < g < o0,

1 1
— —1<s5 <min (—, 1), (3.228)
p p

andb € R. Let f € S'(R). Then f € Bls,’qb([R) if, and only if, it can be represented as

o0
—i(s—L o — _
F=3 > wim2 7P+ P hjm. € by, (3.229)

j=—1meZ

unconditional convergence being in S’(R) and locally in any space BJ,(R) witho <s.
The representation (3.229) is unique,

Bim = 1ym(£) = P F0 4 P [ 0 im0 dx, N m e,
R
(3.230)

and

J: e ulf) (3.231)
is an isomorphic map of B;;Ib([R) onto b,,. If, in addition, p < 00, g < 00, then
(2776 DQ 4 )P hjm - j €Ny, meZ} (3.232)

is an unconditional (normalised) basis in B;;Ib([R).

Remark 3.29. This is the generalisation of Theorem 2.9 (i) and the preceding technical
explanations given there. We indicated in Section 3.4.1 that the corresponding proof can
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be carried over. This applies also to the additional use of duality and real interpolation.
Another possibility would be to rely on the real interpolation (1.351) with functional
parameter in the same way as in [AImO05].

Next we deal with Haar bases and Faber bases for the spaces B ;,zlb (1). This extends
Theorem 2.13 (i) with s as in (2.134) from B;q (1) to B;;;Ib (1) and Theorem 3.1 (ii)

with s as in (3.19) from B; (I) to B;’qb (I). We use the same notation and technical
explanations as there. In particular,

{ho, hjm : j € Noy m=0,...,2/ —1} (3.233)

is the same L o,-normalised orthogonal Haar basis in L, (1) as in (2.128), (2.129). Let
bpq (1) be the related sequence spaces according to (2.130), (2.131). Let

{vo, V1., Vjm : j € Noy m=0,...,2/ —1} (3.234)

be the Faber system (3.1)—(3.3). Let b; 4 (1) be the related sequence spaces according
to (3.16), (3.17). Let (A;_j_1 £)(27/m) be the same second differences as in (3.5).

Theorem 3.30. (i) Let0 < p < 00,0 < g < o0,
1 . 1
——1l<s<min|—,1], (3.235)
p p

and b € R, Figure 2.3, p. 82. Let f € D'(I). Then f € B;;Ib(l) if, and only if; it can
be represented as

oo 2/-1

—i(s—1 N—
f=toho+ Y Y wim2 TP A+ P hjm, @€ bpe(D),  (3236)
j=0m=0

unconditional convergence being in ng(l ) with 6 < s. The representation (3.236) is
unique,

= = h d )
{Mo no(f) = [; f.((xili(f? x b (3.237)
Mjmzﬂjm(f)=2js 4 (I+j) /1 f(x)hjm(x)d)@
j€Ng;m=0,...,27 — 1. Furthermore,
J: e ulf) (3.238)

is an isomorphic map of B;,;Ib (1) onto bpg(I). If, in addition, p < oo, ¢ < 00, then
(3.233) is an unconditional basis in B;;Ib ).
(i) Let0 < p < 00,0 < g < o0,

1 1
— <5 <1+ min (—, 1), (3.239)
p p
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and b € R, Figure 3.1, p. 127. Let f € D'(I). Then f € B;’qb(l) if, and only if, it
can be represented as

0o 2/ -1

—j(s—L1 —
f=tovo+pivi+ Y Y wim2 TP A+ P v pe bl (1), (3.240)
j=0 m=0

unconditional convergence being in By, (I) with o < s and in C(I). The representa-
tion (3.240) is unique, . = u( f) with

po(f) = f(0), i (f) = f(1),

(s—L1y_ . . (3.241)
wim(f) = =277 1+ )P (A2, £)@m)
where j € Noandm =0, .. .27 — 1. Furthermore,
J: e ulf) (3.242)

is an isomorphic map of B;;Ib (1) onto b;rq (I). If, in addition, p < 00, g < 00, then
(3.234) is an unconditional basis in B;’qb ().

Remark 3.31. This is the generalisation of Theorem 2.13 (i) and Theorem 3.1 (i).
We took over the corresponding formulations and notation. Otherwise we outlined
in Section 3.4.1 that the key ingredients of the proofs remain valid if switching from
B, (1) to Bls,’qb (7). But we add a few comments. Recall that

- b +
By, f(I) = B,/ (I) = By (1) foranyb € Rand e > 0. (3.243)

The reduction of part (i) to Theorem 3.28 can be done similarly as in the proof of Theo-
rem 2.13 where (3.243) ensures that B,s,;]b(l ) can be identified with the counterpart
of (2.141). The pointwise multiplier property of characteristic functions follows also
from the interpolation (1.352). In case of part (ii) one can follow the proof of Theo-
rem 3.1 combined with the corresponding comments in Section 3.4.1. The substitute
of (3.30) follows from the above observation that v}, are (not normalised) atoms in the
counterpart of (3.29). In connection with (3.32)—(3.34) we used (3.6), (3.7). But this
remains also valid for the spaces B;;Ib (I). This can be justified again by a reference to
[TOS8, Proposition 4.21, p. 113] combined with (1.353)—(1.355). This proves part (ii).

Remark 3.32. One may ask for equivalent quasi-norms for the above spaces B;;Ib([R)
and B;;Ib (I). So far we have Proposition 1.74 based on the references in Remark 1.75

for the spaces B;’qb([R) and related comments (or conjectures) for the spaces B;’qb )
in Remark 1.76. In Proposition 3.5 we collected equivalent quasi-norms for the spaces
B, (I) with (3.239)=(3.40). There is hardly any doubt that there is a full counterpart

of (3.42) for the spaces B;’qb (I). But this is not covered by the previous considerations.
So we restrict ourselves to the extension of the last expression in (3.42) from Bls,q 1)

to BSP(I):
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Let B;}Ib (1) be the same spaces as in Theorem 3.30 (ii) with 0 < p,q < 00, b € R
and

1 1
~ <s<1+min (—, 1). (3.244)
p P

Then [ € B;’qb(l ) can be represented as

0o 2/—-1

@)= FOO =0+ fx =333 (A1, /)@ m) um(x), (3249)
Jj=0 m=0
x el,and
Lf 1By (D

~ [fO) + /(D]

i1 (3.246)

(S b (T 63 neml) )"
=0 m=0

is an equivalent quasi-norm (with the usual modification if p = oo and/or ¢ = 00).

3.4.3 The spaces S,.” B(R?) and S, B(Q?)

In Section 3.4.2 we extended Haar bases and Faber bases for B, (R), B, (/) to

their logarithmic generalisations B;;;Ib([R), B;;]b (I). Now we are doing the same for
spaces with dominating mixed smoothness extending Haar bases and Faber bases for

S7,B(R?), S) B(Q?) to their logarithmic generalisations S5 B(R?), S52 B(Q2). Re-
call that @2 is the unit square (3.224) in R2. Let S5 B(R?) and Sy B(R?) be the
spaces introduced in the Definitions 1.79, 1.81. First we extend Theorem 2.38 using
the same notation and conventions as there. In particular,

{hicm = k € N2, m € 7%} (3.247)
is the (Loo-normalised) Haar tensor system (2.225), (2.226) with n = 2 based on
(2.224). Let sp4b(R?) be the sequence spaces introduced in Definition 2.30.
Theorem 3.33. Let0 < p <00, 0<g<o00(l <g<ifp=00),beRand

1

1
— —1<r <min (—, 1), (3.248)
4 P

Figure 2.3, p. 82 (with s = r). Let f € S'(R?). Then f < S;;IbB([Rz) if, and only if,

it can be represented as

F= 3 n 2T Q@ k)P Q@ k) Phim. 1 € 5pgb(R2),
keN2 | meZ?

(3.249)
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unconditional convergence being in S'(R?) and locally in any space Sp, B(R?) with
o < r. The representation (3.249) is unique,

im = (1) = 28IV Q 1) 2+ ko) A F ) i (x) dx.

(3.250)

Furthermore,
o fo {iem ()} (3.251)
is an isomorphic map of S;’qu([RZ) onto spab(R?). If, in addition, p < 00, ¢ < 00,

then (3.247) is an unconditional basis in S;fB(le).

Remark 3.34. This is the direct generalisation of Theorem 2.38. The most substantial
ingredients of the related proof are the Propositions 2.34, 2.37. They can be extended
to the above situation as mentioned at the end of Section 3.4.1. This applies also to the
other tools used in the proof of Theorem 2.38 such as duality and interpolation.

Next we deal with Haar bases and Faber bases for the spaces S;;]bB (@?%). This
extends Theorem 2.41 (i) and the related parts of Theorem 3.16. We use the same
notation and technical explanations as there. In particular,

{hiem = ke N2, me P} (3.252)

is the Haar tensor system (2.284)—(2.286). Let sg]b (Q?) be the related sequence spaces
according to (2.289), (2.290). Let

{okm 1 ke N2, mePf} (3.253)

be the Faber system (3.60)—(3.62). Let d ,fm (f) be the mixed differences according to
(3.74)-(3.77). Let sLb(@z) be the sequence spaces as introduced in Definition 3.8.

Theorem 3.35. (i) Let0 < p <00, 0<g <00 (1l <qg=<o0ifp=00),beR, and

1 1
——1<r <min (—, 1), (3.254)
P 4

Figure 2.3, p. 82 (with r in place of s). Let f € D'(Q?). Then f € S;fB((DZ) if,
and only if, it can be represented as

F= 3 Y M2 @R L k)P ko) P e, A € sED(@),
keN2 | mePH
(3.255)
unconditional convergence being in D'(Q?) and in any space S qu((Dz) witho <.
The representation (3.255) is unique, A = A(f),

Mem = Aiem (f) = 281702 (2 4 k)P (2 4 ky)? / S ) hm (x) dx. (3.256)
QZ
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Furthermore,

J: = Af) (3.257)
is an isomorphic map of S;fB(®2) onto sﬁb(@z). If; in addition, p < 00, ¢ < 00,

then (3.252) is an unconditional basis in S Iff (@3).
(ii) Let

1 1
0<p<oo, —<r<1+min(—,1), 0<gq < oo, (3.258)
4 p

and b € R, Figure 3.1, p. 127 (with r in place of s). Let f € D'(Q?) (or likewise
f € Li(Q?)). Then f € S;;IbB((DZ) if, and only if, it can be represented as

F= 3 3 am 2O D 04 k)@ 4 k) P o, A e sEB(@D),
keN2 | mePf
(3.259)

unconditional convergence being in L1(Q?). The representation (3.259) is unique,

A =Af),

Mem = dam (f) = 281FDC=3) 0 4 Yo (2 1 p)P d2. (f), keN*, mePf.
(3.260)
Furthermore,

J: £ Af) (3.261)

is an isomorphic map of S;’qu(Qz) onto sfqb(Qz) and (3.253) is an unconditional
basis in S;,;IbB((DZ).

Remark 3.36. Part (i) is the extension of Theorem 2.41 (i). It follows from the above
Theorem 3.33 in the same way as in the proof of Theorem 2.41. Similarly, part (ii)
extends some assertions from Theorem 3.16. We gave a detailed proof of this theorem
based on preceding observations and some references. All this can be extended to the
above case. However we must admit that this has not yet been done for all ingredients
needed. But this does not matter very much for what follows. We do not need that
S ;QIbB (Q?) is the restriction of S ;fB (R?) to @2, but that it is the collection of all f
which can be represented by (3.259). Then one has also (3.260) and the isomorphic
map (3.261). The other assertions in Theorem 3.16 can also be carried over.

3.5 Faber splines: an outlook

3.5.1 Preparations

The restriction of the Haar system {/;,, : j € N_;,m € Z} on R according to (2.96)
to the unit interval / = (0, 1) on R causes no problem. One obtains the Haar system
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(2.128), (2.129). Integration of hj,, gives essentially the related Faber functions in
(2.5), (3.3),
X
Vjm(x) = 2f+1/ Bim(y)dy, x€R, jeNpm=0,...,27 —1. (3.262)
—00

This simple observation explains why the Faber expansions in Theorem 3.1 can be
reduced to corresponding assertions for Haar bases, where the smoothness s — 1 for Haar
bases is lifted by 1, hence s with (3.19) for B-spaces, Figure 3.1, p. 127. Afterwards
we extended these assertions to higher dimensions and related spaces with dominating
mixed smoothness. This will be fundamental when dealing in the following chapters
with sampling, numerical integration and discrepancy. For pointwise evaluation of, say,
S € Bj,(I) the restriction s > 1/p is natural. But the restriction s < 1 + min(%, 1)
in (3.19) originates from the limited smoothness of the hat-functions v;,. In this
Section 3.5 we outline a way how to overcome this restriction. Basically we replace
the Haar functions /,,, by the spline functions hém as considered in Section 2.5.2,
especially Theorem 2.49. However this causes some problems, and a detailed theory
might be a rather substantial undertaking. We restrict ourselves to a few key ideas
which show that there is a way to extend the above theory (and also what follows)
from, say, spaces B, (1) with p, g, s as in Theorem 3.1 to spaces B, (/) with

1 1
0<p,qg <o, —<s<2l+1+min(—,1), [ € Np. (3.263)
p 4

We begin with two preparations. First we show thatitis sufficient to deal with functions,
say, € By, (R) with compact supportin a fixed interval. Secondly we wish to provide
a better understanding of what follows. For this purpose we sketch typical arguments
used later on in case of Haar functions and Faber functions where we already know the
outcome.

Preparation 1. Let again / = (0, 1) be the unit interval on R and let
feBs,(I), 0<p.q=<oc,s>max (%, 1) - 1. (3.264)

Then f can be extended from / to R by the classical Hestenes method. We may assume
that supp f C [0, 1/2). Then we extend f from x > Oto x < 0O by

f(x) if x >0,
t — 3.265
extr f(x) {Zf:lalf(—lx) itx <0, ( )
withs < L € N and
L
Y (=Dfgl* =1, k=0....L-1 (3.266)
=1

We refer for details to [T92, Section 4.5.2, p. 223] (and to [HaTO0S8, Section 4.6.1,
p. 112] for historical comments). If, in addition, s > 1/p then pointwise evaluation
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makes sense and

L
extz fQ7/m) =Y a; f(=27ml), jeNo, 0>meZ. (3.267)
=1

In particular the function values of extz, f in the lattice points 27/ Z can be reduced to
function values in / N 27/Z. Later on we use expansions of type (3.20), (3.21) for
estimates of sampling numbers from above. One may consult Section 4.2 below. Then
itis quite clear by the above observation (3.267) that any such estimate for extz, f gives
also a corresponding estimate for f € B; (). In other words, it is sufficient to deal
with functions f* € B;,(R) with supp f C I avoiding discussions what happens at
the endpoints O and 1 of 7.

Preparation 2. We outline how the above Faber expansions can be obtained from Haar
expansions by direct arguments. This will be taken as a guide for what follows later
on. Let

S € By (R) withsupp f C I, (3.268)

and

1 1
0<p,q <00, —<s<1+min(—,1). (3.269)
p p

We apply Theorem 2.9 to f/ € B;;l([R) where {h;,,} is the Haar system (2.93)-
(2.96). Let ym be the characteristic function of the interval (m,m+ 1) withm € Z
and (A%f iaf ) (277 m) be the second differences according to (3.5). Then one has

EED W UCY NPT S SELIMEN WA RGOS

meZ JjENo meZ
== Y 2(A2, )2 m) hjm(x).
jeENgmeZ
(3.270)
Integration gives
x 1 271 .
0= [ roay=-3 ¥ ¥ (030N m . xR

—o0 jENg m=0

(3.271)

in terms of the Faber functions in (3.3). This coincides with (3.4) as f(0) = f(1) = 0,
extended from 7 to R.

3.5.2 Faber splines

Let il (x) = hfw (x) be the basic spline of order /, [ € Ny, according to Section 2.5.1
with the properties mentioned there. If / = 0 then we assume that 4%(x) coincides
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with (2.93). In particular,
X
v2(x) = vo,0(x) = 2/ h°(y)dy, xeR, (3.272)
—0o0

is the basic Faber function in (3.3) extended from / to R by zero. We call

X t 15t
vh(x) = 2/ / / hl(t)deds ...dy, x €R, (3.273)
—00 —00 —00

a basic Faber spline (of order [), where | € Ng (with v° as in (3.272)). We collect
some properties which originate from the properties (i)—(iv) of 4 in Section 2.5.1.

Proposition 3.37. Let ] € Ng and let v' be the above functions.

(i) Then v! has classical continuous derivatives up to order 21 inclusively on R.

(i1) The restriction of v! 10 each interval (m,m + %) with2m € Z is a polynomial
of degree at most 21 + 1.

(iii) There are constants ¢ > 0, o > 0, such that

<ce R 2y eR\ Z, (3.274)

dk
’dxkvl(x)
andk =0,...,2] + 1.

(iv) Furthermore,

/ vh(x)dx # 0. (3.275)
R

Proof. The case [ = Qis clear. Let/ € N. Then it follows from (2.322) with k = 0
that

hbl(x) = /_x hl(y)dy = —/oo hl(y)dy, xeR, (3.276)

and

d
|h' ()] + ’—d Wlx)| <ce @™ xeR. (3.277)
X

Letk =0,...,/ —1. Then

KK+ B () = / (KRB () dy
> (3.278)

e o0
- / k + Dy* h1 () dy — / VU () dy.

—0o0 X

where we used (2.322). Now x — oo shows that

o0
/ yE b (y)dy =0 where k=0,...,1—1. (3.279)
—0o0
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Iteration

P X
Rl (x) =/ 1 (y)dy, vl(x) = 2/ Wt(y)dy, xeR,  (3.280)
—0Q o0

with r = 1,...,1 and the properties of h! = hﬁw according to Section 2.5.1 prove all
assertions for v! with the exception of (3.275). But this follows from Theorem 3.40
below by contradiction. O

Definition 3.38. Let / € N and let v/ be a basic Faber spline of order / according to
(3.273). Then 4
{vjl-m(x) =0 (2/x—m) : j € No, m € Z} (3.281)

is called a Faber spline system of order [.

Remark 3.39. Let v;,, be the same functions as in (3.3). Then it follows from (3.272)
that
{Vjm : j € Ng, m € Z} (3.282)

is a Faber spline system of order 0. It is the classical Faber system (3.1) without the
functions vg and vy, but extended from 7 to R.

Let I* = (0,1/2) be half of the unit interval / = (0,1) on R. Let E;q(l*) be
the spaces introduced in Definition 1.24 (ii). We are interested only in spaces with
s > 1/p. Then it follows from (1.92), (1.93) that

B3, (I*) = {f € By, (R) : supp f C I*} (3.283)

makes sense. Now we extend the second preparation in Section 3.5.1 from Haar system,
Faber system (of order 0) to spline systems, Faber systems of order / € N. As said
above we are more interested in the description of key ideas than in technical details.
Otherwise we extend some assertions of Theorem 3.1. Recall that s > 1/p ensures
(3.10), hence the continuous embedding of B, (I*) and E;q (I*)into C(I*).

Theorem 3.40. Let | € Ny and let {vjlm} be the Faber spline system of order |
according to Definition 3.38. Let 0 < p,q < oo and

1 1
— <s<2l+1+min(—,1), (3.284)
4 p

Figure 3.3, p. 170. Then f € Els,q (I*) can be represented as

2/ -1

f0 =33 Y d,, F7 k) v, (), xel, (3.285)

JENg meZ k=1
unconditional convergence being in C(I1*), where a,lc m € Rwith
lak | <cePPmHk mez; ke, (3.286)

for some B > 0 and ¢ > 0.
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Figure 3.3. Faber splines.

Proof. Using (3.283) it follows that
U+D(x) e B2 (R), supp fU*V cI* (3.287)
pq
with

1 1
0<p,qg < o0, ——1—l<o<l+min(—,l). (3.288)
p p

One can apply Theorem 2.49 (i) and Theorem 2.46 (i) with o in place of s. Then

F @ =3 S 27, () /Rf(’“’(y)hﬁ-m(y)dy. (3.289)

j=—1meZ
Let j € Ng. Then one has by (2.323) and (3.273) that

l l d21+lvl

. dh ; .
() =27 — (27 x —m) = 27171
dx!

o im 2/ x —m). (3.290)

dx21+1

These functions are constant on the intervals (27/~'k,27/~!(k + 1)). Using integra-
tion by parts it follows (at least for smooth functions) that

zf/f(’“)(y)hj.m(y)dy=(—1)’ /DTN ST (3291
K kez
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with
b]lcm — (Ul)(21+l)(2j (2—j—1k _ 2—j—1) _ m) . (vl)(21+1)(2j2_j—1k _ m)
— (vl)(zl-l-l)(% _ % —m) _ (vl)(zl-l-l)(% —m).
(3.292)
If j = —1 then one has f(k/2) in the counterpart of (3.291). But this is zero by
assumption. Hence (3.289) reduces to the terms with j € Ny (even with j € N). This

can be extended to arbitrary functions f in (3.287) by approximation (in Section 3.5.3
below we add a few comments about convergence). One has by (3.281) and (3.273),

I+1

ity () = h' (2P x —m) =2 1( v’)(zfx —m) =271 (] D (),
(3.293)
We insert (3.291), (3.293) in (3.289). Using Proposition 3.37 one obtains by integration

that

dx!+1

S ==D2723 3 S bk, (27 ) vl (). (3.294)

Jj=0 meZ keZ

This proves (3.285) where (3.286) follows from (3.292) and (3.274). For the expansion
of £¢*1) in (3.289) one has the convergence properties according to Theorems 2.46,
2.49. This can be transferred to corresponding convergence assertions for f in (3.285).
(We add a few comments about convergence in Section 3.5.3 below.) In particular, this
series converges unconditionally in C(I*). O

Remark 3.41. If [ = 0 then {v 'mt = {Ujm} is the classical Faber system (3.282) =
(3.3). In this case one can replace I* = (0,1/2) in the above theorem by I = (0, 1).
But this is unimportant. According to Theorem 3.1 any

feBy,*), 0<pg<oo, +<s<Il+min(s,1), (3.295)
can be represented by
fo)=—3 Z Z i [)@Tm) vjm(x) (3.296)
jeD\lo m=0

with the indicated convergence properties. In particular

271
Yo ag, QT =—3(A2 L f)@Tm). jeNo.meZ (3297
k=1

where only m =0, ..., 27 — 1 is relevant. The function Ujm 1s supported near 277 m

and the related function values of f needed are also in a neighbourhood of 2=/ m. If

[ € N then the situation is different. By (3.281) and Proposition 3.37 the functions

1 i .
U}y are concentrated near 277/ m from where they decay exponentially, but they do not
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have compact supports. According to (3.286) the numbers afc ., concentrate atk = 2m.
This shows that the factor of v]l.m in (3.285),

2/ -1
Z aim f(2_j_1k), concentrates at 2~/ m, (3.298)
k=1

and decays exponentially from there. This is a reasonable substitute of the correspond-
ing compactness assertions in (3.297).

3.5.3 Comments, problems, proposals

The above Theorem 3.40 has not the same final character as Theorem 3.1 in case of the
Faber system {v;,, } evenif f isrestricted to (3.296) (which means f(0) = f(1) = 0).
It was our main aim to make clear that there are expansions of type (3.285) in spaces with
higher smoothness based on pointwise evaluation. One can expect that this observation
paves the way to extend the theory developed in this Chapter 3 for the Faber system
{vjm} to the Faber spline systems { v]l-m} of any order / € Ny. Nothing has been done
so far and these remarks may also be considered as a proposal for future research. In
this sense we add a few comments.

1. Convergence. First we comment on the representation of f € E; ,(I™) with p, q,
s as in Theorem 3.40. Let b,, be the sequence spaces according to (2.41), (2.42). We
suppose that " can be expanded in S’(R) by the unconditionally convergent series

F= 33 w27 (3.299)
jENo meZ

Then f¢+D ¢ B;;l ~1(R) can be represented in S’(R) by the unconditionally conver-

gent series
—i(s—l—1—1
FED =23 N 2D R (3.300)
jeENgmeZ
where we used (3.281), (3.273) and (2.323). By (3.287) and (3.288) witho = s —/ — 1
it follows from Theorem 2.49 that

p="{tjm: j € Nos m € Z} € bpq. (3.301)
This representation is unique. Compared with (3.285) one obtains that
27 -1
wim =270 3" dl, F(277 k) = 27679 DL, £ (3.302)
k=1

indicating notationally that these coefficients are finite distinguished linear combina-
tions of the function values f(277/~'k). If / = 0 then we have (3.297). Furthermore,

(2o b 10k r17)") < 15,0l (3:303)

j=0 meZ
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where the equivalence constants are independent of f € E;q (I'*), quasi-normed ac-
cording to (3.283) (usual modification if p = oo and/or ¢ = o00). This extends
essentially the discrete quasi-norm in the last line of (3.42) from/ = Oto/ € Ny
(under the above specific situation which means f(0) = f(1) = 0). Formally one can
derive the above assertions first for functions belonging to D(/*) = C5°(1*). This set
is dense in Els,q (I*)if p < 00, g < 0o. The rest is a matter of completion. Afterwards
one can incorporate the cases with max(p, g) = oo.

2. Full spaces. It would be desirable to extend the above considerations to B, (1*)
(and F,,(I*) with the Sobolev spaces H,(I*), 1 < p < oo, as special cases). We
outlined in Preparation 1 in Section 3.5.1 a way how to reduce the full spaces B, (")
to spaces as considered in Theorem 3.40. This is somewhat in contrast to Theorem 3.1
where we dealt directly with Faber bases in Bls,q (I). Butif s is large, say, s > 1 + %,
then one must find a way how to deal with, say, f’(0) (and maybe higher derivatives).
This does not fit immediately in the above context. Preparation 1 in Section 3.5.1
circumvents this obstacle.

3. Higher dimensions. In Section 3.2 we dealt with Faber bases for spaces with
dominating mixed smoothness in cubes. We refer in particular to Theorems 3.13, 3.16
and Section 3.2.5. Our approach relied on a corresponding theory for expansions in
terms of Haar tensor bases as presented in Section 2.4. We described in Section 2.5.4
how this theory can be extended to spline tensor bases in higher dimensions. This may
serve as a fundamental to develop a corresponding theory for Faber splines in suitable
spaces with dominating mixed smoothness in higher dimensions.

4. Sampling and integration. In the following chapters of this book we deal with
sampling, numerical integration and discrepancy, especially on intervals and cubes.
This will be based on Faber expansions with Theorems 3.1, 3.13, 3.16 as the main
references. This causes the restrictions

1 1
0<p,g <00, —<s<1+min(—,1), (3.304)

4 p
(r = s in higher dimensions) for the source spaces. If one replaces Faber systems
by Faber spline systems of order / € Ny according to Definition 3.38 then there is

a reasonable chance to extend this theory from spaces with p, g, s as in (3.304) to
corresponding source spaces with

1 1
0<p,g<o0, —<s<2[—|—1+min(—,l), [ € Ny, (3.305)
p p

Figure 3.3, p. 170.



Chapter 4
Sampling

4.1 Definitions, sampling in isotropic spaces
4.1.1 Definitions

This Chapter 4 deals with sampling numbers as an application of expansions of func-
tions by Faber bases, treated in the preceding Chapter 3. First we collect some defini-
tions.

Asusual 7: A < B means that 7 is a linear and bounded (continuous) operator
(map) from the quasi-Banach space A into the quasi-Banach space B. If A C B then
id: A — B stands for the identity (embedding) @ = ida € B with a € A, also
abbreviated by A «— B.

Let 2 be a bounded domain in R”. Recall that domain means open set. We are
interested in compact embeddings

id: G1(Q) = G2(Q), A.1)

where {G1(2),G2(R2)} C D’(2) are either distributional quasi-Banach spaces or
{G1(R2), G2(2)} C M(R2) are quasi-Banach spaces of Lebesgue-measurable func-
tions. As usual, D’(2) is the space of all complex-valued distributions on €2, whereas
M(€2) is the collection of all equivalence classes of Lebesgue almost everywhere finite
complex-valued functions in €2, furnished with the convergence in measure and con-
verted into a complete metric space. We refer to Section 1.1.8 where we gave a more
detailed description with a reference to [Mall95, Section 1,5]. Recall that C(£2) is the
collection of all complex-valued continuous functions in S_Z, furnished in the usual way
with a norm, Definition 1.24 (iii), Remark 1.25. We always assume that the source
space G1(2) is continuously embedded in C(2),

id: G1(Q) = C(Q), (4.2)

interpreted as usual: In each equivalence class of G1(£2) there is a (uniquely deter-
mined) continuous function in € to which (4.2) applies.

Next we describe the basic ingredients of sampling methods for the compact em-
bedding (4.1), (4.2). Let {xj};.;l C Q. By (4.2) the information map

Ni: G1(Q) — CF, keN, 4.3)

given by
Nef = (f)...o f(5),  f € Gi(Q), (4.4)
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according to the above interpretation makes sense. As usual, C¥ is the collection of all
k-tuples of complex numbers. Let

Sy = @) o N, where @ : C* > G»(Q) 4.5)
be an arbitrary map (also called method or algorithm). Hence

Sef = O(f(xY), ..., f(x5) € G2AQ), [ € G1(Q). (4.6)

One wishes to recover a given continuous function f € G1(R2) in Go(L2) by asking
for optimally scattered points {x/ }}‘zl and optimally chosen methods ®y.

Definition 4.1. Let Q be a bounded domain in R”, n € N. Let G{(2), G2(R2) be
quasi-Banach spaces either of distributional spaces, {G1(£2), G2(2)} C D'(R2), or of
Lebesgue-measurable spaces, {G1(2), G2(2)} C M(R2), satisfying (4.1), (4.2). Let
ke N.

(i) Then

grid) = inf [sup {.f = S £ 1G(@ - £ IGi@I < 1}] @D

is the k-th sampling number, where the infimum is taken over all k-tuples {x/ }j»‘=1 CcQ
and all maps Sy = ®; o Ny according to (4.3)—(4.6).

(ii) The linear sampling numbers g}é“ (id) are given by (4.7) where the infimum is
taken over all k-tuples {x/ }5-‘=1 C 2 and all linear maps Sy = @y o N with

k

Skf =D f6N . hy € Ga(Q), [ € Gi(Q). “8)

j=1

Remark 4.2. This is an adapted version of a corresponding definition in [NoTO06],
repeated in [T06, pp. 218/219]. Obviously,

gr(id) < gi"(id), ke N. (4.9)

There are many other numbers to quantify the compactness of (4.1). But this is not
subject of this book. As indicated above we are almost exclusively interested in an
application of Faber bases to sampling numbers. A detailed discussion of several types
of quantifications of (4.1) from the point of view of information-based complexity may
be found in [NoWO08, Chapter 4] and [NoW09]. The pointwise evaluation of f as in
(4.4)—(4.6) is called there the standard information and indicated by A%, Asking for
numbers of type (4.7) admitting all f € G1(£2) in the unit ball of G (£2) is called the
worst case setting. In the notation used in [NoWO08], [NoW09] one has

" (k, A™) = gr(id) and €""(k, A™) = gi"(id), (4.10)

k € N. We refer to [NoWOS, pp. 93/94, 117].
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Let I be an (arbitrary) index set. Then
a; ~b; fori € I (equivalence) 4.11)

for two sets of positive numbers {a; : i € I} and {b; : i € I} means that there are
two positive numbers ¢ and c; such that

c1a; <bj <cpa; foralliel. (4.12)

Let id be the compact embedding (4.1) and let I = {x/ }5':1 C Q. Then
id": G () = {f € Gi(Q) : Tj, [/ = 0} = G2() (4.13)

is a compact operator and its quasi-norm ||id" || has the usual meaning.

Proposition 4.3. Let 2 be a bounded domain in R" and let G1(R2), G,(2) and id be
as in Definition 4.1. Let idl be given by (4.13). Then

gk(id) ~ inf {[lid"|| : card T <k}, ke N, (4.14)
where the equivalence constants are independent of k.

Remark 4.4. This coincides essentially with [NoT06, Proposition 19] and [T06, Propo-
sition 4.34, p. 220]. In case of Banach spaces we refer also to [TWWS8S, pp. 45, 58].

Plan of this chapter. In Sections 4.2, 4.3, 4.4 we deal with sampling numbers for
spaces on intervals, spaces with dominating mixed smoothness, and logarithmic spaces,
respectively, always assuming that the corresponding source spaces G (£2) admit ex-
pansions in terms of Faber bases according to the related sections in Chapter 3. This
restricts the integrability parameter p and the smoothness parameters s, r in the source
spaces G1(£2) of type A}, and S}, B in a decisive way. In other words, we are more in-
terested in applications of Faber bases than in a systematic study of sampling numbers
in related spaces. But the results obtained will be of some use for the later consid-
erations about numerical integration and discrepancy. However we complement this
introductory Section 4.1 by a report on some recent results for sampling numbers in
isotropic spaces, Section 4.1.2, and by a discussion of unavoidable information uncer-
tainties how large the target spaces G, (£2) may be chosen (in sharp contrast to all other
numbers and widths known to us), Section 4.1.3.

4.1.2 Sampling in isotropic spaces

We describe some recent developments of the theory of sampling numbers in isotropic
spaces. No proofs are given, but comments and references.

Let 2 be a bounded Lipschitz domain in R”, n > 2, according to Definition 1.26 (ii)
or a bounded interval in R. Let A7/ (£2) be the isotropic spaces as introduced in
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Definition 1.24 (i) by restriction of A, (R") to €. Recall that C(S2) is the collection

of all complex-valued continuous functions on Q, furnished with the norm (1.94). The
n-dimensional counterpart of (3.8), (3.9) is given by

0<p<oo,0<gq<
BS (Q) < C(Q) if,andonlyif, {0 =P =0 0<da=oe s>n/p. s
pa 0<p<oo,0<g=<1, s=n/p,
and
O 70 < b b
F5,(Q) < C(Q) if,andonlyif, {° P = 0=4=2 $>n/P 416
0<p=<l1,0<qg=<o00, s=n/p.

We refer to [TOS8, Section 6.4, p. 229]. But the assertion itself is well known. One
may consult [TO1, Section 11] and [Har07, Section7.2]. The limiting cases go back to
[SiT95]. One can specify G1(2) in (4.1), (4.2) by any of the spaces in (4.15), (4.16).
Let

0<p,g<oo, s>n/p and 0<r <oo. 4.17)

Then
id: B;q(SZ) — L,(Q2), (4.18)

considered as subspaces of M(2), is compact, and
g (id) ~ gin(id) ~ k5G4 ke N, (4.19)

Here a4 = max(a,0) for a € R. This is one of the main assertions in [NoT06] and
may also be found in [T06, Theorem 4.37, p. 224].

Problems of sampling and optimal recovery have some history where numbers of
type (4.10) and numerous modifications play a decisive role. As far as the general
context is concerned we refer to [NoWO08], [NoW09]. Sampling problems have been
studied by many authors, preferably for functions on cubes 2 = Q" = (0,1)" or
periodic functions on the n-torus T” and with C* (Q), Holder—Zygmund spaces €° (Q),
classical Sobolev spaces ka (2) or classical Besov spaces as source spaces G1(£2). We
refer to [Cia78], [Nov88], [Hei94], [Kud93], [Kud95], [Kud98], [Tem93], [BNR99].
In case of bounded Lipschitz domains we refer to [WenO1], [NWWO05]. A survey of
some recent results, also for other numbers than in (4.10), has been given in [NoWO08,
Section 4.2.4, pp. 119-127].

Let again €2 be a bounded Lipschitz domain in R”, n > 2, or a bounded interval on
R (n = 1). Assertions of type (4.17)—(4.19) can be extended to other admitted couples
{G1(2), G2(2)}. Let

0< p1,q1 <00, s>n/p, (4.20)
and
1 1 1
0<prga<oo, nl——1) <spy<s—n|l——— 4.21)
P2 + pPr P2/ +
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(with p; < 0o, py < oo in case of F-spaces). Then

id: A31, (Q) = A2 (), (4.22)

considered as subspaces of D’(2), is compact, and

§1—Sp 1 1

_ 1 1
gelidy ~k~ 7 TR ke, (4.23)

Figure 4.1. We refer to [Tri05] and [TO6,_Theorem 4.40, p. 226]. It remained open
whether (4.23) can be complemented by g}c‘“ (id) ~ gx(id) as the expected counterpart

=

Figure 4.1. Sampling numbers gx.

of (4.19). Restricted to (fractional) Sobolev spaces H,(2) = F;,(£2), 1 < p < oo,
s > 0, the related equivalence was stated in [NoWO08, Open Problem 18, p. 123] as a
conjecture. Affirmative answers extending (4.23) to

1

. _51=S 1 1
gi(id) ~ gi(id) ~ k= 7 TG ke, (4.24)

are due to J. Vybiral, [Vyb07], (2 = Q" cube in R”, 1 < py, p2,41,¢>2) and S. Hein-
rich, [HeiO8a], [Hei08b, Theorem 5.3] (2 bounded Lipschitz domain, Besov and
Sobolev spaces, 1 < p1, p2,41,4q2). The other cases remained open. This applies
also to (4.23) and even more to (4.24) for other admitted target spaces A3 4,(€2) not
covered by (4.21). But at least a few results have been obtained recently which we
mention now briefly.

According to (4.15), (4.16) the assumption (4.20) ensures (4.2). Whatabout limiting
cases with s = n/p covered by (4.15), (4.16)? This has been discussed in [T08,
Theorem 6.79, Remark 6.80, pp. 235-236] (with some restrictions). It comes out that
assertions of type (4.23) remain valid for these limiting cases. So far we always assumed

that s, > n(é — 1)Jr for the target spaces. What happens if s, = n(é — 1)+, in
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particular s, = 0, 1 < p, < co? This case has been studied in [Vyb07] and [Vyb08a,
Theorem 4.2]. It comes out that the expected behaviour k=S/" both of gx(id) and
g (id) for

id: Bpg (Q") <> Bpy,(Q"), s>n/p, 1< p,qi,q2 <0 (4.25)

is perturbed by factors (log k)*, k > 2.
Let ©2 be again a bounded Lipschitz domain in R”, n > 2 (or a bounded interval
in R). Then

id: A;llql (RQ) — Alsfzqz () (4.26)
is compact if, and only if,
1 1
0<pr,pp <00, —-oco<sy<s—n|l——-——], 4.27)
pPr P2/ +

0 < ¢1,92 < oo (with p; < oo and p, < oo for F-spaces). The degree of compact-
ness can be expressed in terms of entropy numbers or diverse s-numbers (including
approximation numbers, Kolmogorov numbers, Gelfand numbers). The respective ex-
pressions depend for fixed p1, p2, 1 , g2 only on the difference s; — 55, but not on
the absolute values of s and s,. The situation for sampling numbers is different. On
the one hand one must ensure (4.2). This means (4.20) or at least (4.15), (4.16) if
the source space G1(R2) = A, () is an isotropic space. Then one has (4.23) or

(at the best) (4.24) but under the restriction s, > n(é — 1) n for the target spaces.

What about s, < n(% - 1)+, especially s, < 0if 1 < p, < 0o? It comes out

that there is no improvement if one admits target spaces G2(Q2) = Aj24, () with
s» < 0 and that nothing like (4.23) or even (4.24) can be expected, in sharp contrast to
the above-mentioned numbers (entropy, approximation, Kolmogorov, Gelfand). Even
worse, there is an unavoidable information uncertainty which cannot be improved how
negative s, might be chosen. We return to this question in detail in the next Sec-
tion 4.1.3. At this moment we restrict ourselves to a discussion what can be said if one
steps from s, > 0 to s, < 0 using well-known embedding theorems.

Let again 2 be a bounded Lipschitz domain in R”, n > 2 (or a bounded interval
in R) and let

id: A;‘lql(Q) — A;zzqz(Q), p1.p2>1, 51 >n/p1, s <O. (4.28)

If, in addition, —% > 5y — % then it follows from

id: 5!, (Q) = Ly, (Q) — A2, (Q) (4.29)
and (4.19) that
gr(id) < gln(id) < ck™1/", ke N. (4.30)

Ilfl, itnaddition,—% < sz—%,Figure4.1,p. 178, then one has for s3 = sz—é—i—;—] >0
tha

id: A3 (Q) = AP (Q) — A2, (Q) (4.31)
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and by (4.9) and (4.24) (at least for cubes)

51—53 _S1=s2 .1 1
n +p1

gr(id) < g}ci“(id) <ck Tnmn =ck 2, kel (4.32)

It has been observed by J. Vybiral in [Vyb07, Theorem 2.8] that these assertions are
sharp. In other words, one has for id in (4.28) that

giid) ~ gin(id) ~ k=" if - L > L keN, (433
D1 P2
and

) in s S B S N B n n
gr(id) ~g"d) ~k 7 T2 if —— <5y ——, keNl, (4.34)
P1 P2
(at least for cubes), Figure 4.1, p. 178. We refer in this context also to the recent paper
[Hei09, Theorem 5.1 and Section 6].
We summarise the outcome. Let again €2 be a bounded Lipschitz domain in R”,
n > 2, or a bounded interval in R. Let

id: A;‘lql(Q) S A;22q2(9), p1>1,51>n/p1, 0<qgy < oo, (4.35)
and . :
Sl—S2>n(———) , $2€R,0< pr,q2 <00, (4.36)
pPr P2/ +

(p1, p2 < oo in case of F-spaces). Then one has for g (id) the level lines shown in
Figure 4.1, p. 178. The same for g}(i“ (id) (at least for cubes in case of general spaces).
There are some white spots. We conjecture that the horizontal level lines for s, > 0
and p, < pp can be extended to all p, < p; both for gz (id) and g}ci“(id). This will
be confirmed in Section 4.2.2 in some special cases. Similarly one may ask whether
gr(id) ~ g}ci"(id) ~ k™S1/7 is also valid for the remaining regions with s, < 0. But
this is the case. It follows from the considerations in the next Section 4.1.3. We refer to
Remark 4.9. If p; < 1thenthe situationiseven worse. Onehas (4.18) with p; =r < 1
in the framework of M(€2). But one cannot argue as in (4.29) what requires D’(2)
in place of M(€2) as the related framework. In other word, there are even more white
spots. Despite some gaps the above considerations suggest the following conclusion.

In sharp contrast to entropy numbers and s-numbers (including approximation

numbers, Kolmogorov numbers and Gelfand numbers) the sensitive regions of

the source spaces Ap\ g4, () and of the target spaces Aypq,(2) for sampling
lin n

numbers g (id) and g;"(id) in bounded Lipschitz domains Q2 are s1 > o

and sy > n(é — 1) n respectively. The rest is a matter of embeddings and

interesting but sophisticated limiting and border-line cases.

Bounded Lipschitz domains seem to be the natural choice in the context of sampling
numbers (beyond cubes). But it is not necessary. For some types of spaces it is
sufficient to assume that €2 is a (maybe unbounded) so-called E-thick domain or even
an arbitrary domain with |2| < co. We refer to [Tri07] and Section 6.5.3, pp. 240-242,
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in [TO8]. We compared sampling numbers with other numbers. Here are a few relevant
references where one finds further information and also historical comments about other
numbers. Final assertion for entropy numbers in arbitrary bounded domains may be
found in [T06, Theorem 1.97, Remark 1.98, p. 61]. As far as s-numbers are concerned
(especially approximation numbers, Kolmogorov numbers, Gelfand numbers) we refer
to the survey [Vyb0O8b]. As for the relevance of these assertions in the context of
numerical analysis and complexity theory one may consult [NoW08], where one finds in
[NoWO8, Section 4.2.4, pp. 119-127] a description of corresponding results restricted
to (fractional) Sobolev spaces.

4.1.3 Information uncertainty

Let the source space Ap1q1 (R2) in (4.35), (4.36) be fixed. Then one has by the above
consideration for any admitted target space A,2,,($2) that gx(id) > ck™* 1/P1 for
some ¢ > 0 and all k € N. In other words, in the above framework there remains
an information uncertainty how large the target space A4, (S2) may be chosen. But
it comes out that this a general phenomenon as long as one deals with deterministic
sampling in the context of{ 2 (), A% g, (SZ)} C D’(R2). One may assume A = B.

Let €2 be an arbitrary domain (open set) in R”. Lets € R, € Rand0 < p,q,u,v <
oo. Then we introduce the weak sampling numbers g%, k € N,

g (B3,(Q). BL,(Q))

. / s (4.37)
=inf [sup {|| /' |BL, ()| : I/ 1B, (| <1, f e D(Q\D)}].
where the infimum is taken over all
r={x'...x*caq, (4.38)
(admitting g¥ = oo). If, in addition, € is bounded,
L I t
B;q(Q) — (C(2), and id: B;q(Q) — B, () (4.39)
compact, then it follows from Definition 4.1 (i) and Proposition 4.3 that
0 < g%(B3,(Q). BL,(Q)) < gk(id) < oc. (4.40)

Definition 4.5. Let 2 be an arbitrary domainin R”. Lets € Rand0 < p,q < oco. Then
the information number U (B3, (82)) is the infimum of all numbers o with 0 < o < oo,
such that for any space B/, (2), where r € R and 0 < u, v < oo, there is a constant
¢ > 0 with

g¥(B3,(Q). BL,(Q)) > ck™, kel (4.41)

Remark 4.6. One can replace the B-spaces by F-spaces and A-spaces. But this does
not change the situation very much and is covered by the proofs below. If Q2 = R”
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then gk (Bls,q([R”), BLU(IR")) > ¢ > 0, hence 0 = 0. One has no information at all,
U(B;q([R")) = 0. The best outcome would be U(B;q (2)) = oo, but this cannot
be reached as will be seen below. This is in sharp contrast to entropy numbers and s-
numbers (such as approximation numbers, Kolmogorov numbers, Gelfand numbers):
In bounded Lipschitz domains 2 any decay k=, 0 > 0, can be reached for these
numbers if one chooses for given B, (£2) the space B!, (€2) in the compact embedding

id: Bj () — Bl ,(Q) (4.42)
appropriately.

In what follows we choose s > n (% — 1) - This is convenient, although not really

necessary. It ensures B; q (Q) — LIIOC(Q), [TO1, Theorem 11.2, p. 169], and according
to Theorem 1.7 one does not need moment conditions in atomic expansions.

Theorem 4.7. Let Q be an arbitrary domain in R", n € N. Let 0 < p,q < oo and
s > n(% — 1)+. Forany 0 < u,v <ooandt € R there is a constant ¢ > 0 such that

g¥ (B3, (Q). BL,(Q)) = ck™/", keN. (4.43)

Furthermore,

U(B;q(Q)) <s/n. (4.44)

Proof. First we remark that (4.44) follows from (4.43) and Definition 4.5. We prove
(4.43). Let €29 and €21 be two concentric open cubes with Qo C Q1 and Q; C Q. Let
¢ € D(R")bea bump function with support near the origin, ¢ > 0, and ¢(0) = 1. Let
k=2""andT = {z!,...,zF} c Q. We may assume that there are points x/ € Qg
with j = 1,...,2/", such that the functions <p(2J (x — xJ )) have pairwise disjoint
supports and

2Jn
) =277 "2 (x — x7))
j=1
2Jn

_ 2—Jn/p Zz—l(s—%) (p(ZJ(X —Xj)) c D(QO \ F)
j=1

(4.45)

If follows from Theorem 1.7 that (4.45) is a representation of f by normalised atoms
in B,,(R") (no moment conditions are needed). One has

2Jn

/
11 1B, @) < 17 1B3, @) <27 (301) " = @as)

j=1

Let K € D(R") be a non-negative function with support near the origin, K(0) = 1
(one may choose K = ¢). Then

K0 NW = [ Ko=x 70ty xer, @47)
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can be considered as the starting term of the characterisation of B}, (R") in terms of
local means, [T06, Section 1.4, Theorem 1.10, pp. 9/10] (no moment conditions are
required). With f as in (4.45) we may assume K(1, f) € D(21) and that for some
c >0,

K(1, f)(x)=c27'5 if xeQo. (4.48)

Then one obtains from [T06, Theorem 1.10] that
I/ 1BLy ()l = c [K(1, f) |Lu(Q)] = ' 2775 (4.49)

Now (4.43), and hence also (4.44), follow from (4.46), (4.49) and card " < 27" = k.
O

Remark 4.8. The constant ¢ > 0 in (4.43) depends on the chosen equivalent quasi-
norms in B;q (2) and B, (2). But one can say a little bit more. For given domain
2 and fixed quasi-norm in Bj (2) we furnish the spaces B!, (R") and, by restric-
tion, the spaces B!, (€2) with quasi-norms in term of local means according to [T06,
Theorem 1.10, p. 10] where (4.47) is the starting term. Then ¢ and ¢’ in (4.49) are
independent of B!, (2). Now ¢ = c(BIs,q (Q)) > 0 in (4.43) can also be chosen
independently of the target spaces B, (2). In other words, the unavoidable informa-
tion uncertainty cannot be circumvented by choosing target spaces B/, (€2) with a low
smoothness, 1 — —o0, or a small # > 0 in the integrability L, ().

Remark 4.9. It follows from Theorem 4.7 that one has (4.33) also in the remaining
part in Figure 4.1, p. 178 with s, < 0.

Remark 4.10. The recent work of S. Heinrich, [HeiO8a], [HeiO8b], [Hei09] deals
with randomized linear sampling numbers for maps between (classical and fractional)
Sobolev spaces and Besov spaces where, via duality, the target spaces may have negative
smoothness. It comes out that randomised sampling numbers may be better than
deterministic sampling numbers. In particular there is no counterpart of Theorem 4.7
for randomised sampling. As for the general background of randomised sampling one
may consult [NoWO08].

4.2 Sampling on intervals
4.2.1 Sampling in A3, (1)

In this chapter we mainly with deal applications of Faber bases to sampling numbers.
We always assume that the source spaces admit Faber expansions. This restricts the
smoothness parameter s and the integrability parameter p. But otherwise one obtains
(almost) final assertions for all admissible target spaces and explicit constructions
(universal algorithms) for optimal sampling operators. In this Section 4.2 we specify
the underlying domain by the unit interval 2 = I = (0,1) in R. According to
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Definition 4.1 one can deal with sampling numbers gy (id) and g}ci" (id) with id as in
(4.1), (4.2) either in the framework M(/) of measurable functions in 7, or in the
framework D’(1) of distributions. In this Section 4.2.1 we study sampling numbers in
the context of M(7) and shift corresponding considerations in the context of D’(I) to
the next Section 4.2.2.

It seems to be reasonable to recall a few previous definitions and assertions. Let
I = (0, 1) be the unit interval on R and let M(/) be the collection of all equivalence
classes of Lebesgue almost everywhere finite complex-valued functions in 7, furnished
with the convergence in measure. This specifies M(€2) in Section4.1.1to Q2 = I. More
details may be found in Section 1.1.8. On this basis we introduced in Definition 1.33 (iii)
the spaces Ay, (1) with A € {B, F}. We summarise a few notation and assertions needed
later on. Let again

(ALF)x) = fx+h) — f(x), (A f)(x) = AL(ALf)(x), (4.50)
withx € R, h € R, and / € N be the usual differences in R and

Al f(x) ifx+khelfork=0,....1,

i 4.51)
0 otherwise,

(Ahrf)() = {
be the related restrictions to /. According to Theorem 1.35 the space By, (/) with

s > 0,0 < p,q < oois the collection of all ' € L, (/) such that

1

dr\ Ve
1 B3 (Dl = 17 1Ly D1+ (757 sup 18, £ 1L, ) < o0

|hl<t
(4.52)
where s < [ € N (equivalent quasi-norms). As far as corresponding spaces ¥}, (1)
are concerned we mention that
B;,min(p,q)(]) - Fzsﬂq (1) = BISLmaX(p,q) (), (4.53)

s >0,0< p <o00,0 < g < oo. This follows from (1.143) by restriction. By (1.138)
one has
. 1
B, (I)=B;5,(I) if 0<p.g=<oo s> (; -1),, (4.54)

appropriately interpreted. In particular,
B, (1) =B,,(I) > C() if 0<p,gq=<oo, s>1/p, (4.55)

as a special case of (4.15). Here (4.55) must be interpreted as in (4.2). Finally we
recall the Faber expansion for the spaces

Bs,(I). 0<p.q<oo, % < s <1+ min (%, 1), (4.56)
adapted to our needs, Figure 3.1, p. 127. Let

{vo.v1.Vjm : j € No: m=0,...,2/ —1} (4.57)
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with
vo(x) =1—x, vi(x)=x, where 0 <x <1, (4.58)
and
2j+1(x—2_jm) if29m<x<29m+42771,
Vjim(X) = 2712 m+ 1) —x) if2Vm+277 ! <x <2/ (m+1),
0 otherwise,
4.59)

0 < x <1, be the Faber system in I according to (3.1)—(3.3), Figure 2.1, p. 64. Let
Aim(f)==3(A2_,_, f)27/m), jeNgm=0,...2 —1 (4.60)

Then f € B, (1) with p, g, s as in (4.56) can be uniquely represented as

oo 2/-1
F) = FO () + fD 01+ Y D Am(N)vjmx), ¥ €1, (@61)
j=0 m=0
with
T a/p\1/a
1£ 1B (DI ~ 1F @1+ 1F D+ (27729 ( 3 m(HIP) ) @62)
j=0 m=0

(with the usual modifications if p = oo and/or ¢ = c0). This is a reformulation of
Theorem 3.1. The beginning

J 2/-1

ST Fx) = fO)vo(x) + FM i) + Y D Aim(vjm(x), x €1, (4.63)

j=0m=0

J € N, of (4.61) has 1 + 27*! terms evaluating f at the points 27/ ~!/ with
[ =0,....,27*1. Recall that AS (1) means cither BS () or F5 (). The sam-

pling numbers g (id) and g}é“ (id) have the same meaning as in Definition 4.1. As
before a4 = max(a,0), a € R. Our use of ~ has been explained in (4.11), (4.12).

Theorem 4.11. Let

1 1
0 < p1.q1 <00, —<s1<1+min(—,l), (4.64)
P1 P1

(p1 < oo for F-spaces), and let either

id: Apl g (1) > A2 (1), 0<pags<00,0<s3<s1—(5-—5-),, (465

(p2 < oo for F-spaces) or

id: ASL (1) < Lp,(I), 0< ps <00, 55=0. (4.66)
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Then L
gr(id) ~ gin(id) ~ k12T e, (4.67)
Flgure 4.2. Further, for any admitted couple {Ap\ 4, (1), Apyg, (I)} (with A) (1) =
Ly, (1)) there is a constant ¢ > 0 such that
lid — S7|| < ¢ gy ps+1(id), J € No, (4.68)

where S” is given by (4.60), (4.63) (universal order-optimal constructive algorithms).

S
pJ S —
/0 v
Sp - poente- .
7 ! N
7
s v,
1 v :
) :
Y e 3
" .
7 T
z :
1 L L L
D1 P2 p

Figure 4.2. Sampling in A}, ,

Proof. Step 1. By (4.53) it is sufficient to deal with A = B both for the source spaces
and the target spaces with s, > 0. First we prove that

gin(id: B3, (I) <> Ly, (1)) < ck ™ @77+ keN. (4.69)

P141
By (4.61), (4.63) one has for p; > 1,

TENPNGTES S Ly (1)

J=d o m=0 . (4.70)

1/p

<c 22 J/Pz( Z M]m(f)lpz) 2

j>J
and for p, < 1,

21 1 172

If =S Lyl < e (Y27 Z AmHI?) @
j>J

If p» < p; then one obtains from (4.62), s; > 1/p; > 0, and (4.70), (4.71) (applied
to pp) that

Lf = ST f1Lpy (DI < ILf =87 fILp (DIl < 27711 f 1Byl (DI (4.72)
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If p, > p; and p, > 1 then it follows from (4.70) that

2/ -1
(s — L Ly oL 1/p
1f =87 fILpy (D] < Y 27/ C1martn) o/t m(z |Ajm(f)|P1) :
j>J m=0
<27 | f B (D),
4.73)

where we used that s; — ﬁ + p—12 > 0 and (4.62). If p; < p» < 1 then we rely on

(4.71). Now one obtains (4.69) from (4.72), (4.73) and the comments about S/ f after
(4.63).

Step2. If p1 = prand0 < s, < 51 thenitfollows from Step 1 and the real interpolation
formula (1.140) with Q = I and p; in place of p that

gin(id: B3l (1) > B2, (1)) <ck 172 keN. (4.74)

If p, > p; then we apply first the limiting embedding

qd- — 1 1
id: Byl (1) = B3, (). ss=s1—++L (4.75)

and afterwards (4.74) with B3, (I) in place of By!, (1) and Bj2,, (1) in place of
B,?, (1) (similarly as indicated in Figure 4.1, p. 178). This results in

1

. — 1
gin(id: BS1, (1) —> B2, (1)) <ck "™2727 72, keN. (4.76)

If p» < p; then it follows from (4.52) that

id: B2, (1) = B2, (I). 4.77)

Then one obtains by (4.74) that

A Bl (D) > BR,(D) Sk kel @78)
This proves
) (51— 11
ginid) < ck~CTTYGITRE L ke, (4.79)

in all cases of the theorem.

Step 3. If the target space is either Bgzqz(l) = Ly, (I),0 < pa < oo (according to
our convention) or

: 1 1 1
B g, (1) = By, (1) with (50— 1) < <si—(5;—5;),  (480)
then o
. —(s1—82)+(>————
gk (id: B;}ql(l)%B;é%(])) G R e 4.81)

follows from (4.18), (4.19) and (4.20)—(4_.23). Now one obtains the theorem in these
cases from (4.79), (4.81) and g¢ (id) < g}cm (id).
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Step 4. It remains to prove that

ge(id: B3, (1) > B2 (1)) = ck 6172 keN, (4.82)

for somec > 0if pp < p1,0 <55 < E — 1, and a counterpart for those target spaces

B2, (I) with p, > py not covered so far. Both spaces in (4.82) can be quasi-normed
by (4.52) with0 < s, <s71 </ e N.If 0 <0 < 1 and
I 1-6 0 1 1-60 0
s=(1=0)s1+0s2, — = +— - = +—, (4.83)
p p1 P2 g q1 q2

then it follows from Holder’s inequality that

Lf By (DI < cllf 1Byt (DI 11 B, (DI, (4.84)
Figure 4.2, p. 186, f € Byl ,, (I). One obtains by Proposition 4.3 that
gk (id: By, (1) — B;q(l)) <c g,f (id: By, (I) = B;fzqz(l)). (4.85)

Now one can prove (4.82) by contradiction assuming that there is a sequence of natural
numbers k1 < kp <--- <kj - ooif j — oo such that

gk, (id: B3, (1) > B2, (D) <& k; 72 jenN, (4.86)

with ¢; — 01if j — oco. We choose 6 > 0 small such that s > 1/p. Then it follows
from (4.83), (4.85), (4.86) that

gk, (id: B3, (1) <> B3, (1) <cel k; 0170 jeN. (4.87)

But this contradicts (4.23). One can argue similarly for the remaining cases with
p2>p.

Step 5. The assertion (4.68) follows now from the above construction resulting in (4.79)
and (4.67). O

Remark 4.12. If the parameters p1, q1, 1 are restricted by (4.64) then Theorem 4.11
gives a ﬁnal answer about sampling in the framework of spaces of measurable func-
tions {Ap 4, (1), A24, (1)} C M(I) on intervals. It is desirable to modify and to
extend Theorem 4.11 in several directions. First one may ask for a counterpart in
the framework of distributional spaces { g (1), Apzqz v )} C D'(I). This will
be done in Section 4.2.2 below. What about an extension of Theorem 4.11 and its
distributional counterpart to arbitrary admitted source spaces A, 4, (1) = A, 4, (1)
with s; > 1/p;? The above technique would require expansions of type (4.61) with
smoother functions in place of v}, such that the respective coefficients A, (f) admit
a pointwise evaluation as in (4.60). We refer to Theorem 3.40 where we outlined such
a possibility. But this has not yet studied in detail. It is even more interesting to ask for
higher-dimensional counterparts of Theorem 4.11 especially for distributional spaces
on cubes or on bounded Lipschitz domains. We return to this point in Section 4.3 in the
context of spaces with dominating mixed smoothness replacing Faber bases (4.57)-
(4.59) for the interval I by corresponding Faber bases (3.57)—(3.62) on Q? (as a model
case).
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4.2.2 Sampling in 47 (1)

We ask for a counterpart of Theorem 4.11 for the usual (distributional) spaces A3, (7).
Again A € {B, F}. Then s, > 0 in Theorem 4.11 should be replaced by s, € R.
Recall the well-known counterpart

B;’mm(p’q)(l) — F,(I) — B;’max(p’q)(l) (4.88)

of (4.53) now fors € R,0 < p < 00,0 < g < 0o, which again gives the possibility to
restrict the considerations to the B-spaces. For the source spaces we assume as before
(4.55). The identification (4.54) will be of some use for us. Furthermore we rely again
on the Faber expansions (4.60), (4.61) for f € B;q (I) with (4.56). In particular, S¥ f
has the same meaning as in (4.63). In contrast to Theorem 4.11 we have now a curious
splitting between p; > 1 and p; < 1.

Theorem 4.13. (i) Let

1 1
1<p1 <00, —<s1<l+—, 0<q; =< o0, (4.89)
P1 P1
(p1 < oo for F-spaces) and
id: AL, (1) = A2 (1), 0< pr.qz <00, —00 <55 <81 — (% — é)y
(4.90)
(p2 < oo for F-spaces). Then
gk(id) ~ gin(id) ~ k™7, ke N, 4.91)
with
SU=82— o0+ 0 i P2> P> 5 — -
P1 )23 ’ p2  pr’
0 =151—9%5 if p2 < p1, 52 >0, (4.92)
S1 if52<min(é—%,0),

Figure 4.3, p. 190.
(ii) Let

1
O0<pr<l, —<s1<2, 0<gq <00, (4.93)
P1

Figure 4.2, p. 186, and let id be as in (4.90). Then (4.91) holds with

I R e T T R ST i B (4.94)
S1— 82 ifpzfpﬂzzﬁ—l,
Figure 4.3, p. 190.
(ii1) In any case covered by (i), (ii) there is a constant ¢ > 0 such that
lid—S7| < cgyypst1(id), J € No, (4.95)

where S7 is given by (4.60), (4.63) (universal order-optimal constructive algorithms).
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Sty -

3
S
k]
=

pi kst ?

p1 =1 p1 <1

Figure 4.3. Sampling in 43,

Proof Step 1. Let p; > 1. The case p» > p1, 52 > 0, is covered by Theorem 4.11. If

- — —— < 55 < 0 then one obtains
P2 pn 2=

_ 1 1
gr(id) < gin(id) < c k™2 TP TR ke, (4.96)

in the same way as in (4.32). We prove the corresponding estimate from below. Let
0<6<1,

1 1-6 0
prL<p<py<o0, —= + —, s=(1-0)s, + 0Os3, 4.97)
P P2 P1
and
1 1 1
Sp—— =8§——=853——, 5 =<0 0<s<s3<S5]. (4.98)
) p P1

This corresponds to the level line of slope 1 starting at (pl—2 sz) with p—12 — p—ll <52 <0.

Recall that
Lf IBs, (DI < c I f1BZ, (DI £ 1B (DI°. (4.99)

This follows with R in place of I from the original definition (1.9) and Holder’s in-
equality. Then one obtains (4.99) by restriction to / (having in mind that there is a
universal extension from / to R). But now one can argue in the same way as in Step 4
of the proof of Theorem 4.11 and prove the converse of (4.96) by contradiction. We
assume that there is a sequence of natural numbers ky < kp < -+ < k; — oo if
j — oo such that

s1+S2+ L

gk; (id: By, (I) = B2, (1)) < L jeN, (4.100)
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with ¢ — 01if j — oo. We apply Proposition 4.3 and choose 2k; points I' =

{x! }lzijl C 1 such that k; points are optimal with respect to the embedding in (4.100)

and k; points are optimal with respect to the embedding

id: B3, (I) = B3, (I). (4.101)

Then it follows from (4.99), (4.100) and (4.96) applied to (4.101) that

] o (=s1Hsa+ L —-L)y(1—0)+ (=51 +53)0
g2k, (id: Bylg, (1) = Byg (D) <cej™k; — " 72

1
_ 1—6 —S]+S+Tl—
=cgj kj

1
4

(4.102)
But this contradicts what we already know. This proves the converse of (4.96) and
hence (4.91) with the first line in (4.92). We prove (4.91) with the last line in (4.92),

hence 0 = s7. Let

id: B!, (I) = Ly, (I). (4.103)
Then one has by (4.19) that
gk (id) ~ gi"(id) ~ k~*1, ke N. (4.104)

With (é, sz) as in the third line in (4.92) one obtains by embedding, Figure 4.3, p. 190,
that
g}g“(id) <ck™!', keN. (4.105)

The converse follows from Theorem 4.7. It remains to prove (4.91) with o in the middle
line in (4.92). Let p, < p; and s, > 0. The estimate

g}cin(id: B;}lh (]) - B;%‘Iz(l)) = Ck—S1+S2’ k€N, (4.106)

follows from the case p, = pj, covered by the above considerations, and the counter-
part of (4.77). It remains to prove that

ge(id: Byl (I) = B2, (1)) = ck™%2 keN, (4.107)

for some ¢ > 0 and p, < p1, s2 > 0. One can argue as in Step 4 of the proof of
Theorem 4.11 where

£ Bs (DI <l f1B3Y, (DI'Pf B2, (DI° (4.108)

is the counterpart of (4.84) with (4.83). Here (4.108) can be proved similarly as (4.99).
But now one is in the same situation as in Step 4 of the proof of Theorem 4.11. This
proves (4.107).

Step 2. Let p; < 1. One can argue as in Step 1, but to stay within D’(I) one has to
replace (4.103), (4.104) by

. 1
id: B3l (1) = B2, (I). L —1<s;<s1, (4.109)
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with
gr(id) ~ ghin(id) ~ k=615 ke N. (4.110)

This follows from Theorem 4.11 and the identification (4.54).

Step 3. The assertion (4.95) follows from the above construction reducing the corre-
sponding estimates to its counterpart (4.68). O

Remark 4.14. If p; > 1 then part (i) of the above theorem gives a rather final answer
with exception of the borderline cases

1 1

S = min (———,0). (4.111)
P2 P

Then it may happen that some powers of log k are coming in as in [Vyb07], [Vyb08a].

The outcome in case of p; < 1 is less complete. In particular there is no counterpart

ensuring gx (id) ~ k751,

4.3 Sampling in spaces with dominating mixed smoothness
4.3.1 Introduction, preliminaries

We dealt in Section 4.2 with sampling numbers for spaces A, (/) and A43;,(I) on
intervals based on the Faber representations (4.60)—(4.62) for the source spaces. The
g-index did not play any role. This is also largely the case for sampling numbers
for mappings between isotropic spaces in bounded Lipschitz domains as described
in Section 4.1. In this Section 4.3 we deal with sampling numbers for spaces with
dominating mixed smoothness preferable of type

Sr,B(@%), S5 B@?), and S, W(Q?). (4.112)

The situation is now somewhat different and the g-index plays some role.
We recall some basic definitions and assertions. Let again

Q={x=(1,x)eR:0<x;<1,0<x<1} (4.113)

be the unit square in R?. Let S B(Q?) with r € Rand 0 < p,q < oo be the spaces
with dominating mixed smoothness as introduced in Definition 1.56 by restriction of
S7,B(R?) to Q. As before the restriction of the Sobolev space S} W(R?),1 < p < oo
according to (1.144), (1.145), to Q? is denoted by S, W(Q?). It can be equivalently
normed by (3.118), in particular,

0% f
8)(71 8)&?2

1L, (Q%)
(4.114)

L@ + |

1 2 2 2 8f
1/ ISAW@) ~ 1/ IL,@)] + Y ‘B_xZ
=1
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We adapt the previous assertions about Faber expansions for some spaces S, qB(Qz)
to our later needs. Let

{v0,v1.Vjm : j € No: m=0,...,2/ —1} (4.115)
be the Faber system for the unit interval / = (0, 1) according to (4.57)—(4.59). Let
{okm 1k € N2, m e P} (4.116)

be the same Faber system on Q? as in (3.62) consisting of the functions
Um, (X1) Umo ()Cz)
lfk = (_11_1)7 mp € {07 1}7 my € {07 ]}’

Um, (-xl) Vkomo ()Cz)
ifk = (=1,kz), ko € No; my €{0,1}, mp =0,..., 252 — 1,

vk]ml(xl) Umz(x2)
ifk = (ky,—1), ky € No; my =0,...,25 — 1, m, € {0, 1},

Vkm (X) =

Vkymy (xl) Vkomy (XZ)
ifk e NZ;my =0,...,20 —1;1 =1,2,

4.117)
x = (x1,x2) € Q2, where

P = {m € Z*> with m as in (4.117)}, (4.118)

repeated here for sake of convenience. For the same reason we remind of the iterated
mixed differences (3.74)—(3.77),

dZ,(f) =f(mi,my) ifk = (=1,=1); my € {0,1}; ms € {0, 1}, (4.119)
2 __1A2 —k
dkm(f) - EAz—kz—l’zf(mlﬁz 2m2) (4'120)
if k = (—1,kz), ka € No; my € {0,1}, my = 0,...,2%2 — 1,
d]?m(f) = - %Aifklfl’lf(z_klmlamz) (4 121)
if k = (ki,—1), ky € No; mp € {0,1}, my = 0,...,251 — 1, '
A () =385 1 gt S (2751 m1, 27%2my) w1
ifk e N2m =0,....28 —1:1 = 1,2, ‘
evaluating f € C(Q?) at the indicated lattice points in Q2. Let
ith =qg=00,0< 1,
either p=¢ = o0 ) r< L 4.123)
or 0<p,q<oo,;<r<1+m1n(;,1),
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Figure 3.2, p. 156. Then f € S, B (Q?) can be uniquely represented as

F=3 > din(f)vkm (4.124)
keNZ, mePF
where
£ 155,B@)1 ~ (3 2tmke=he (5 a2, np)") " as)

keNZ, meP}

with the usual modifications if p = g = oo. This is a reformulation of corresponding
assertions in Theorem 3.13 (i), covering p = ¢ = oo, and in Theorem 3.16. In
Definition 3.24 we used expansions of type (4.124) to introduce spaces S;q?B(QZ)
with p, ¢, r as in (3.200) in the framework of measurable functions M(Q?). These
spaces are mainly of interest as target spaces. This will be done in Section 4.3.3. At
this moment we use this possibility to complement the above spaces Sy, B (Q?) in their
capacity as source spaces: Let

1 1
0<p.g=o0, —<r<1+min(—,1). (4.126)
P p

Then S7 B(Q?) is the collection of all f € C(Q?) (or likewise f € Li(Q?) or
f € M(Q?)) which can be represented by (4.124) with

”f |S;q§8(®2)” — ( Z 2(k1+k2)(r—%)11( Z |d]?m(f)|p)4/l7)l/q < oo
keN2, mePF
4.127)
with the usual modifications if p = oo and/or ¢ = oo. For details we refer to
Sections 3.3.1, 3.3.2 and in particular to Theorem 3.26. Of course,

2y _ 2 .
S, B(Q%) = S,,B(@Q") forp,q,rasin (4.123), (4.128)

Theorem 3.26 (ii). In other words, at this moment we complement the above spaces
2 : : — -
S,4B(Q7) by corresponding spaces Wlth p<gq=ooorq <p=oo, where we do
not know whether (4.128) remains valid (but this might be the case). .
In what follows we are interested in sampling numbers g (id) and g}c‘“ (id) according
to Definition 4.1 for compact embeddings,

id: S; B(Q?) — Lu(R?). (4.129)

P, q,r asabove and 0 < u < oo in the framework of M(Q?). As for M(Q?) one may
consult Section 3.3.1 with a reference to Section 1.1.8.

Sampling numbers for periodic spaces of type S, B(T"), S;W(T") and also
Spq F(T") on the n-torus T" as source spaces and preferably L, (T") as target spaces
attracted some attention. This goes back to V.N. Temlyakov, [Tem85], his book
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[Tem93] and the literature mentioned there. More recent results may be found in
[Sic06], [SiUO7], [Ul108]. By rule of thumb assertions for periodic spaces have non-
periodic counterparts. The justification given in [S1J94, Section 2.12] eliminates the
boundary values. But this does not fit in our scheme. Boundary data will play a grow-
ing role in what follows. In the context of non-periodic spaces we refer also to [Tem93,
IV, §4] dealing with cubature formulas. In this sense we compare later on a few results
in the above-mentioned papers with what comes out by our approach. Recent results
about approximation numbers and sampling numbers in the non-periodic case may be
found in [HaS09], [SiU09].

4.3.2 Main assertions

We described in Section 4.1.2 our approach to the theory of sampling numbers for
isotropic spaces in bounded Lipschitz domains €2 in R” with (4.18), (4.19) as first
typical results in the framework of M(£2). What follows might be considered as the
counterpart of this approach in the context of some spaces with dominating mixed
smoothness in Q2. In Section 4.3.1 we collected some background information and
repeated a few relevant assertions. Recall that a4 = max(a, 0) for a € R. Let again
Q2 be the unit square (4.113) in R2.

Theorem 4.15. Let

1 1
0< p,qg < o0, —<r<1—|—min(—,1), 0<u<oo. (4.130)
p p

Then the embedding
id: S; B(Q?) — L, (R?), 4.131)

considered in the framework of M(Q?), is compact. Furthermore

e l—r+%—%(10g1)(%_$)+ < g;/(id) < g}in(id)

< ( l )_r+117_; (logl)(1—$)+ ifp<uu>1l,

S0\ —

2 log! (logl)(%_ébr ifp<u<l,
(4.132)

and

1177 (log )"+ < g(id) < g™ (id)

< ( l )_r (10g[)(1—$)+ ifu<p p=1&I133)
=0\
2 10gl (logl)(%_é)"‘ ifu <=p< 1,

for some cy > 0,¢c3 >0andalll € N, [ > 2.
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Proof. Step 1. We simplify temporarily O = Q2. We split the representation (4.124)
of f € 8},%B(Q) into a main part MX f,

MEf= > > A2 () vkm. KeN, (4.134)

ki+ka<K mepf

and a remainder part RX £,

REf= > > @, (/)vim. KeN. (4.135)

kit+ko>K mePf

Letfirst 0 < ¢ < p < 1. Then

IR% f 1Ly (O)I17
<c Y Y kg (g
ki+k2>K mepf (4.136)
— 2 Krp Z 72— (k1 +ka—K)rp 2(k1+k2)(r—%)1? Z |d]3m(f)|p
ki+ko>K mePF

Then it follows from (4.127) that
IR f L) <2757 |1 1S5, B(Q)l. 0<g=<p=<L (4.137)

If p <1and p < g < oo then one has by (4.136)

qa—pr
IR fILp(Q) = c27®r (Y2 3 2t Ord) 7 115 %(0)]
L>K ky+ky=L
q4—-pr
= 2K (3T LK+ K) 115,80
L>K
<" 2K KT £1S0,B(0).
(4.138)
Similarly if p < 1 and ¢ = oco. Hence one has by (4.137), (4.138) and Holder’s
inequality that

_ 1_1
IRK f|Lu(Q) < c27X" KG=+ | £187,B(Q)]. 0<u<p<l (4139
0<qg <o00,KeN. Let p>1. Then

IR® £ ILp(O)]
1/
<c Z 2—(k1+k2)/17( Z |d1?m(f)|p) P
ki+koy>K mePF (4.140)

1/p
—c2 kY 2—(k1+k2—1<)r2<k1+k2)<r—§)( 3 Id;fm(f)l‘”)

k1+k2>K me[P]f
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is the counterpart of (4.136). If ¢ < 1 then one can argue as in (4.137). If ¢ > 1 then
one modifies (4.138) by

IRX £ |L,(Q)
q l_é
sc2‘K’(Z )3 2—<k1+kz—1<>rm) 1f 1S5 B (4.141)

L>K ky+ky=
< 27K K4 £ 157,B(0)])

Together with Holder’s inequality one obtains that

IRX £ |Lu(Q)] < 27K KO=D+| £ 1S7.B(Q), 0<u<p, p>1, (4.142)
0 < g <o0. Let p < u < o0. Then it follows from (4.127) that

T B(0) > Suy " TIB(Q) 4.143)

as indicated in Figure 4.4, p. 198. Now one obtains from (4.139), (4.142) that

KGi—a)+

IRX £ 1Lu(Q) < ¢ 27 K=+ £ |57 ?B(Q)II{ (1-dyy

p<u=<l,

u>p,u>l,
(4.144)

0<qg <00, KeN.

Step 2. We deal with the main part M X f according to (4.134). Ifk € N2 andm € IP{

then the differences d ,fm (f) in (4.122) are linear combinations of values of f at nine

points in Q. Similarly for d]fm (f) in (4.119)—(4.121). Hence one needs for M X £ in

(4.134) the knowledge of f in ~ K2X pointsin Q. Let! € N,/ > 2. If K € N and
0 < & < 1 such that

)
=log/ —loglogl +¢, then 2K ~ oal’ K2K ~ 1. (4.145)
og

Then one obtains for id in (4.131) that

g"(id) < sup {| R £ [Lu(Q)I| : 11/ 1S5, B(Q)II < 1} (4.146)

The right-hand sides of (4.133), (4.132) follow from (4.139), (4.142) and (4.144). In
particular, id in (4.131) is compact.

Step 3. We prove the left-hand sides of (4.132), (4.133). We rely on Proposition 4.3,
hence
gi(id) ~ inf {[[id" || : cardT" <1}, €N, (4.147)

where I' = {xj};:1 C Q and

id": {f € $7,8(0) : Xy |/ ()] = 0} = Lu(Q). (4.148)
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S =

Figure 4.4. Dominating mixed smoothness.

Let!/, k1, k; be natural numbers with k1 +k, = [ 4+ 1. We divide Q naturally into 21+1
open rectangles Qy,, of side-lengths 27%1 and 27%2. Recall that supp vim = Okm»
where k = (k1,k»). Let I" be a set of at most 2/ points in Q and let [P,E be 2! points
m € Z? such that Q,, N T = @. Let

f@) =" viem (4.149)

r
meP;

Then it follows from (4.124), (4.127) that

£ 1S5,B(Q)I| ~ 21(’_%)( > 1) =2, JeN, (4.150)
me[P{
and
I/ [Lu(O)I ~ 1. (4.151)

This proves the left-hand side of (4.133) (with 2! in place of /) for ¢ < 1. If one
chooses only one term in (4.149), hence f = vy, then

1F 1S5, B ~ 2"~ and || f [Lu(Q)Il ~ 271/, (4.152)

This proves the left-hand side of (4.132) for ¢ < u.
Step 4. We deal with the remaining cases for g. We replace f in (4.149) by

=Y > vim (4.153)

ki+ko=1+1 mepl
We claim that

LS 1Sy B ~ 19217, || f [Lu( Q)] ~ 1, (4.154)
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is the substitute of (4.150), (4.151). The first equivalence follows from (4.127). The
second equivalence is obvious for u = 1. If u > 1 then it is a consequence of

[ ~ /Q f(x)dx < (/Q f“(x)dx)l/u <l (4.155)

If u < 1 then it follows from

lwfghzmvamde(/Q<ZUkTm)udx)l/u:[—1(/qu(x)dx)1/u§1.

k,m
(4.156)
The left-hand side of (4.133) with ¢ > 1 is now a consequence of (4.154). If one takes
in (4.153) for any k = (k1, kp) with k; + k» = [ 4+ L for some fixed L € N in place
of k1 + k» = [ + 1 only one term vy, then one obtains that

_1 _
£ 182, B(O)|| ~ 1V92"7=D) || £ |LW(Q)| = e 1M* 271/, (4.157)

instead of (4.152). The first equivalence follows from (4.127). The second estimate
is obvious if u = 1 (equivalence). If the supports supp vkm = Oxm have empty
intersections (or intersects only in faces) then || f | Ly, (Q)| ~ I'/#27!/*  But one may
assume that, say, 1/2 of each Qy,, does not intersect with any other involved Qg :
Choosing L € N suitably one can distribute rectangles with consecutive ki, k; —
1,..., k1 — L in different rectangular parts of Q. Possible intersections of rectangles
Okm>k = (k1,k2), with Qprpr, k' = (k1 — L — 1, k3), can cover only a small portion
of Qm. Then one can estimate || f | L, (Q)| as indicated in (4.157). This proves the
left-hand side of (4.132) also in case of ¢ > u. O

As before we concentrate our considerations on the spaces S;qB((Dz) comple-
mented by a few limiting spaces, (4.128), and on the distinguished Sobolev spaces
S 1} W(Q?),1 < p < oo, having dominating mixed smoothness of order 1. One has by
(4.114),

SI}I W(@%) = S, W(Q?) = S;,zB(QZ) = ng W(@Q?) ifl<p,<2<p <00
(4.158)

and by (3.93),
Spmin(p 2y B@Q?) = S, W(Q) > S, 1 (p ) B@D) = C(@%).,  (4.159)

where | < p < oco. Both embeddings give the possibility to complement Theorem 4.15
as follows.

Corollary 4.16. Let 1 < p < 0o and 0 < u < co. Then the embedding
id: S, W(Q%) — Ly(Q%), (4.160)

considered in the framework of M(Q?), is compact.
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(1) Let, in addition, u > p. Then

_1+L_L . lin 7+ l _1+%_% 1—1
a7 TP < gi(id) < g,"(d) < 2 oal (logl)™» (4.161)
og
for some ¢y > 0,¢y >0,andalll € N, [ > 2.
(ii) Let, in addition, 2 < u < p. Then

c117 (log)"/? < g (id) < gi"(id) < ¢2 17" (log1)> (4.162)

forsome cy > 0,cp >0, andalll € N, [ > 2.
(iii) Let, in addition, u < 2, u < p. Then

c1 17 (log1)!? < g(id) < g/"(id) < ¢ 17" (log1)*'? (4.163)
for some ¢y > 0,¢y >0,andalll € N, [ > 2.

Proof. Step 1. We prove the left-hand sides of (4.161)—(4.163). By (4.128), (4.123) one
has B = B in all cases covered by (4.159). The left-hand side of (4.161) follows from
(4.132) withr = 1and (4.159) withu > ¢ = min(p, 2). Similarly one obtains the left-
hand side of (4.162) from the left-hand side of (4.133) withr = 1,¢ = min(p, 2) = 2.
This applies also to the left-hand side of (4.163) if p > 2. If u < p < 2 then we use
(4.158) with p, = p and what we already know.

Step 2. The right-hand side of (4.161) follows from (4.132) and the limiting embedding

SIW(@?) > 4y T B@). (4.164)

This has been proved recently in [HaV09] with R? in place of Q2. Restriction to Q2
gives (4.164).
Step 3. For 2 < u < p we have by (4.159) that

S, W(QR?) — S, W(R*) — S,,B(Q?). (4.165)

Then the right-hand side of (4.162) follows from (4.133) withr = 1 and ¢ = u.

Step 4. Let u < p < 2. Then one obtains the right-hand side of (4.163) from (4.133)
and

S;W(@Q?) < S, ,B(@) (4.166)
according to (4.159). If u < 2 and p > 2 then one uses (4.158) with p; = p and what
one already knows. O

Remark 4.17. We return to some of the references given at the end of Section 4.3.1
comparing them now with the above assertions. As mentioned there approximations
of periodic functions belonging to spaces with dominating mixed smoothness in the
n-torus T" have been studied in the 1980s and 1990s by V. N. Temlyakov. We refer
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again to his book [Tem93] and the literature mentioned there. More recent results for
linear sampling numbers g}“‘ (id) with

id: S;qA("[I'”) — L,(T"), 1<p,g=<oo, r>1/p, (4.167)

A € {B, F, W}, may be found in [Sic06], [SiUO7], [UllI08]. For 1 < p < oo and
r > 1/ p one has by [Tem93, 1V, §5, Theorem 5.1] that

g7 (id: 5o BT > Ly(T2) < el (oghy™. (4168)

[ € N, > 2. This is the same estimate as in (4.132) with Q2 in place of T2 where
1 <p=u=<o00,¢g=o00and % <r<1+ %. According to [SiUQ7, Corollary 4,
p- 403] one can generalise (4.168) for 1 < p < 00,1 < g <oo,r > 1/pto

gi"(id: S5, B(T?) = L,(T?)) < ¢ (logl)’ *177, (4.169)

[ € N, > 2 (and an n-dimensional counterpart). This is again in good agreement
with (4.132) where 1 < p =u < 00,1 < g < o0, % <r<l1+ %. Furthermore one
has by [SiU07, Corollary 5, p. 404] and [Sic06, Theorem 2, p. 282] (as a special case)
that

gin(id: SAW(T?) « L,(T?)) < 17 (logl)*2, (4.170)

[ € N,I >2,where 1 < p < oo. This is the same order of approximation as in (4.163)
if 1 < p <2 and a better estimate if 2 < p < oo. The last assertion is also a special
case of [Ull08, Corollaries 4,5, p. 13]. The above-mentioned literature relies on the
so-called Smolyak algorithm and on approximations in terms of the hyperbolic cross.
We refer in addition to [ScS04] and the recent paper [SiU08]. We did not employ these
techniques but the outcome is rather similar (as it should be). The above estimates from
below, for example in (4.132), (4.133), apply to non-linear sampling numbers g; (id).
In [Sic06], [SiUO07], [U1108] one finds corresponding estimates for g}i“ (id) from below
for periodic spaces of type /™" (log!)® with 0 < 8§ < o (where o refers to related
estimates from above) using partly [GalO1]. Both in Theorem 4.15, Corollary 4.16 and
in the assertions of the just-mentioned papers there are gaps between the estimates from
above and from below. In the isotropic case one has rather final assertions. One may
consult Section 4.1.2, the literature mentioned there, and also the Theorems 4.11, 4.13.
But it seems to be a rather tricky task to determine the exact behaviour of g;(id) and
g}i“ in case of (periodic or non-periodic) spaces with dominating mixed smoothness.
The only case known to us where one has not only estimates but an equivalence is
Temlyakov’s assertion

gi"(id: 85,B(T") < C(T™) ~I7"+2(log 1) ®~V, “.171)

[ € N,/ >2withn € Nand r > 1/2. We refer to [Tem93a, Theorem 1.1, p. 46].
This coincides with the right-hand side of (4.132) wheren = p = ¢ = 2, u = occ.
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Remark 4.18. The estimates from above for the linear sampling numbers g}i" (id) in
[Tem93], [Sic06], [SiU07], [Ul108] for periodic spaces with dominating mixed smooth-
ness coincide largely with corresponding assertions in the above non-periodic case (as
far as they are comparable), Remark 4.17. The situation for estimates from below is
somewhat different. We restrict ourselves to an example. Let

id*: §) B(T?) < Ly(T?), 1<p<oo,r>1/p. (4.172)

Then it follows from [SiU07, Corollary 4, p. 403] that

e (is7) GoaE P < gl < eo ) oD H @)

log/ log !/
for some ¢y > 0,cy >0andall/ € N,/ > 2. Let
id: S;I,B((Dz) < L,,(®2), I<p<oo, l/p<r<l1+1/p. (4.174)

Then it follows from Theorem 4.15 that

I\~ A I\~
¢t (—) (log )" 177 < glin(id) < Cz(—) (log )™ » (4.175)
log/ log!

for some ¢y > 0,¢; > Oandall/ € N,/ > 2. Whereas one has the same right-hand
sides in (4.173), (4.175) the corresponding left-hand sides are different. If p > 2 and
% <r< % then —r+1 —% > %—%. In other words, the estimate from below in (4.175)
is better than the corresponding estimate in (4.173). The corresponding assertions in
[SiUO7] are based on related estimates for approximation numbers (which are smaller
than g;"(id”")) with a reference to [GalO1]. These assertions have been improved
very recently in [SiU09] by other methods dealing with the n-dimensional version of
(4.174) where 1 < p < o0, 1/p < r < 2. This is based on corresponding estimates
for approximation numbers where 1 < p < oo, r > 0, with a reference to [HaS09].
The arguments rely on (non-periodic) splines, in particular Faber splines. It comes
out that our restriction % <r<l1+ % in case of | < p < oo can be improved by

1/p < r < 2 (using again second differences). Otherwise the outcome is similar as in
(4.173), n-dimensional case with Q" in place of T".

There is a further decisive difference between the above-mentioned literature and
the assertions in Theorem 4.15 and Corollary 4.16. For the target spaces L, (Q?) in
(4.131), (4.160) any u with 0 < u < oo is admitted whereas in the above-mentioned
literature u is usually specified by u = p. In connection with numerical integration the
case u = 1 will be of great service for us later on. In Theorems 4.11, 4.13 we obtained
in (4.67), (4.91) not only rather final assertions, but in (4.68), (4.95) explicit universal
order-optimal algorithms. Nothing like this can be expected in Theorem 4.15 and
Corollary 4.16. On the other hand we have the explicit approximating operators M X f
in (4.134) resulting in the right-hand sides in Theorem 4.15 and Corollary 4.16. The
function f is evaluated in lattice points. This selections of points in Q? is presumably
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too regular to obtain optimal algorithms for g}i“ (id) or even g;(id) as in (4.68), (4.95).
However from the point of view of simplicity and the restriction to lattices, or regular
grids, the operator M X f seems to be rather effective. This may justify to formulate the
outcome. Let again {vy,,} be the Faber system (4.116)—(4.118) in Q? and let d ,fm f)
be the mixed differences according to (4.119)—(4.122). Let/ € N,/ > 2and K; € N
with

K; =log/ —loglog/ + ¢, where0 <e < 1. (4.176)

Let f € C(Q?). Then
MEf= 3" N A2 () vem. TN 122, (4.177)

ki+k2<K; meP}
is the same operator as in (4.134) with (4.145). In particular, M X! f evaluates f €
C(Q?) in ~ I points in Q2. We interpret M X! as an operator of rank M X7 ~ |.

Corollary 4.19. (i) Let id be as in (4.130), (4.131) and let g}i“+ (id) be the right-hand
sides of (4.132), (4.133). Then

c1 gin(id) < [lid— M%1: S] B@Q?) = Lu(@%)| < c2 8" (id) (4.178)

for some ¢y > 0,cp >0andalll € N, [ > 2.

(ii) Let id be as in (4.160) and let g}"* (id) be the right-hand sides of (4.161)—
(4.163). Then

c1 g"(id) < [id — M%1: SIW(Q?) — Lu(@%)|| < c2 )" (id) (4.179)
forsome cy > 0,cy >0andalll € N, 1 > 2.

Proof. This follows from the proofs of Theorem 4.15 and Corollary 4.16. O

4.3.3 Complements

In contrast to Theorems 4.11, 4.13 and also to corresponding assertions for sampling
numbers in isotropic spaces according to Section 4.1.2 we restricted so far the target
spaces in Theorem 4.15 and Corollary 4.16 to L.(Q?%), 0 < u < oo. Now we
replace L, (Q?) by suitable spaces with dominating mixed smoothness as introduced
in Definition 3.24 and deal with compact embeddings

id: S;1. B(Q?) — 72, B(QR?), (4.180)

P141 p24q2

where p1, p2.q1.q2 € (0,00] and

1 1 1 1
—<n < l—i—min(—,l), ro—ry > (———) , (4.181)
P1 P1 P D2/ +
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Figure 4.4, p. 198. The source spaces S,! ;, B(Q?) are the same as in Theorem 4.15.
Recall that f € Sp!,, B(Q?) can be uniquely represented as

=Y dt.(f) vim (4.182)
keN2 | mePf
where
L q1/pi\ /a1
”f |S;}ql§8(®2)” ~ ( Z 2(kl+k2)( 1= )ql< Z |d]3m(f)|l71> )

keN2 mePl
(4.183)
with the usual modifications if p; = oo and/or g; = oo. This coincides with (4.123)-
(4.125), where
S" B(Q?) = S B(Q?), (4.184)

pP14d1 P141

complemented by (4.126), (4.127). As there {v,, } is the Faber system (4.116)—(4.118)
and d_(f) are the mixed differences (4.119)—(4.122). As for the spaces Sp3,, B(Q?)

we refer to Section 3.3, where one finds definitions, comments, and properties on which
we rely in what follows.

Theorem 4.20. (i) Let 0 < p1, p2,41,q2 < 0o and

1 1 1 1
—<r1<1+min(—,1), 0<r2<r1—(———) , (4.185)
D1 D1 pP1 P2/ +
Figure 4.4, p. 198. Then the embedding
2 2
S;iql%(CD ) — SIZ(D?B(Q ) (4.186)
is compact. Furthermore,
—ritra+ (2 2)+ (L1,
gin(id) < ¢ ( ) (logl)‘' a2~ ar’+ (4.187)
log!/
for somec > 0andalll € N, [ > 2.
(i) Let 1 < p < oo and
1 1
—<rp<rn<l4+—. (4.188)
p 4
Then the embedding
: SIUB(Q?) < 872 B(Q?) (4.189)
is compact. Furthermore,
) i —ri+r2
g (id) ~ (—) , leN,[>2. (4.190)
log!
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(iii) Let 1 < p < oo and

1 1
O<rm<—<r<l1l+4-—. 4.191)
p p
Then the embedding
id: S;1B(R?) — 572 B(R?) (4.192)
is compact. Furthermore,
) —r1+r2
ey 72 < gi(id) < g)"(id) < ¢z (@) (4.193)

for some cy > 0,¢cy >0andalll € N, [ > 2.

Proof. Step 1. We prove part (i) and abbreviate temporarily Q> = Q. Let f €
Spls B(Q) be given by (4.182), (4.183). We split f as in Step 1 of the proof of
Theorem 4.15. In particular,

REf= 3" > &, (f)vkm KeN, (4.194)

ki+k2>K mepF
is the remainder term. According to Definition 3.24 one has
IRK £ 1572, B(Q)]
<ol X 2(k1+k2)(r2—#2)qz( ) |d§m(f)|p2)‘12/1’2)1/‘12‘ (4.195)

ki+ko>K mebF

Let p» > p;. Then

_ ppml gL _L
IRX f£1S72, B(Q)| EC[ Z 7~ ki +k2)(ri=ra=5 0457002 5 (k1 +k2)(r1=51)a2

D24q
ki1+kr>K
5 » q2/p171/492
(X 1)
mE[P/f
(4.196)
If, in addition, g» > g1, then one obtains that
_K — _L_ﬁ_L
IRE £1872,,B(Q)]| < c27 K722 0D £ 1s01 VO (4.197)

where we used (4.183). Let again p, > p; but now g < ¢;. Then it follows from
(4.196) that

_L q1/pi\1/q
”RKflS[:;qz%(Q)H < c( Z 2(k1+k2)(r1 pll)ql( Z |d]?m(f)|p1) 1 P1> 1

ki +he2>K mebF
1 1
X( Z 2—(k1+k2)(r1—fl—r2+i)qilf32)42 a1
k1+ko>K

(4.198)
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1

withe = ry — o T2t o> 0. The second factor can be estimated from above by

& - d1492 L L 1 1 e L-L

(SG-k+K 2’”W)"2 T < KBTIy oy Ke (S gt ) T
i=K I=1

<c K%_ﬁ 2~ Ke
(4.199)
In other words, if p, > p; then

11 —K(r—py—l 4 L
IRK £18552,,B(Q)|| < ¢ Koz 7+ 27 KOm2700%52) ) £ 1511 ().
(4.200)
Let p» < pp and, hence, r, < ri. We insert

1/P2 l/pl
(3 12, 1) 7 = (30 1dR, i) TR @
mePF mePF
k k

in (4.195). Afterwards one can argue as above now with ¢ = r; — r, > 0. Altogether
one has

IRK £1872, B(0)| < ¢ KTz ~ar)+ 2 Kn=r2=Gr=504) s ().

242 P141
(4.202)
Now one obtains (4.187) in the same way as in the proof of Theorem 4.15.
Step 2. We prove part (ii). By (4.123)—(4.125) and (4.184) we have
SypB(Q) = S,.B(0) and S;2B(Q) = S,2B(0). (4.203)

The estimate from above is covered by (4.187). By Definition 3.24 and Theo-
rem 3.26 (ii),

Di: f € S}LB(Q) < {dZ,(f) 1 k € N>\, me P} (4.204)

is an isomorphic map of Sy, B(Q) onto s,pb(Q). Here s,,b(Q) consists of all se-
quences

1= {1km €C : ke N2;, me PF} (4.205)
with
r (i +k)ri—2ypy )7
I lsppb(@)ll = (32 P2 nl?) < o0, (4.206)
k,m

(usual modification if p = oo). This is a special case of (4.182), (4.183). Similarly for
D, with 75 in (4.204). Let a;(idp) be the approximation numbers of the embedding

idp: s,,b(Q) <= 5,2b(0). (4.207)

Let£,,1 < p < oo,

E= {512 el |E1L ||—(Z|s,|1’) , (4.208)
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be the usual complex sequence space. Let
di>dy>-->d;>---—0, j— oo, (4.209)
be a monotonically decreasing (= not increasing) sequence of positive numbers. Then
ai(D)y=d;, leN, D&={d;§}, {&}e€lp, (4.210)

are the approximation numbers of the compact embedding D in £,, [Pie87, Proposi-
tion 2.9.5, p. 108], [CaS90, pp. 45/46]. Applied to the above situation one has

{di} ~ {2tk e e N2 m e PEY. (4.211)

Recall that card [P,f = 2ki+k2 QOpe obtains by (4.145) that

l —ri1+r2
d; ~ (—) , leN, [=>2. (4.212)
log!
Then the desired estimate from below follows from
i / —r1+r2
g;"(id) > a;(id) ~ d; ~ (—) . (4.213)
log!

Step 3. We prove part (iii). The estimate from above is covered by (4.187). By (3.218)
we have

1 1
idy: S;AB(Q) = Lp,(0), ra——=——. (4.214)
’ 4 P2
With id as in (4.192) and
idy oid = idy : S;}ISB(Q) — L,,(0) (4.215)
one obtains by (4.132) that
1_1
T TPTP < g(idy) < gi(id), [ € N. (4.216)

The left-hand side of (4.193) follows now from r, — % = —é in (4.214) and (4.216).

O
Remark 4.21. In part (ii) we have not only an estimate but an equivalence. In addition,
the spaces Sy, B(Q?) and S,2 B(Q?) can be characterised in terms of differences. We

refer to Theorem 1.67 (i). One may choose M = 2 in (1.294), (1.299). If % <rp <
r1 < 1, then first differences, M = 1, are sufficient. We describe an example. Let

STe(Q?) = SL,B@%, r>0, (4.217)

be the restriction of the Holder—Zygmund spaces with dominating mixed smoothness
S7€(RR?) according to (1.162)—(1.165) to Q2. According to Theorem 1.67 the spaces
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ST€(Q?) with 0 < r < 1 can be equivalently normed by
1f1S7E@%)]
~ s [lf@I+

x=(x1.xp)€Q
y=1.y2)€Q

[f(x1,x2) = f(y1,X2)]

|xy — 1l

(4.218)
n |f(x1, x2) — f(x1, y2)|
|x2 — ya|”
n | f(x1,x2) — f(y1,x2) — f(x1,y2) + f(Yhyz)q
lx1 = y1l"|x2 — y2|” '
Then it follows from part (ii) of the above theorem that
) / —ri+r2
grlia: sme@) <> s7e@) ~ () 0<n<n <1 @219)
0g

[ € N,I > 2, with ST'€(Q?), S"2€(Q?) normed by (4.218). Let I = (0, 1) be the
unit interval in R and €" (1) = B._,,({). Then one has by Theorem 4.13 (i) that

gin(id: € (1) > € (D)) ~ 17472, TeN. (4.220)

In other words if one steps from spaces on I of order r to corresponding spaces with
dominating mixed smoothness of the same order r in two or higher dimensions then
one can expect that the main order of approximation, here expressed by (4.220), is
preserved, but perturbed by powers of log/, as here in (4.219). Quite obviously by the
mentality of mathematicians such an observation opens a fierce battle about the correct
power of the log-perturbation (if there is any). This will be also one of the main points
of this book in what follows.

4.4 Sampling in logarithmic spaces with dominating mixed
smoothness

4.4.1 Introduction and motivation

This Section 4.4 might be considered as the direct continuation of the preceding Sec-
tion 4.3. In particular Q2 is again the unit square (4.113) in R2. In Theorem 4.15 we
dealt with sampling numbers of the embedding (4.131). In particular if

id: S}, B(Q?) — L,(Q%) (4.221)
with

1 1
I1<p<oo, —<r<l+— (4.222)
p p
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then one has
e 17 (log)' "7 < g(id) < gin(id) < ¢z 7" (log 1)1~ +r (4.223)
for some ¢; > 0,c; > 0andall/ € N,/ > 2. Here we used again that
SypB(@) = 5;,,B(@%), 1<p<oo, (4.204)

where ) B(Q?) is the restriction of S7, B(R?) to @2, (4.123)—(4.127). Recall that
we have for the embedding (4.189) even the somewhat surprising equivalence (4.190)
with (4.219) as a special case. But we wish to compare (4.223) with corresponding
assertions for spaces on the unit interval / = (0, 1). Let

id": BY (I) = Lp(I), 1<p<oo,r>1/p. (4.225)
Then it follows from (4.19) (or Theorem 4.11 if r < 1 + %) that
gi(id") ~ ginGid’) ~ 177, 1 eN. (4.226)

The dominating factor /=" in (4.223) is the same as in (4.226). But one has now
indispensable powers of log/. One may ask whether one can remove the log-factors
on the right-hand side of (4.223) paying as less as possible. This can be done modifying
the spaces S}, B(Q?) by their logarithmic generalisations S;;f’B (@?).

We recall a few basic assertions about logarithmic spaces with dominating mixed
smoothness. Let S;;IbB([RZ) be the logarithmic spaces as introduced in Definition 1.79
and let S;;IbB((DZ) be its restriction to Q? according to Definition 1.81 with @ = Q2.
Ifl <p=¢g=<oo0and0 <r < M € N then one can expect that (1.369) with
0O = Q2 are equivalent norms (although we did not check any detail as mentioned
there). Of interest for us are extensions of the Faber representations

= > a.(f) vkm (4.227)

keNZ, mePF

in (4.124) with the Faber basis {vg,,} as in (4.115)—(4.118) and the mixed differences
d2,,(f) asin (4.119)~(4.122) from S} B(Q?) to SIZ;IbB((DZ). This has been done in
Theorem 3.35 for

1 1
0< p,qg < oo, —<r<1+min(—,1) (4.228)
P 4
with
If 1S52B@2)|
_1 q/p\1/q
~ (X 2R k)M @ 4 k)™ (Y 142, (NI7) )

keNZ, meP}

(4.229)
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as the counterpart of (4.125). We commented in Remark 3.36 on this extension of
Theorem 3.16 from S} B(Q?) to SIZ’qu(CDz). Furthermore we wish to incorporate
some limiting cases. This can be done in the same way as in (4.126), (4.127).

Definition 4.22. Let

1 1
0<p,q <oo, —<r<1+min(—,1), b eR. (4.230)
p p

Then S;;IbiB(@Z) is the collection of all f € C(Q?) (or likewise f € Li(Q?) or
f € M(Q?)) which can be represented by (4.227) with

171855 8(@)]
= (X 24 ke k(3 1z, 017)") " < oo

keN? mePl
(4.231)
(usual modifications if p = oo and/or ¢ = o0).

Remark 4.23. This is the counterpart of (4.127) with (4.126). As there we refer for
details to Sections 3.3.1, 3.3.2, in particular Theorem 3.26. As said above one may
assume that

SHPB(@?) = S5PB(Q?) (4.232)

with p, g, r as in (4.228) is the restriction of Sl;’qu([Rz) to Q2. But in what follows
we do not need this assertion. We rely exclusively on (4.227) with (4.231).

4.4.2 Basic assertions

Our motivation to deal with sampling numbers for logarithmic spaces comes from the
comparison of (4.221)—(4.223) with the one-dimensional counterpart (4.225), (4.226).
This may explain that we restrict ourselves to p = ¢, r as in (4.222). But there is little
doubt that further assertions from Theorem 4.15 can be extended to the logarithmic
case.

Theorem 4.24. Let Q? be the unit square (4.113) in R2. Let

1 1
l<p=<oco, —<r<l+—, b=0. (4.233)
p )4
Then the embedding
id: SPPB(Q?) = L,y(Q?) (4.234)

is compact. Furthermore,
e 17 (log) 2277 < gy(id) < g"(id) < 2 7 (log ) P (4.235)

for some cy > 0,cp >0andalll € N, [ > 2.
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Proof. Step 1. We modify Step 1 of the proof of Theorem 4.15. Let RX f be as in
(4.135). Put again for simplicity O = Q2. Modification of (4.140) gives

Kb
IRK £ 1Ly (Q)l| <c27 Xkt Y~ a-Citke=Kr - -
P 2+ k)2 + k2)
_1 1/p
x 20D 0 4 k)P @+ k) (3 142 (N1)
mePl
(4.236)
Then one obtains as in (4.141) with ¢ = p that
- _pa1—1
IRE £ ILp(Q)]l < 27X K177 | £ 1S,2B(0)]), (4.237)
where we used (4.231). With K as in (4.145) this results in
glinGid) < ¢ 17" (log)">=7 1, 1eN, =2 (4.238)

Step 2. As for the estimate from below we rely on f in (4.153). The counterpart of
(4.154) is now given by

1Lf 1S52B(Q) | ~ 2715428, || £ 1L, (Q)I| ~ 1, (4.239)

where the first equivalence follows from (4.231),

1/p
||f|S;g’%(Q)||~2’r( 3 (2+k1)b”(2+k2)b1’> ~ 207 126% 5 (4.240)
ki1+ko=I+1

The left-hand side of (4.235) can be obtained now from (4.239) in the same way as in

Step 4 of the proof of Theorem 4.15. O
Corollary 4.25. Let
1 1
l<p=<oo, —<r<l+-—. (4.241)
p p
Then the embedding
_1
id: Spr TP B@2) <> Ly(@2) (4.242)
is compact. Furthermore,
c1 17 (log)? ™17 < gy(id) < g}"(id) < c21 7" (4.243)

for some ¢y > 0,cp >0andalll € N, > 2.

Proof. This is a special case of Theorem 4.24. O
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Remark 4.26. The interest in the special case considered in Corollary 4.25 comes from
the motivation described in Section 4.4.1. According to (4.225), (4.226) smoothness r
for spaces on the interval / = (0, 1) ensures linear sampling in a constructive way of
order ~ [~". We ask for a counterpart in the context of spaces with dominating mixed
smoothness in Q2. The above corollary gives a satisfactory answers, although not of
the same final character as in case of the interval /. Let again

K; =logl —loglogl +¢, where 0<e<l1,leN,[>2, (4.244)

and

MEf = NN AR () vem: (4.245)

ki+ka<K; mepf

be as in (4.176), (4.177). As mentioned there M X! f evaluates f € C(Q?) in ~ [
points in Q2. We interpret again M X7 as an operator of rank M X! ~ [. Then it follows
from the above corollary that

c1 17" (log 1) 7172 < glin(id)

1L (4.246)
<cofid-MK: S, "B@Q%) < Ly(@%)| <c3l™"

for some ¢y > 0,¢5 > 0,c3 >0andall/ € N,/ > 2. Thisis a
constructive algorithm which produces the desired approximation [ ™.

But it shows also that one has indispensably to pay a price by a logarithmic reinforce-
ment of the same smoothness r as in case of spaces on the interval / = (0,1). In

addition there remains the gap (log/ )2'“_% between both sides in (4.246). But it can
be sealed treating the interior terms in (4.231) with k € IN% and the boundary terms
with k € N2, \ N2 differently. This will be done in what follows.

4.4.3 The spaces S If’q(b) B(Q?), main assertions

We characterised in Theorem 3.35 the spaces S;’qu (Q?) withbh € Rand p, ¢, r asin
(3.258) in terms of Faber bases. We incorporated in Definition 4.22 the limiting cases
with max(p, g) = oo and called the outcome Slz’qb?B(@Z) because it is not clear (or at
least not covered by our arguments) whether also S ;’;’%(@2) with max(p,q) = oo
is the restriction of Sy B(R?) to Q2. But otherwise one has (4.232). Motivated by
the preceding Section 4.4.2, in particular by Remark 4.26, we modify Definition 4.22
dealing differently with the interior terms k € IN% in (4.231) and the boundary terms
k € N2, \ N2. We enlarge the spaces Slz’qb?B(Qz) such that the right-hand side of
(4.243) is preserved but the left-hand side improves to /=" without the log-term. The
corresponding spaces are sandwiched between Sy, B(Q?)and S ;f%(@z) and denoted
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by S;’q(b)B(Qz) (where one can use B instead of B, because they cannot be mixed
with restrictions of corresponding spaces on R?). We rely again on the representation
(4.227) of f € C(Q?) with the Faber basis {vi,,} as in (4.115)—(4.118) and the mixed
differences dkzm (f) asin (4.119)-(4.122).

Definition 4.27. Let

1 1
0<p.q<oo, —<r<1+min(—,1), beR. (4.247)
P P

Then S;’q(b)B(CDz) is the collection of all f € C(Q?) (or likewise f € L1(Q?) or
f € M(Q?)) which can be represented by

F=3 > d2n(f)vkm (4.248)

keN2 | mePf
with

[ £ 18547 B@)]
_ (k1 +k2)(r—%)q bg > AN
=( X 2 2 (14 (1 + k)1 + k) ( S a2, (N )

keNZ, mePF
< 00
(4.249)
(usual modification if p = oo and/or ¢ = 00).

Remark 4.28. We add a few comments. If f is given by (4.248), (4.249) with p,, € C
in place of d,fm (f) then it follows as before, proof of Theorems 3.13, 3.16, that the
corresponding series converges unconditionally in C(Q?) and that the representation
(4.248) is unique with pix,, = dZ, (f). The terms with k € N3 in (4.249) and (4.231)
are essentially the same (up to immaterial equivalence constants). The situation is
different if k € N2, \ N2 (hence either k; = —1 and/or k» = —1). These are
boundary terms. Put again Q = Q2 for simplicity. Let B,(0Q) be the same space
as in (3.121) and let tryp be the trace operator according to (3.122). Then

tragg: f > f10Q  with tryg: STPB(Q) — B}, (00). (4.250)
This follows from (4.248), (4.249) with (1 + k1)(1 + k2) = 0 and

trao f = (%2 + £2)1a0 (4.251)

where

oo 2k2—1

S0 =vo(x) D Y Al sy 0ma) () Viams (X2) + ++ (4.252)

ky=0 m2=0
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and fazg(x) have the same meaning as in (3.98), (3.99), based on (4.117), (4.120).
By Theorem 3.16 and its proof it follows that tryp maps S;;I(b)B(Q) onto B, (30)
and that extyp in (3.150),

extyg: By, (00) = SIPB(Q), trag oextyp = id, (4.253)

is a common extension operator in all admitted spaces S ;’q(b) B(Q). Recall that ay =
max(a,0) witha € R.

Theorem 4.29. Let Q2 be the unit square (4.113) in R?. Let

1 1
l<p=<oo, —<r<l+—, b=0. (4.254)
p p
Then the embedding
id: PP B(@%) < L,(Q?) (4.255)

is compact. Furthermore,
e117" < gi(id) < gf"(id) < c2 17" (log )" TP TH D+ (4.256)
for some cy > 0,¢cy >0andalll € N, [ > 2.

Proof. Step 1. We follow the proof of Theorem 4.24 and indicate the necessary modi-
fications. We split again the representation (4.248) into a main part as in (4.134) and a
remainder part as in (4.135) where special attention must be paid to boundary terms,

MEEf = N 3 @2 (Hvem+ D - (4.257)
ki+ko<K ,,epF k1 +ko<L
keNg Kk keNZ \NZ
and
RELf = N N @ (Hvim+ Y. ... (4.258)
ki+ky>K epF k| +ko>L
keN3 k keNZ | \NZ

K € N, L € N. Here the second summand in (4.257) is of type (4.252) with k, =

0,...,L in place of k; € Ng. The first summand in (4.258) gives again the estimate
(4.237). By the same arguments as in (4.236) (with b = 0 and summations of type
ko = 0,..., L) one can estimate the second summand in (4.258) as in (4.237) with

27L" in place of 2~ K" K_b'H_%. Choosing K as in (4.145) and 2% ~ [ one obtains
gin(id) < ¢ 17" (log H" =5 D+ 1 e N, 1 =2, (4.259)

Step 2. The left-hand side of (4.256) is essentially a one-dimensional affair. We rely
again on (4.147), (4.148). Let I" be a set of at most 2! points in Q2. Let

Om, = (0. )x (277 m;, 277 + 1)), 0<my <my <+ <my <2/71—1
(4.260)
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be 2! rectangles with Q,, , NI =0. Let

2/

S = vo(x1) D vig1m; (x2) (4.261)

Jj=1

be the counterpart of (4.149) consisting of Faber functions according to (4.117) with
ki +1=0. Then

1£ 15557 B@7) | ~ 2" ILf L @) ~ 1. (4.262)

is the counterpart of (4.150), (4.151). This proves the left-hand side of (4.256). O
Next we formulate the counterparts both of Corollary 4.25 and (4.246). Let

K; =logl—loglogl+e, L;y=logl+d8, 0<ed<l1,leN,[>2 (4.263)

Then the linear operator M,

Mf= > > d(Nvm+ D, Y dZ.(Hveim (4.264)

k142 =K] mepf kitka=L; mepf
keN3 keN2 | \NZ

evaluates f € C(Q2) at ~ [ points in Q2.

Corollary 4.30. Let

1 1
I<p<oo, —<r<l+4—. (4.265)
p p
Then the embedding
. r,(r+l—%) 2 2
id: Sp,p B(Q7) = L,(Q%) (4.266)

is compact. Furthermore,

_1 .
lid— M2 S5 T TP B@2) > Ly(@)] ~ gi(id) ~ ginGid) ~ 17, (4.267)

[ € N (universal order-optimal constructive algorithms).

Proof. This follows from Theorem 4.29 and its proof. O

4.4.4 Higher dimensions: comments, problems, proposals

We described in Section 3.2.5 how to extend the theory for the spaces Slqu(Qz)
and SI} W(Q?) based on Faber expansions from two to higher dimensions. These
comments provide a solid background to generalise the assertions about sampling
numbers in Sections 4.3.2, 4.3.3 from two to higher dimensions. This is of interest
for its own sake, but also to compare related results with the literature mentioned in
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Section 4.3.2, dealing mostly with all dimensions n € N. However this will not be
done in this book. The only exception later on will be the case u = 1 in the context
of Theorem 4.15, Corollary 4.16, hence the target space L1(Q?), which is related
to numerical integration. But we wish to add a few more detailed comments and
proposals in connection with sampling numbers for logarithmic spaces with dominating
mixed smoothness as considered in the preceding Sections 4.4.2, 4.4.3, always guided
by the attempt to preserve the one-dimensional assertions (4.225), (4.226) in higher
dimensions paying as less as possible. Let again

Q" ={x=(x1,....50) €R" : 0<x; <1} (4.268)
be the unit cube in R”, n > 2. Let
{vo, v1, Vjm : j € No; m=0,...,2/ —1} (4.269)

be the Faber system (4.57)—(4.59) on the unit interval / = (0, 1) on the real line R.
This coincides with (3.1)—(3.3), Figure 2.1, p. 64. Recall that {vg,, } in (4.116)-(4.118)
is the corresponding Faber system in Q2 originating from (4.269) by the usual (tensor)-
product procedure. There is an obvious generalisation

{vkm : k€ N" 3 m e P, (4.270)

indicating now the dimension n. This is the same ass in (3.178), in particular N”, is
the collection of all k = (ky,...,k,) with k; € N_y = No U {—1}. Similarly one
extends the mixed differences d 2m (f) in (4.119)—(4.122) from two to n dimensions,
denoted as in Section 3.2.5 as di;, (f)". In generalisation of Theorem 3.10 the Faber
system {vg,, } in (4.270) is a (conditional) basis in C(Q"), hence

=Y > &, vkm [feC@, (4.271)

keN™ me[p]f"

interpreted as in Theorem 3.10. In Section 3.2.5 we described some crucial properties of
the spaces S, B(Q") and SI} W(Q") extending corresponding assertions from n = 2
to n > 3. This will be complemented now by several points, some of them might be
considered as research proposals.

1. The spaces S;,B(Q") and S;W(@"). Let
1 . (1
0<p.g=o0, —<r<1+m1n(—,1). (4.272)
p p

First one may ask for Faber representations of the restrictions S;, B(Q") of S;, B(R")
to Q" generalising Theorems 3.13, 3.16. One can incorporate some limiting cases
as in (4.127) resulting in the spaces S,,B(Q") with p, ¢, r as in (4.272). Taking
these spaces and also the corresponding Sobolev spaces SI} W(@Q"), 1 < p < 00, as
source spaces one can try to find the n-dimensional counterparts of Theorem 4.15 and
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Corollary 4.16. Of interest is the dependence of the log-powers on n € N, also in
comparison with what is known in the literature mentioned there (mostly dealing with
corresponding spaces on the n-torus T"). In connection with numerical integration we
return later on to the special target space L (Q").

2. The spaces S;&b%(Qz) and S;,;(b)B(@z). We are back to n = 2. In Defi-

nitions 4.22 and 4.27 we introduced the spaces Sg’qb?B(@Z) (assuming (4.232)) and
S;;I(b)B(Qz) for all p, ¢, r in (4.272) and b € R (modifying smoothness r by a log-
term). But we restricted the considerations in Sections 4.4.2, 4.4.3 to the special em-
beddings (4.234), (4.255) reaching in Corollary 4.30 the satisfactory assertion (4.267).
Compared with (4.130) in Theorem 4.15 we specified p,q,ubyl < p =g = u < oo.
But it might well be of interest to clarify the g-dependence as in Theorem 4.15 and
to replace the distinguished target space L,(Q?) by L, (Q?), 0 < u < oo. In other
words, one may ask what can be said about the sampling numbers g; (id) and g}i" (id)
if one generalises id in (4.234), (4.255) by

id: SIPB(Q?) — Lu(@?) (4.273)
or

id: SpPB(@%) < Ly(R?) (4.274)
with p, g, r asin (4.272) and 0 < u < oo.

3. The spaces Slf,}biB(CD”). The generalisation of Definition 4.22 from n = 2 to
n € N, n > 3, is straightforward. Then one can ask for counterparts of corresponding
assertions in Section 4.4.2 and their possible extensions with id in (4.273).

4. The spaces S ;‘;(b)B (Q™). The situation is now different compared with the spaces
S lleb%(@\") discussed above. First we stick again at n = 2. The motivation for the
construction (4.249) is twofold. On the one hand we wish to have the trace assertions
(4.250)—(4.253) ensuring the estimates from below in (4.256), (4.267). On the other
hand b > 0 seems to be indispensable to obtain the same estimate from above. But it
is not clear whether b = r + 1 — % in Corollary 4.30 is the best possible (smallest)

choice. One could also replace (1+k;)?(1+4k»)? in (4.249) by a (symmetric) function
h(k1, ko) asking for necessary and sufficient conditions ensuring (4.267). The question
arises how to extend these considerations from Q? to Q" with n > 3. To provide a
better understanding we modify first (4.249) replacing

2

(1+(1+k1)(14k2))" by 1+ (k)P (14k) P12 (14kp)"1 H2 (4.275)
j=1

with 0 < by < by + by. The corresponding space, denoted by S;;I(bl’bZ)B(CDZ),

coincides with Sp.”) B(Q?) if by = 0, by = b. There is a counterpart of the trace

assertions (4.250)—(4.253), in particular
tragz: SpPrP2 B(@?) < B2 (0Q2), (4.276)
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in modification of (3.121) with B;’qbl (I7) in place of B, (1;). Here B;}]b‘ (/) are the
logarithmic spaces on I = (0, 1) as considered in Remark 1.76. For max(p,q) < oo
one has Faber expansions as in Theorem 3.35 (ii). The counterpart of the benchmark
(4.225), (4.226) is now given by

id": BIPU(I) > Ly(I), 1< p=<oo, s<r<l+i bi=0 @277

and
giid’) ~ gin(id’) ~ 17" (log )™, 1 eN, 1 >2. (4.278)

This can be proved by similar, but simpler arguments as in the proof of Theorem 4.24.
Afterwards one can extend the assertions in Section 4.4.3 from S ;},(b) B(Q?) to

S;},(b‘ 02) p (Q?). This might be not so interesting for its own sake but it paves the way
for a better understanding of the following proposal asking for an n-dimensional coun-
terpart of the spaces Sj5”) B(Q2) in Definition 4.27 or of the spaces Syo”"*? B(Q2).
Now one has to deal with all edges and faces of dQ". Let n > 2. We mean by
{j1,---»jay C{l,...,n}all subsets of {1,...,n} whered = 1,...,n.

Let

1 1
0<p,qg < o0, —<r<1+min(—,1), by>0;1=1,...,n. 4.279)
p P

or f € M(Q")) which can be represented by

= > @, vkm (4.280)

kENn_l mElP,f'"
with

| 18550 5|

d
=( )3 2(k1+---+kn)<r—%)q[1+ )3 [0 +5, )b1+...+bd]q

kGD\llil {J15eees Jjayc{l,...,n} a=1
a/p\ /4
(X 1z ) ) < oo,
mE[P,f'"
(4.281)
(usual modification if p = oo and/or ¢ = 00).
This might be a reasonable proposal to extend Definition 4.27 from n = 2 to

3 < n € N always having in mind that one wishes to reach at the end assertions of type
(4.267) or the slightly extended benchmark (4.277), (4.278). This may also justify
the restriction b; > 0 in (4.279). The 2" corner points of Q" are characterised by
ki =--- =k, = —1. Then [...] in (4.281) reduces to 1. For an /-dimensional face
of Q" with/ = 1,...,n — 1 one has k; € Ng for / components of k € N", and
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k; = —1 for the remaining n —/ components, say, k; 11 = --- =k, = —1. Then [...]
in (4.281) reduces to

d
[..]=1+ > [ ]+ k& )Prttba. (4.282)

{Utsenjatcdl,. .l a=1

In other words, climbing upwards the faces in 0Q” of Q" by dimension, reaching finally
Q" itself, one adds additional terms in (4.282), enhancing the required logarithmic
smoothness step by step. The goal to be reached is the counterpart of Corollary 4.30,
hence

id — My : S5t B@Q") e L (@Q")| ~ gi(id) ~ gi"(id) ~ I™" (4.283)

I € N, for suitably chosen b1 = 0, b; > 0, j = 2,...,n. This has not yet been done
and the above suggestions may be considered as a research proposal. In addition one
may ask what happens if one replaces the target space L, (R") by L, (Q"),0 < u < oo,
or the source space

(b1 5.0sb1) (b1 5.0sb1)
SEbLb B@QM) by SLG1b) B@P).

5. Tractability. All calculations in Sections 4.4.2, 4.4.3 are explicit, based on Faber
expansions. The constants in the inequalities and equivalences in Theorems 4.24, 4.29
and Corollaries 4.25, 4.30 (and also in the other sections of this Chapter 4) can be
calculated or estimated. This may be not so interesting in the two-dimensional case
treated there. However the situation is different if one deals with higher dimensions
as suggested above. Then it is of interest how the constants depend on the dimension
n € N. This is now a fashionable topic in the context of complexity theory, especially
in connection with numerical integration. One may consult [NSTWO09] which is a
readable introduction to this field of research with historical comments and related
references. It is also one of the major topics of [NoWO08], [NoW09], studied there in
detail. We borrow one idea from these sources (and the underlying literature), used
there preferable in connection with numerical integration. To have a better control
about the dependence of constants on the dimension n € N and to force the problem
to be tractable one introduces additional weights, scaling factors, either to variables
(ordered by importance) or to dimensions. Lety = {y4}7_, be a sequence of positive
numbers, typically with 1 > y; > y, > .- — 0if d — oo. Then

||f |Sr,(b1,...,bn)B(®n)||

pq,Y
d

_ (k1 +-+kn)(r—1)g 1 \bi+tbg |4
(3 e R o [Taske]

keN" Ulaensja 3L on} a=1

alp\ 4
(X Wz ) < o0
mEIPkF'"

(4.284)
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(usual modification it p = oo and/or ¢ = o0) is a scaled dimension-sensitive version of
(4.281). Climbing upwards the faces Q" by dimension there is now a double penalty
or reinforcement:

Additional logarithmic smoothness, expressed by by > 0, ensuring that (4.278)
can be extended to higher dimensions with equivalence constants which are
independent of | € N, | > 2, and additional factors y; > 0 ensuring (at the
best) that these equivalence constants are independent of | € N, | > 2, and of
ne N

So far we introduced the spaces S ;’q(b) B(Q?) in Definition 4.27 and their n-dimensional
generalisations in (4.281), (4.284) in terms of the discrete differences (4.119)—(4.122)
and their n-dimensional generalisations. One may ask whether one can replace these
discrete quasi-norms by corresponding continuous quasi-norms. We refer for related
quasi-norms to Remark 1.76 and (1.369). It would be desirable to control the constants,
in particular their dependence on the dimension n € N, when switching from the
above discrete quasi-norms to corresponding continuous quasi-norms of the indicated
type. In [Tril0] we used the characterisations of B, ,(Q"), 1 < p < 00,0 <5 <
1/ p, in terms of Haar wavelet bases according to Theorem 2.26 to compare related
discrete norms with the usual continuous standard norms. In particular we controlled
the dependence of corresponding constants on the dimension n € N. Maybe one can
employ this technique also for Haar tensor bases and related spaces with dominating
mixed smoothness. This can be transferred to Faber bases using the isomorphic (and
even isometric) mapping in (3.194). This may pave the way to replace in (4.283)
discrete norms of type (4.281), (4.284) by more handsome continuous norms without
losing the control of the dependence of equivalence constants on n € N. Nothing has
been done so far in these directions.



Chapter 5
Numerical integration

5.1 Preliminaries, integration in domains
5.1.1 Introduction, definitions

Let 2 be a bounded domain in R”?, n € N. Recall that domain means open set and
that C(€2) is the collection of all complex-valued continuous functions in €2, furnished
in the usual way with a norm. We introduced in Definition 4.1 the sampling numbers

lin

gk (id) and g;"(id) for compact embeddings
id: G1(Q) = G2(Q), {G1(Q).G2(R)} C D'(Q). 5.1

Of special interest is now the target space G,(€2) = L1(€2) whereas we assume that
G(R2) = G1(R2) satisfies (4.2),

id: G(Q) — C(Q), (5.2)

in the interpretation given there. This is near to numerical integration which means
the attempt to recover the integral

/;Zf(x)dx, f e G(Q), (5.3)

optimally from finitely many function values f(x’), j = 1,..., k. Numerical inte-
gration is one of the major topics in analysis since ages. The classical and modern
theory covers numerous books and thousands of papers. We refer in particular to the
detailed and comprehensive study of multivariate integration and discrepancy from the
point of view of tractability in [NoW09], based on [NoWO08]. As an introduction to this
flourishing field of research one may also consult [NSTWO09]. The close connection
of numerical integration with discrepancy will be the subject of the next Chapter 6. In
this Chapter 5 we deal in Sections 5.2-5.4 with numerical integration based on Faber
expansions and sampling as developed in the preceding chapters. We outlined this new
approach in [Tri09]. This is a very specific point of view. But we wish to illustrate the
close connection between numerical integration and some distinguished properties of
function spaces.

Definition 5.1. Let Q2 be abounded domainin R”,n € N. Let G(2) be a quasi-Banach
space satisfying (5.2). Let k € .
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(i) Then
g (G()

_ inf[sup%/ﬂ (f(X)—éf(x’)hz(X)‘dx S 6@, 171601 < 1]

5.4
where the infimum is taken over all {)cl}f‘=l C 2 and all {hl};‘=1 C L1(2).
(i1) Then
Inty (G(Q))
(5.5)

=inf[sup{‘/gf(X)dx—éaz feh|: feG@. I1f 6@ < 1]

is the k-th integral number where the infimum is taken over all {x’ }f‘=1 C 2 and all
{a;}k_, c C.

Remark 5.2. Recall that G(2) is considered as a subspace of D’(2). Then (5.2) and
also

id: G(Q) — C(R2) — L1(R2) (5.6)

must be interpreted as in connection with (4.2). In particular, (5.4), (5.5) make sense.
By Definition 4.1 (ii) one has

g}ci“(id: G(Q) — LI(Q)) = g}ci“(G(SZ)), k e N. 5.7
In other words, g}ci“(G(Q)) are special linear sampling numbers. Assuming that

{xl}é‘zl and {hl}f=1 are chosen optimally in (5.4) then it follows from (5.5) with
a; = [g hi(x) dx that

Int; (G(R)) < gi*(G(R)), ke N. (5.8)
However it comes out that in many cases this estimate is an equivalence.

Remark 5.3. Based on Faber bases we identify in Sections 5.2-5.4 G(£2) with spaces
. . . 1 . . .
A}, (1) on the unit interval I, with spaces S,, B(Q"), S, W(Q") having dominating
mixed smoothness on cubes Q”, and with their logarithmic generalisations S ;f B(Q"),
S;;I(b)B(Q”). This gives the possibility to extend these considerations to some spaces
on bounded cellular domains in R”. This will not be done here in detail. But we
outline this promising approach in case of planar domains. However first we glance

at numerical integration of functions belonging to isotropic spaces in domains in R”,
referring to previous assertions.
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5.1.2 Integration in Lipschitz domains

Let €2 be a bounded domain in R”, n € N, and let 43, (2) be the isotropic spaces as
introduced in Definition 1.24 (i) by restriction of 47 (R") to Q. Here A € {B, F}.
Then

A, () = C(Q) = L1(Q) if 0<p,gq<ococands >n/p, 5.9

(p < oo for F-spaces), (4.15), (4.16), is a special case of (5.6). Let g;"(45,(€2)) and
Inty, (A;q (Q)) be as in Definition 5.1. Recall that a4 = max(a,0) fora € R.

Theorem 5.4. Let Q2 be a bounded Lipschitz domain in R*, n > 2, according to
Definition 1.26 (ii) or a bounded interval in R. Let 0 < p,q < oo (p < oo for
F-spaces) and s > n/p. Then

i (A3,(R)) ~ Inty (A5, (R)) ~ G0+ f e . (5.10)
Proof. By (5.8), (4.19) (and (1.142) with 2 in place of R") it follows that
Intg (45, (Q)) < gin(45,(Q)) ~ k7 tG D+ ke . (5.11)
It remains to prove that
Inty (B;q(SZ)) > ek~ G+ forsome ¢ > Oandall k € N. (5.12)

Let k = 2/%, j € N. Let ¢ € D(R") be a non-negative function with compact
support near the origin and ¢(0) > 0. Let {xl};‘=1 C  and {al}j;l C C be given.
Then for suitably chosen points {y’ }le C 2 (and a sufficiently small support of ¢ in
dependence on €2),

k
=Y 0@ x-y)eDd®@. fith=o0 (5.13)

=1

Furthermore we may assume that there is a number C > 0 such that forall j € N,

/ f/(x)dx = C. (5.14)
Q

Let p > 1. We interpret (5.13) as an atomic representation in B, (R"). Then it follows
from Theorem 1.7 that

2/
. . S n 1/p .
17 1By I < 1/ 1By R = 2R (D 1) 7 =2, (515
=1

Inserted in (5.5) one obtains that

Intk(B;q(Q)) > ck™/" forsomec > 0andall k € N. (5.16)
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Let p < 1. Then we reduce (5.13) to one term, hence f/(x) = (p(2j (x — yl)). One
has for some C > 0,

| e =crm 1 B @l =P jen G
Q
One obtains the counterpart of (5.16),

Intk(B;,q(Q)) > ck_%’L%_1 for some ¢ > O and all k € N. (5.18)
Now (5.16), (5.18) prove (5.12). O

Remark 5.5. We inserted Theorem 5.4 for sake of completeness complementing cor-
responding assertions about sampling numbers in isotropic spaces according to Sec-
tion 4.1.2. Numerical integration for Holder—Zygmund and Sobolev spaces especially
in intervals and cubes has a long history going back to the 1950s. The early history may
be found in [NoWO08, p. 152]. Detailed references in particular to the Russian literature
up to the 1980s are given in [Nov88, p. 37]. Otherwise we are more interested here in
explicit (quadrature and cubature) formulas based on Faber expansions. The proof of
(5.12) coincides essentially with corresponding arguments in [NoTO06, pp. 348/349] in
connection with sampling numbers.

5.1.3 A comment on integration in E -thick domains

Numerical integration in R” is usually restricted to bounded Lipschitz domains with a
preference for cubes. What about bounded domains with, say, fractal boundary? One
may think about the snowflake curve in R?. One can also extend Definition 5.1 to
unbounded domains €2 in R” with |2| < oco. This ensures (5.6). We mention here a
distinguished class of domains beyond bounded Lipschitz domains where one can say
something about numerical integration. But we are very brief and restrict ourselves to
comments and references.

Let /(Q) be the side-length of a (finite) cube Q in R” with sides parallel to the axes
of coordinates. Let 2 be a (non-empty) domain in R” with  # R” and I’ = 9Q.
Then € is said to be E-thick (exterior thick) if one finds for any interior cube Q' C Q
with

1(QY) ~277, dist(Q',T)~27/, j=>joeN, (5.19)
a complementing exterior cube Q¢ C Q¢ = R" \ Q with
1(Q°) ~ 277, dist(Q%T) ~dist (0, 0°) ~277/, j>joeN.  (520)

We refer to [TO8, Section 3.1] where we discussed in detail classes of domains in R”
including many examples. In particular, a planar domain with the closed snowflake
(Koch curve) as boundary is E-thick. Bounded Lipschitz domains in R” are E-thick.
In [TO8, Section 3.2] we described wavelet expansions for some spaces Ay, (£2) and

/Tiq (R2) according to Definition 1.24 in E-thick domains in R”. This is the basis to
complement Theorem 5.4 as follows.
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Proposition 5.6. Let Q2 be an E-thick domain in R", n € N, with |2| < oco. Let
0< p,qg <oo(p <oofor F-spaces) ands > n/p. Then

gin (A, (Q)) ~ Inty (A3, (Q)) ~ k7 +GD+ | ke, (5.21)
Proof. First we remark that
Inte (A3,(Q) < gfn (A3, () ~kH¥G™D+ keN,  (522)

is the counterpart of (5.11). The first inequality is covered by (5.6), (5.8). The equiv-
alence in (5.22) follows from (5.7) and [TO8, Theorem 6.87(ii), p. 241], where we
referred for a detailed proof to [Tri07, Theorem 23 (ii), pp. 488/489]. This will not be
repeated here. The counterpart of (5.12),

Inty, (E;Q(Q)) > k=i TG+ for some ¢ > O and all k € N, (5.23)

can be obtained in the same way as in the proof of Theorem 5.4. O

5.2 Integration in intervals
5.2.1 Main assertions
Let I = (0, 1) be the unit interval on R. We specify (5.9) by
A5, (1) C(I) = Ly(I) if 0<p.g=<oo, s>1/p, (5.24)

where again 4 € {B, F} (with p < oo for F-spaces). Let now g;"(45,(I)) and
Inty (A;q(l)) be as in Definition 5.1. So far we have (5.10). However this is not
constructive. But for some spaces we are now in a much better comfortable position.
We rely on Faber expansions as used in the preceding Chapter 4 in connection with
sampling. For sake of convenience we recall some basic ingredients. Let

{v0, V1. Vjm : j € No; m=0,...,2/ —1} (5.25)
with
vo(x) =1—x, vi(x)=x, where0<x <1, (5.26)
and
2/t (x =27/ m) if277m<x<2/m427771,
Vim(x) = 32712 (m+ 1) —x) if27m+2777 <x <27 (m+ 1),
0 otherwise,

(5.27)
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0 < x <1, be the Faber system in I according to (3.1)—(3.3), Figure 2.1, p. 64. Let
Aim(f) ==2(A2_,_, )2 7m), jeNo, m=0,...2 -1 (5.28)
By Theorem 3.1 any f € Aj,(I) with (5.24) can be expanded by

0o 2/ -1

£ = FO vo) + FD o) + Y Y Ajm(F) vjm). x el (529

Jj=0 m=0

If, in addition, p, g, s are restricted as in Theorem 3.1 then J in (3.22) is the indicated
isomorphic map onto related sequence spaces. Let

J 2/-1

ST F@) = O vo(x) + fMvi) + D D Ajm(fvjm(x), x €1, (530)

j=0m=0

be the same beginning of (5.29) as in (4.63). Then

J 271
[ 0ax = 10 + 11 = 22 Y (43, )@ m)
j=0 m=0

- (5.31)

=Y af f(2777N).
=0

In (5.39) we calculate the numbers alJ explicitly. Recall that by = max(b,0), b € R.

Theorem 5.7. Let 0 < p,q < oo (p < o0 for F-spaces) and

1 1
—<s<l1l4+—. (5.32)
p p
Then ]
(45, (D) ~ e (A3, (1) ~ =700 ke 63

Furthermore, there is a number ¢ > 0 such that for all J € N,

2J+]

‘/If(X) -y alJf(Z_J—l;)’ <cIntyypu+1 (A5, (D) I f 143, (DIl (5.34)
=0

with alJ as in (5.31).

Proof. Step 1. Let p > 1 and k = 1 + 27/+1. Then it follows from (5.7), (5.8),
Theorem 4.11 (and (4.54)) that

Intg (45, (1)) < g"(45,(1) ~ k™. (5.35)
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The left-hand side can be estimated from below by ck™*, ¢ > 0, as in the proof of
Theorem 5.4. This proves (5.33). The assertion (5.34) follows from (4.68) and (5.31).

Step2. Letp <lando — 1 =s—%. Then
Ap (1) — A‘lf,q(l). (5.36)

We apply Step 1 to A7 (/) and obtain

Intg (43, (1)) < g(45,()) < ¢ g"(AS (1)) ~ k5571, (5.37)

The left-hand side of (5.37) can be estimated from below by ¢ k—* +5-1 with some
¢ > 0 as in the proof of Theorem 5.4. Finally (5.34) follows from (4.68). O

Corollary 5.8. Let p, q, s be as in Theorem 5.77. Then there is a number ¢ > 0 such
that for all J € N and all f € A}, (1),

2741

[ f@ax =20+ f) =2 2

=1

s s (5.38)
= CIntl+2~]+l (qu(l)) ”f |qu(1)||
~ 27T HG ) £ s (D)),
Proof. By Theorem 5.7 and (5.31) it remains to show that for J € Ny,
2J+l
> al F2777N)
1=0
1 1
= 5f(0) + 3 /(1)
2/ -1
. ) (5.39)
—22 j-2 Z [ F@m)+ £ (m+ 1)) - 2f(2—fm+2—f—1)]

2/ 11

_ 2—f—l[§f(0) +irm+ Y s 2—’—1)].

=1

We prove this equality by induction. The case J = 0 can be checked directly. Then
one obtains by iteration for J € N that

2J+1

2]
Z alj f(2_J_11) = Za{_l f(2_J

—27/2 Z fe7m)+ 7 m+1))—2f2 m+27771)] (5.40)
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271 271
=2772(fO) + fD) + Y. 27T T m)+ Y 2 p (2 m 27
2/+1 1

= 2"‘1[%f(0) +ifm+ ). f(Z_J_ll)].
=1

This proves (5.39) and, hence, the corollary. ]

5.2.2 Comments and inequalities

We discuss the assertions from Theorem 5.7 and Corollary 5.8 and have a closer look
at a few special cases. Let again / = (0, 1) be the unit interval on R and let

AMf)(x) ifx+lhelforl=0,....M,

) 541
otherwise,

ity e =

where x € I, M € N and & € R, be the same adapted differences as in (1.287) based
on (1.21). Let

1
0< p,q < o0, max(—,l)—l<s<Me|N. (5.42)
4

Then

1

dh\ /4
I/ 1Bpg(Dllae = 11 f [Lp(D)Il + (/O RS A f Ly (D] 7) (5.43)

is an equivalent quasi-norm in B, (/). This coincides with (1.290) where one finds
also some relevant references.

Corollary 5.9. Let 0 < p,q < 0o (p < oo for F-spaces) and
1 1
—<s<l+—, s<Mel. (5.44)
4 4

Then

271 2
| Z/ o (Fo=dr@Tm) =4 m+ 1)) dx

m=0 YM2"
27—

1 f(l 2_1) (5.45)
1

/I FG)dx — 27771 (F0) + £(1)) — 27

/=
<c2 Is J(“l’ D .Ilf + d AS 1
=cC dIGC ”f | pq( )”
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for some ¢ > 0,all J € Nandall f € Ay, (I). If A = B then

27 -1
[ r@a =2 o+ fa) =27 Y r(27)
=1

1 dh\ Ve
<2 G it 7+ d (LDl + ([ had L) ]
deC 0 ’ h
(5.46)
(with the usual modification if ¢ = 00).

Proof. The first equality in (5.45) is a matter of direct arguments. It remains unchanged
if one replaces f by f + d with d € C. Then the estimate in (5.45) follows from
(5.38) (with J — 1 in place of J). The estimate (5.46) is now a consequence of (5.43).

O

One may ask for further simplifications and examples. Let s < 1 in (5.42), (5.43).
Then one can choose M = 1. With A;l ; = Ap,1 f one has

! dh\ '/
([ s iLor g can

If B3, (D] ~ \ /, £(x)dx

(equivalent quasi-norms). Similarly

TG '/If(x) ax| £ 1Ly (D], 1< p < oo (5.48)

is an equivalent norm in Wp1 (I). This is well known. But it can also be proved by the
same arguments as in (3.44), (3.45).

Corollary 5.10. (i) Let1 < p < 00,0 < g < o0, and% <s < 1. Then

271

sz & seim]zern( [ a1, 9

(5.49)
(with the usual modification if ¢ = oo) for some ¢ > 0, all J € Nandall f € B, (I).

(i) Let 1 < p < co. Then

271

\ /1 fydx—277 )" f(2‘JM)‘ <27 f 1L, (D)l (5.50)
m=0

for some c > 0,all J € Nandall f € Wpl(I).

Proof. If s < 1 then it follows from (5.24) that one can replace % f) + % f(1) in
(5.45) by f(0) (or (1)) and again f by f + d with d € C. Then one obtains (5.49)
from (5.47) and (5.50) from (5.48). O
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Our approach relies on the Faber expansion (5.29). If p, g, s as in Theorem 5.7 and
J € A}, (I) then it follows by integration the absolutely convergent representation

2/ -1

[If(x) dx =3 (0) + /()= 27772 Y " (A2, /)@ m).  (5.5D)
j=0 m=0

The assertions about Faber bases give the possibility to control the rate of convergence.
This has been done in Theorem 5.7 and in the Corollaries 5.8-5.10. We do not know to
which extent (5.51) and the above consequences are known. We have no references.
But there are a few cases in which the above inequalities can be proved by rather
elementary means. Here are two examples.

Example 1. Let f € C*(I) = €*(1) = B (1) with 0 < s < 1 (Holder spaces).
Then

27/ -1 27-1 mt1)2—7
|/f<x>dx—2" > 16 )| = ZO/M 1) = F@ m)|dx
ooty YW =IO

X yeI |x - y|s
(5.52)
This is a special case of (5.49). It covers also f € Lip(/) withs = 1.

Example 2. Let f € Wp1 (I) with 1 < p < oo (including p = 1). Then one has for
277 m<x <27 m+ 1) withm=0,...,27 —1,

- e mi=| [ ol

2=/ (m+1) ) 1/p NN (5.53)
([, rora)w-m,
where % + # = 1. It follows that
271 2= (m+1)
> / If(x)—f(2"m)|dx
2=/ (m+1) 1/p
< Ca (T rmrey) T 6
+ Tm
1/p
< 14 2—J(p]/+1)2J/p’(/ £/ () dy)
p+1 0
and
271
| / foa -2 3 s m)\ LM (5.55)
This coincides with (5.50) where ¢ = -2 '

p+1°
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5.3 Multivariate integration
5.3.1 Integration in squares

In (5.5) we introduced the integral numbers Intg (G(Q)) for spaces G(£2) with (5.2)
in bounded domains €2 in R”. We have Theorem 5.4 for isotropic spaces A, (£2)
on bounded Lipschitz domains. But there are no constructive algorithms for optimal
approximations according to (5.5). The situation is much better if 2 = I = (0,1)
is the unit interval on R. Then we have Theorem 5.7 and Corollary 5.8 based on the
Faber expansions (5.25)—(5.29). Now we are doing the same in higher dimensions
always guided by the attempt to preserve the error bound in (5.33) for spaces on / of
smoothness s in higher dimensions (maybe at the expense of log-terms). First we deal
with integral numbers and constructive algorithms for spaces with dominating mixed
smoothness in the unit square

Q={x=(1x)eR:0<x; <1, 0<x <1} (5.56)
For sake of convenience we repeat a few notation and basic assertions. Let
{00, V1, Vjm : j €Ng; m=0,...,27 —1} (5.57)
be the Faber system of the unit interval / = (0, 1) according to (5.25)—(5.27). Let
{okm : k € N2, m e PF} (5.58)
be the same Faber system in Q2 as in (3.62)=(4.116) consisting of the functions

Uml (X1) Umz (XZ)
itk = (—1,—1): my €{0,1}, ms € {0, 1),

Um, (x1) Vkomo (x2)

) ifk = (—=1,k), ko € No; mq €{0,1}, my =0,...,2k2 — 1,
Vim(X) =
Uk]ml(xl)vmz(XZ)

ifk = (ky,—1), ky € No; my =0,...,25 — 1, m, € {0, 1},

Vkym (-xl) vkzmz(x2)
ifk e N2;my =0,....20 —1;1 = 1,2,

(5.59)
x = (x1,x2) € Q2, where

PF ={meZ>withmasin (5.59)}, ke N2 . (5.60)
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Furthermore we recall the mixed differences (3.74)—(3.77) = (4.119)—(4.122),

dz. (f) = f(mi,my) ifk = (=1,-1),m; € {0,1}, m, € {0, 1}, (5.61)
Yen(/) == 585000 S (1. 27 (5.62)
ifk = (—1,kp), kr € No,my €{0,1},mp =0,...,2F2 — 1,
di(f) == 3500 - llf(2"“m1,mz) 563
ifk = (ky,—1),k; € Nog,mp €{0,1},my =0,..., 2K —1,
dim(f) = lAi—Zkl 12=k2—1 f(z_klml’z_kzmz) (5.64)

iftkeN2,m=0,....2% —1;1=1,2,

where the (mixed) differences have the same meaning as in (3.72), (3.73). Let
Sy, B(Q?) with p, ¢, rasin (4.123)and S, W(Q?) with 1 < p < oo be the same spaces
with dominating mixed smoothness as in Theorems 3.13, 3.16 and Corollary 3.14. We
added in (4.127) a few limiting cases resulting in

S;q?B(QZ), 0< p,q < oo, % <r <1+ min (%, 1), (5.65)

with (4.128). If f € Slfq%((Dz) or f € SI} W(Q?) then f can be represented by the
series

= d2.(f) vkm (5.66)

keN2 | mePf

which converges absolutely and hence unconditionally in C(Q?) and (as a conse-
quence) in L;(Q?). Furthermore one has (4.127) and (3.92). Integration over Q2
results in an absolutely convergent series. One obtains by (5.59) and (5.61)—(5.64) the
explicit remarkable representation

L rwar= 3 2 fomm)

mi,mr€{0,1}

oo 2k2-1

- Z Z Z 27k2" 3A2—k2 lzf(ml’z_ksz)

=0 my=0 m;=0

oozkll

o Z Z Z 27k1= 3A2—k1 11f( lml,mz)

k1=0 m1=0 mpy=0

2k1—12k2 1

+ Z Z Z 2_k] k2= 4A2 k1— 12 kyp—1 f(z_klml?z_kzmz)'

keIN2 m1=0 m>=0

(5.67)
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We split f as in (4.134), (4.135), hence
f= > > @Ovem+ Y. D A2 (f) vim
ki+k2<K mepfF kit+k2>K mepf (5.68)

=MKf4+REf KeN.

Integration over Q? gives a corresponding decomposition of (5.67),
/ f(x)dx = / (MK £)(x)dx +/ (RE f)(x)dx = MK f + RK f. (5.69)
Q2 Q2 Q2

Recall that ¢+ = max(a, 0) ifa € R.

Proposition 5.11. (i) Let
1 1
0< p,qg < o0, —<r<1—|—min(—,1). (5.70)
p 4
Then there is a constant ¢ > 0 such that for all K € N and all f € Slzq?B(@z),
[ fax = B1¥ | < 2 KRG KD £ s 8@ 571)
Q2

(i) Let 1 < p < oo. Then there is a constant ¢ > 0 such that for all K € N and
all f € SI} W(Q?),

‘/ f(x)dx — MKf‘ <c27KKV2| £ ISIW@)]. (5.72)
Q2
Proof. We prove part (i). Obviously,

[ e =R p| < IRE @), 573)

Then one obtains (5.71) from (4.142), (4.144) withu = 1. Now part (ii) with 1 < p <2
follows from the right-hand side of (4.159). If 2 < p < oo then one applies afterwards
(4.158). O

Remark 5.12. This is the counterpart of Corollary 5.10 and the examples at the end
of Section 5.2.2. It might be useful to look at a few cases.

1. Sobolev spaces. Let 1 < p < oo and f € S;W(Q?) with f|dQ> = 0. Then it
follows from (5.67), (5.68), (5.72) and (3.118) that

2k1-12k21

‘/‘sz(X) dx = Z Z Z 2_k1_k2_4A§’—2k1—1,2—k2—1f(2_klm1, 2_k2m2)

k1+ky<K m;=0 my=0

82
L@

<c 2—K K1/2
- 8x18x2

(5.74)
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2. Besov spaces. Let
1 e
O<p<oo, —<r<l+min|—,1 (5.75)
p p

and f € S;pB(Qz) (= Sb%(@z)) with £|dQ? = 0. Then it follows from (5.71) and
(3.117) that

2k1-12k21

‘/sz(X) - Z Z Z pakem Az’—zkl—l,z—kz—lf(z_k‘m1,2_k2m2)

k1+ka<K m1=0 mz=0

k(L1 - 1 1 22 p dh 1/p
< ¢ 27 KrHKRG =D+ g _"H(/ / (hih) P Af e f 1L (@) [* 72 )
0 0 s 1782

(5.76)

with the usual modification if p = oo where we have to justify that in case of
f10Q2% = 0 the last term in (3.117) is an equivalent quasi-norm in S;I,B(CDZ).
For this purpose we first remark that one can replace || f |L,(Q?)| in (3.117) by
tryq2 f |Lp(dQ?)||. This is essentially a one-dimensional assertion covered by (3.42),

(3.44). But the same argument can be applied afterwards also to AZ LQ2 f and

AZ Q2 f. After these replacements the right-hand side of (3.117) reduces in case
of £]10Q? = 0 to the last term in (3.117).

Let ¢i"(G(2)) and Int (G(£2)) be the numbers introduced in Definition 5.1 with
G(L2) as in the above Proposition 5.11. Let/ € N,/ > 2 and K; € N with

K; =logl —loglog/ + e, where0 <e < 1. 5.77)

Recall that M X! f in (4.177) evaluates f € C(Q?) in ~ [ points in @2. This follows,
as mentioned there, from (4.145) = (5.77). The same assertion is valid for

MK f :/ (M& f)(x)dx, 2<leN. (5.78)
@2

We refer also to the explicit formulas (5.67)—(5.69).

Theorem 5.13. (i) Let
1 1

0< p,q < oo, —<r<1+(—,1). (5.79)

p 14

Then

1_ _1 :
et TG+ 1og T2+ < Iny (S5, B(Q?)) < g (S7,B(R?))

(Lo (5.80)
< Cz(L) T (log )T+
log!
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and

] )—r+(},—1)+

-1 ,
o] (log =+ f |57, B(@)]

(5.81)

‘Azf(x)dx—MK’f’fc(

for somecy >0,¢3 >0,¢c>0,andalll € N, [ > 2.
(i) Let 1 < p < oco. Then

1l (log )2 < Int; (SAW(QR?)) < gl (SIW(Q?)) < 2l ' (log!)*?  (5.82)

and

| [ F)dx— K f| < e 0g 2 £ 1SIW@D) (583)
®2
forsomecy > 0,cp >0,¢c>0andalll € N, > 2.

Proof. The right-hand sides of (5.80) and (5.82) follow from Theorem 4.15 and Corol-
lary 4.16 (iii) with u = 1. The estimates from below in Steps 3 and 4 of the proof of
Theorem 4.15 rely on non-negative functions of type (4.149), (4.153). In particular
if u = 1then || f|L1(Q%)| = [go f(x)dx applies also to the integrals over these
functions. Then the left-hand sides of (5.80) and (5.82) follow from the arguments
resulting in the corresponding left-hand sides in Theorem 4.15 and Corollary 4.16.
Using in addition (5.8) one obtains (5.80), (5.82). Finally (5.81) and (5.83) follow
from Proposition 5.11 and the arguments in the proof of Theorem 4.15. O

Remark 5.14. Similarly as in Theorem 4.15 there remains a gap between the left-hand
sides and the right-hand sides of (5.80), (5.82). On the other hand these gaps are
not larger for the integral numbers Int (G(Q?)) than for the specific linear sampling
numbers g,"(G(Q?)). As for notation we refer to Definition 5.1. One may compare
the above Theorem 5.13 with Theorem 5.7 where we dealt with integration in the unit
interval I = (0, 1) for spaces A}, (I). There are several remarkable differences. First,
the final assertion (5.34) must now be replaced by (5.81), (5.83) which might be the
best possible estimates in the context of our approach. Secondly, one can take (5.33)
with s = r as a guide asking for spaces with (main) smoothness r having the same
behaviour. This is the point where dominating mixed smoothness enters the stage.
By (5.80), (5.82) one has the same behaviour as in (5.33) for the (main) smoothness r
(= s) now perturbed by log-terms. This is in sharp contrast to corresponding assertions
for isotropic spaces as described in Theorem 5.4. Thirdly, one may ask for the precise
behaviour of the integral numbers in (5.80), (5.82). This is related to discrepancy
which will be treated later on in higher dimensions. We discussed this point at the
end of Section 4.3.3 and took these observations in Section 4.4.1 as a motivation to
introduce logarithmic spaces with dominating mixed smoothness. This will be also one
of the main points in what follows. But first we extend a few assertions in Theorem 5.13
from two to higher dimensions.
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5.3.2 Integration in cubes

Sampling and integration in the square Q? is based on the Faber system (5.58)—(5.60),
the mixed differences (5.61)—(5.64) and the representation (5.66). All this can be
extended from two to higher dimensions. We refer in particular to Section 3.2.5. Let

®”:{x:(x1,...,xn)elR”:O<xl<1} (5.84)
be the unit cube in R”, n > 2. Asin (3.178) we denote by
{Vkm k€N, me P} (5.85)

the n-dimensional generalisation of the Faber system (5.58)—(5.60). The n-dimensional
versions of the mixed differences in (5.61)—(5.64) are denoted by d ,fm (f)". There are
direct counterparts of Theorems 3.13, 3.16 with Q" in place of Q2 and p, g, r as there,
based on the expansions

f=> Y din(f) vkm (5.86)

ken\"i] mE[P{"”

or (3.179), (3.180). As for properties of the Sobolev spaces SI} W(Q™) we refer to
Section 3.2.5. In addition we are interested in the spaces S;, B(Q") with p, ¢, r asin
(4.123) and covered by the n-dimensional versions of Theorems 3.13, 3.16. Similarly
as in (5.65) we add a few limiting cases,

S7.B@"Y). 0<p.q=<oo, % <r<1 +min(%, 1), (5.87)

consisting of all f in (5.86) with

1 Isp @) = (3 2tiere=pa( S gz )Y <o
keN" me[P,f’”

(5.88)
with the usual modifications if p = oo and/or ¢ = co. One may also consult (4.126)-
(4.128) and the comments given there. Theorem 4.15 and Corollary 4.16 dealing with
sampling numbers can now be extended from two to higher dimensions. This applies
also to Proposition 5.11. This will not be done here. But we give an explicit formulation
of the n-dimensional generalisations of (5.80), (5.82) and outline the necessary modi-
fications in the related proofs. We specify now G(£2) in Definition 5.1 by S,,B(QR")
according to (5.87), (5.88) and by the Sobolev spaces S 1} W(Q"). For sake of clarity
and also to show the dependence on the dimensionn € N,n > 2, we write occasionally
log" 11 = (log/)"~!, also in the version (log” ! 1)* = (log)*”~1 where x > 0.

Theorem 5.15. Let Q" be the unit cube (5.84) in R™, n > 2.
(i) Let

1 1
0< p,qg < o0, —<r<1—|—min(—,1). (5.89)
p p
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Then
e I+ (10g" ' 07D+ < Tty (S7,B@") < g (S7,B@™)

—r+(l—1)+
562( : ) T (o T+

log" !/
(5.90)

for some ¢y > 0,cp >0andalll € N, [ > 2.
(i) Let 1 < p < oco. Then

117 log)"2 < Iny (SEW(@™) < g™ (S,W@™) < e217  (log1)*"Z" (5.91)
for somecy > 0,cy >0andalll € N, [ > 2.

Proof. We outline the modifications compared with the previous two-dimensional con-
siderations.

Step 1. We split f € S;, B(Q") given by (5.86) with (5.88) as in (5.68),

f= Yo (NN vm+ Y Y A () Okm

k1+"'+kn5Km€|P,f'n k1+"'+kn>Km€|P['” (5.92)

=MXf+RXf KeN

First we estimate the remainder term RX £ in L (Q"). Instead of L in (4.138) and the
subsequent estimates one has now L"~!, compared with K by

n—1
L' =(L-K+K)""'=) c(L-K)'K"'" (5.93)
t=0

This shows that one has now 2_K’K("_1)(%_$) in place of 2_K’K%_$ in (4.138) and
the subsequent estimates. The counterparts of (4.142), (4.144) with u = 1, are given
now by

- 1_ -1
|RE S 1L1@")| < 27K HEGTDr gO7DO=05) 7157 (@M. K € N.
L (5.94)
One needs for M X £ in (5.92) the knowledge of f in K"~ 12K points in @”. For given
leN,[>2,

)

—19K
e KT~ 599

K =logl —log(log" 1) +¢, 2K ~

is the n-dimensional version of (4.145). Then the right-hand side of (5.90) follows
from (5.94), (5.95). Recall that we have always (5.8). As far as (5.90) is concerned it
remains to prove the left-hand side.

Step 2. As for the left-hand side of (5.90) one can argue as in the Steps 3 and 4 in
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the proof of Theorem 4.15 with u = 1 using again that all functions involved are
non-negative, in particular the counterparts of (4.149), (4.153),

=) vem and f= > > Vkm. (5.96)

mePl kitetkn=I+1 mepl

Then one obtains the left-hand sides of (5.90) by the same arguments as there.

Step 3. According to (3.196) one has (4.158), (4.159) with Q" in place of Q2. In
addition S; W(Q") = S, , B(Q") (= S, ,B(Q™)). Then (5.91) follows from (5.90)
generalising (4.163) and (5.82). ]

Remark 5.16. Let S{W(R") be the collection of all f € S’(R") (or likewise f €
L;(R™)) such that

IFISTW®RY = > IID*f|Li(R")] < o0, (5.97)
aENG
o 0,13

and let S 11 W(Q™) be its restriction to Q™. Then

LAISIw@M) = Y ID*f L1 (@) (5.98)
aewg
aj €{0,1}

is an equivalentnorm in S| W(Q"). This can be shown as in the proof of Theorem 1.67.
In particular smooth functions are dense both in Sl1 W(R") and in S 11 W(Q"). Let
x = (x', x,) € Q". Iterative application of

1 1
sl e [ el te [ wmlan 69
0 0 Yn
results in
S <clfISiW@Y], xeQ" (5.100)
In particular,
S,W(Q") — S{W(Q") = C(Q"), 1< p <. (5.101)

Hence one can apply Definition 5.1 to G(2) = S]W(Q"). Then one has by (5.91)
and (5.101) that

cI7 (log)">" < Int; (S W(@Q")) (5.102)
for some ¢ > O and all [ € N, [ > 2. This complements the left-hand side of (5.91).
But it is not so clear by our approach whether the right-hand side of (5.91) can also be

extended to p = 1. We glance at n = 1, hence W' (I) where I = (0, 1) is the unit
interval. By (5.99) we have

W, (1) = Wl'(I) = C(I), 1< p<oo. (5.103)
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Furthermore,

Int; (W' (I)) ~17", 1eN. (5.104)
The estimate from below follows from (5.33) with A, (1) = Wp1 (I) and (5.103).
As for the estimate from above we use an argument which is typical for our later
considerations (in higher dimensions) about discrepancy. Let )(fn be the characteristic
function of the interval [%, 1] withm = 0,...,] — 1. Then the estimate from above
follows from

[ (7))

m=0

[ (= S ) 70
m=0

<1 /I /()] dx.

(5.105)

Hence the dominating order /™! in (5.102) and (5.104) is the same. But also for p = 1
one has indispensable log-terms in higher dimensions.

Remark 5.17. It is well known that the left-hand side of (5.91) is the exact bound.
This is a consequence of related assertions in the L ,-discrepancy theory which will be
discussed in greater detail in Chapter 6 below. At this moment we only mention that
in the context of an L,-discrepancy theory the estimate of the integral numbers from
below in .

Int; (S W(Q") ~ 7Y (log)' T, 1eN, [>2, (5.106)

is a celebrated theorem by K. F. Roth, [Roth54], complemented by [Chen85], [Chen87].
Corresponding estimates from above are proved in [Roth80], [Fro80]. The extension
of this theory from p = 2to 1 < p < oo goes back to [Schw77], [Tem90] (estimates
from below) and [Chen80] (estimates from above), hence

Int (S, W(@™) ~ 1 (log )"z, 1 eN, =2, (5.107)

As said we return in Chapter 6 in greater detail to discrepancy and its relation to
integration. Then we give also further references. Our approach to the lower bounds
in (5.90), (5.91), and hence in (5.106), (5.107), is different. We rely on extremal
functions of type (4.149), (4.153) and (5.96). This gives the exact lower bounds in
(5.106), (5.107). As for the upper bounds in (5.107) there is little hope that our method
can be improved such that one obtains (5.107). It seems to be a sophisticated art to
find irregularly distributed points in @” producing in the context of the L ,-discrepancy
theory, 1 < p < oo, exact upper bounds. We refer to [Roth80] and the explicit (but
rather involved) constructions in [ChS02], [Skr06]. Our distribution of points which is
related to the Smolyak algorithm and the so-called hyperbolic cross is too regular. This
is also supported by [Pla00] dealing with the tractability (tight control of constants
in dependence on the dimension n € N) in connection with numerical integration
and discrepancy. It comes out that sparse grids, covering Smolyak algorithms and the
distribution of points as used in our approach are not optimal. However encouraged by
the above considerations one may ask whether the lower bound in (5.90) is the exact
bound. In other words it would be of interest
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to clarify whether

Int; (S5, B@") ~ 177 +G D+ (log ' =D+, 1 e N, 122, (5.108)

with0<p,q§oo,%<r<1+min(%,1).

Using (5.107) one can confirm (5.108) in some cases:

If2 < p < oo then

Int; (S, B@™) ~ 17 (log) 2", 1eN, [ >2. (5.109)

This follows from (5.107), (4.159) (with Q" in place of Q?) and the lower bound in
(5.90) (recall that in this case S;,zB(Qn) = SI}’ZSB((D")). We return to this problem
later on in Remarks 6.25, 6.28 in the context of discrepancy numbers.

Remark 5.18. Another case of interest are the Holder spaces S"€(Q") = S B(Q"),
0 < r < 1. They can be characterised by first differences (4.218) (where n = 2). It
follows from (5.90) that

eI (log)"™! < Inty (STE(QM)) < 217" (log )~ DTHD (5.110)

for some ¢; > 0, ¢; > Oand all/ € N,/ > 2. Similarly one can define spaces
STC(Q") with r € N as the collection of all functions f € C(Q") having all classical
derivatives D* f € C(Q") of order ¢ = («y, ..., a,) with O < @j < r. Then one has
the same upper bounds as in (5.110) now with r € N. We refer to [NoR96], [NoR99].

Remark 5.19. Numerical integration, especially in Q”, discrepancy and tractability
have been considered in numerous papers and books. We refer to [NSTWQ09] as an
introduction aimed at a wider audience, to [Woz09] which is a historical survey, and to
[NoWO08], [NoW09] for detailed studies. Quite often one prefers to deal with periodic
functions in the n-torus T” in place of Q". We refer in particular to [Tem93]. The
methods in the above-mentioned papers and books are different. Our approach, based
on Faber bases, was first presented in [Tri09].

5.3.3 Integration based on logarithmic spaces

The logarithmic gaps between the left-hand sides and the right-hand sides in Theo-
rem 5.13 for integral numbers are more or less special cases of corresponding loga-
rithmic gaps for sampling numbers in Theorem 4.15. This can be extended to higher
dimensions. We refer to Theorem 5.15 as far as integral numbers in higher dimensions
are concerned. In Section 4.4.1 we took this situation, but also related assertions with
respect to the unit interval / = (0, 1), as a motivation to deal with sampling based on
logarithmic spaces. The replacement of S;_B(Q?) in Theorem 4.15 by S TPB(QR2?) in
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Theorem 4.24 and Corollary 4.25 modifies the corresponding sampling numbers some-
what but preserves the logarithmic gap. In Definition 4.27 we introduced the spaces

Sp (b) B(Q?) reflecting a (logarithmically) different behaviour in Q2 and on its bound-
ary 8@2 Then one has Theorem 4.29 and the satisfactory Corollary 4.30. Maybe their
n-dimensional counterparts on Q" in (4.281) and (4.284) are even more interesting.
One can modify these considerations and proposals in the context of integral numbers.
We restrict ourselves to the two-dimensional case. Let again

Q*={x=(x1,x2) : 0<x; <1,0<x <1} (5.111)

be the unit square in R? and let S ;’q(b) B(Q?) be the spaces according to Definition 4.27.
Let gi"(G(R)) and Int (G(R)) now with G(RQ) = Sp”’ B(Q?) be the numbers
introduced in Definition 5.1. Let

K; =logl—loglogl+e, L;=logl+68, 0<ed<l1,leN,[>2 (5112)

be as in (4.263). We split the explicit formula (5.67) according to (4.264), hence
WS = [ ) ax
Q2
= D 27 f(mim)

my,mr€{0,1}
L;+12k2—1

-y Y Z 2R, 12f(ml,z 21m,) (5.113)

kr=0 my=0 m1=0
Li+12k1—1

- Z Z Z 27k~ 3A2 —k1— llf( klmlﬂmZ)

k1=0 m;=0 m>=0

2k1—12k2 1

+ Z Z Z 2—k1 —ko— 4A§ 2k1 12 k271f(2—k1m1’2—k2m2)'

k1+ko<K; m1=0 my=0

2
keNg

This evaluates f € C(Q2) at ~ [ points in Q2.
Theorem 5.20. Let

1 1
l<p<oo, —<r<l+—. (5.114)
p p
Then the embedding
. r,(r+1—
id: Sy, B(@Z) — L1(Q? (5.115)
r,(r+1—

is compact and for some ¢ > 0, alll € N, 1 > 2, and all | € Sp,

p B(®2)

r,(r+1—

[ o] serr s Paea e
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Furthermore,
it (5,777 B@2) ~ gin(siy TP B@2) ~ (5.117)
foralll € N.

Proof. By the proofs of Theorem 4.29 and Corollary 4.30 it follows that
| f =M fIL(@)| = | f -MifILp (@2)H

<cr | r1spT T TP B@d)!

This covers (5.116) and by (5.8) the estimate of the integral numbers from above in
(5.117). Using that f in (4.261) is non-negative one can modify (4.262) by

(5.118)

r,(r+1—

715 P s@~ 2 [ o~ s

This gives the estimate of the integral numbers from below in (5.117) with 2l in place
of [. O

Remark 5.21. According to Theorem 1.67 the spaces S;FB(QZ) with1 < p < ocoand
r > 0 can be equivalently normed by (1.294). We took for granted that this assertion
can be extended to the spaces S;fB(@z), equivalently normed by (1.369). In case of

the spaces S;},(b)B (Q?) with p,r asin (5.114) and b € R the interior terms in (4.249)
and the boundary terms are treated differently. As discussed in Remark 4.28 one has

for the boundary term f 0Q? iy (4.252) that
2
[£7571855" B@)| ~ [[wag2 1 |87,

where B;p (0Q?) are the spaces introduced in (3.121). Let p,r be as in (5.114) and
leth =r+1-— %. Then it follows from the above considerations that the spaces

(5.120)

S IZ},(b) B(Q?) can be equivalently normed by
[ 71857 B@)|"
= |traq2 /1B, (0@ (5.121)
1/2 1/2 dl’l dh
([ iy iiogh P og hal7 832 f 1L,(@) |7 Uadiy )17

As for A% Y @2 f we refer to (1.293). This is the continuous version of (4.249) with
p = q. Recall that S]W(Q?) = S, , B(Q?) and that by (5.120) and Theorem 1.67,

Lf 1S W@ ~ [tragz £ W, (3R]

2 12 dh dh

-2 27112 1 2

+(/0 /0 ()2 A22, £ 1L2@)| )
(5.122)
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are equivalent norms. On the one hand we have (5.82), (5.83) for the integral numbers
of S W(Q?). On the other hand we obtained by (5.117) that

Ing (S,7B@%) ~ 171, 1 eN. (5.123)
By (5.121) this logarithmic perturbation of S} W(Q?) can be normed by

7182577 @)
= | tryq2 f IW, (0Q?) | (5.124)

1/2 1/2 dh+dh 1/2
H([7 ] b 2ogm PlioghaP |35, £ 1L@) P52 )
0 0 R hihy

In other words, the reinforcement of the interior part of S}W(Q?) in (5.124) by
|log hy|3|log ho|? improves (5.82) by (5.123) and also (5.83) by (5.116). Our con-
structions our closely related to so-called Smolyak algorithms and to the hyperbolic
cross (hyperbolic points). As discussed in Remark 5.17 there is little hope that these
distributions of points in which f(x) is evaluated give for the spaces considered in
Theorem 5.13 similar results as for their logarithmic perturbations. The situation is
similar as for sampling numbers where Corollary 4.30 is the counterpart of Theo-
rem 5.20. But even in this context there arise several questions which we discussed
in Point 4 in Section 4.4.4. In particular one may ask whether b = r + 1 — % in
Theorem 5.20 is the best possible choice.

Remark 5.22. We restricted the above considerations to the two-dimensional case,
hence Q2. We outlined in Section 4.4.4 some proposals how to proceed in higher
dimensions. In particular we described in (4.281) and (4.284) norms in suitable spaces
which may be considered as n-dimensional generalisations of the spaces used in Theo-
rem 5.20. Instead of sampling numbers one may now use these spaces in the context
of numerical integration, including tractability, based on (4.284).

5.4 Integration in planar domains

5.4.1 Introduction, definitions

Recall that we introduced in Definition 5.1 the numbers g;"(G(£2)) and Int; (G(2))
where 2 is a bounded domain in R” and G(2) is a function space satisfying (5.2). Let
Q = I = (0, 1) be the unit interval. Let

1 1
I1<p=<oo, —<r<l+4+—. (5.125)
4 4

Then
g"(By, (1)) ~Int;(B;,(I)) ~I7", 1 €N, (5.126)
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is a special case of Theorem 5.7. We took this as a guide asking for the same behaviour
in higher dimensions. By Theorem 5.4 one has

S (BRp(@) ~ I (B@) ~ 17 Len a2

where €2 is a bounded Lipschitz domain in R”, n > 2, and p,r as in (5.125). It is
somewhat surprising that one has (almost) the same behaviour for much larger spaces
of (dominating mixed) smoothness r with p, r as in (5.125), in contrast to the smooth-
ness rn for the isotropic spaces in (5.127). But one has to pay a price. Spaces with
dominating mixed smoothness on R” depend on fixed Euclidean coordinates. Accord-
ing to Definitions 1.56 and 1.81 one can introduce corresponding spaces on arbitrary
domains €2 in R” by restriction. But one obtains substantial assertions only for rect-
angles in R” having sides parallel to the axes of coordinates with the unit cube Q" in
(5.84) as prototype. The first step beyond this philosophy was done in Definition 4.27
where we introduced the spaces S ;;I(b) B(Q?) which are not obtained by restriction of
corresponding spaces on R2. The behaviour of functions belonging to these spaces
inside of Q2 and at the boundary dQ? may be different, (5.120). We described in
Section 4.4.4 possible n-dimensional generalisations. In any case one can use this
decoupling of smoothness properties in Q2 and at dQ? as a motivation to introduce
logarithmic spaces of type S;’q(b)B also in more general domains. Of special interest
might be corresponding spaces on the unit ball B” and on the unit sphere $”,

B" ={x eR" :|x| <1}, $"={xeR"™:|x|=1} (5.128)

n > 2. Later on we restrict ourselves again to n = 2. But first we introduce a few
definitions in R”, n > 2.

Let 2 be an arbitrary domain in R” and let u € Ny. Then C*(2) is the collection
of all complex-valued functions f having classical derivatives up to order u inclusively
in © such that any function D® f with |&| < u can be extended continuously to Q and

LFIC“ @) = Y sup |D* f(x)] < oc. (5.129)

ol <u xX€Q

Furthermore, C(2) = C%(2) and C®(R2) = (=, C*(RQ). This coincides with
[TO8, Definition 5.17, p. 147] and goes back to [HaT08, Definition A.1, p. 246]. (It
differs from other definitions in literature).
Recall that a one-to-one map ¥ from a bounded domain €2 in R” onto a bounded
domain w in R”,
Y:Qosx>y=v%((x)eEo, (5.130)

is called a diffeomorphic map if
Ym € C®(Q) and (YN, eC®w), m=1,...,n, (5.131)
for the components v/, of ¥ and ('), of its inverse ¥ !,

v loy =idinQ and Yoy ! =idinw. (5.132)
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A bounded domain €2 in R” is said to be diffeomorphic to a bounded domain w in R”
if there is a diffeomorphic map v of a nei ghbourhood of Q onto a nelghbourhood ofw

with w = ¥ (R2). If A is a setin R”, then A is the largest open set in R” with A CA
(the interior of A). Let again

Q"={x=(1....5n) €R" : 0 < xp < 1} (5.133)
be the unit cube in R” and let {0, 1}" be its 2" corner-points.

Definition 5.23. A domain Q in R”, n > 2, is said to be rectangular decomposable
if it is a bounded Lipschitz domain according to Definition 1.26 (ii) which can be
represented as

L
- (Uﬁ,) with Q; N Q= Gifl #£ 1/, (5.134)
=1

such that each €; is diffeomorphic to Q", ¥/ (€2;) = Q" and Q; N Q. is either empty
or a common face of ; and ; of lower dimension, [ # [’

Remark 5.24. We are interested here in planar domains, Figure 5.1. The unit circle
B2 can be decomposed as indicated. The annulus

{xeR*: 1 <|x| <1} (5.135)

can be furnished naturally with polar coordinates which may fit directly in what follows
(but has not yet been done).

Figure 5.1. Planar domains.

5.4.2 Spaces with dominating mixed smoothness, integration

We are back to n = 2 and denote the unit square by

0=Q*={x=(x1,x2) €eR*, 0<x; <1, 0<x <1}. (5.136)
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Let S;’q(b)B (Q) be the spaces introduced in Definition 4.27.

Definition 5.25. Let Q be a rectangular decomposable domain in R? according to
Definition 5.23 and let Y = {wl}le be the corresponding diffeomorphic maps of €2;

onto Q, ¥ (Q;) = Q. Let

1 1
0<p,q <o0, —<r<1+min(—,1), b eR. (5.137)
4 p

Then Sp? B(Q, ) is the collection of all f € C() such that

(flQ)owH  esr®BQ), I=1,.... L. (5.138)

Furthermore,

L
1£ 1552 B@. )l = Y1120 o W) ISED BO). (5.139)

=1

Remark 5.26. We add a few comments. Recall that C(Q2) = C%(Q) has the same
meaning as in connection with (5.129). As before, f|€2; is the restriction of f € C(R2)
to ;. Then g; = (f|2) o (¥*)~' € C(Q) and the above definition makes sense. By
(4.248) one has

g(x)= Y > dZ,(g)vim(x). x€Q, (5.140)

keNZ, mePF

and (4.249) with g; in place of f. It follows that

L
fO=>">" > a2, @) (meov)x). xeq. (5.141)

I=1keN2 | meP}

There is a temptation to call {vg,, o 1//1} a Faber system or a Faber basis in 2 and
(5.141) a corresponding expansion. But some care is necessary. If k € I]\lg then
one has Vi, (X) = Vi m, (X1) Vkym, (X2) according to (5.59) based on (5.27). Then
Viem © ¥l is also a product of distorted hat-functions and an acceptable building block.
The situation is different for the boundary terms with k € N2 \ IN%. But this can be
repaired. Let x € Q be an interior corner point of several rectangular domains €,
and let k = (—1,—1). This corresponds to the first line in (5.59) and (5.61), hence
f(x%) in all cases involved. One can sum up in (5.141) the corresponding terms.
The outcome is again a distorted hat-function (Lipschitz function) in €2. The situation
is similar for boundary terms related to the second and third line in (5.59). On a
common boundary line Q; N/, [ # I/, connecting two corner points of two adjacent
rectangular domains 2; and €2/ the representation of f might be different (distorted
Faber bases originating from / = (0, 1)). Since f € C(2) one can replace one by
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the other and argue as before clipping together terms with the same factors in front.
One may also consult (3.97)—(3.100) where we discussed in detail the decomposition
of f in an interior, boundary and corner part and (3.133), (3.134) for related extension
procedures which remain valid also in the above context. Let (v, o ¥')g be these
modified hat-functions. Then

{(vkm oyl )Q} is also a conditional basis in C(2) and the coefficients evaluate
f at distinguished points in Q.

In other words, one can first deal with the corner points, then with the sides of ﬁl and
finally with the interior or €2;.

We refer in this context also to Remark 3.12. In particular, C(2) is isomorphic
to C(I) and any basis in C(£2) is conditional. After these preparations one can now
extend assertions for spaces S, ;;I(b) B from Q? to rectangular decomposable domains £
in R?. We restrict ourselves to the counterpart of Theorem 5.20. Let g;"(G(£2)) and
Int; (G(2)) be the numbers as introduced in Definition 5.1.

Theorem 5.27. Let Q be a rectangular decomposable domain in R? according to

_1
Definition 5.23 and let S;;H_l ”)B(Q, v) with

1 1
I<p<oo, —<r<l+—, (5.142)
p P
be the spaces as introduced in Definition 5.25. Then
_1
id: Si TP B y) s Ly(@) (5.143)
is compact. Furthermore,
_1 , _1
It Sy T B ) ~ (S TP BQ. ) ~ 1 (5.144)

foralll € N.

Proof. The estimates from below are local and essentially covered by (5.119), trans-
ferred to one of the rectangular domains €2;. As for estimates from above one can rely
directly on (5.141) and previous arguments. But one can also transfer this question
to Q = Q2. Then the diffeomorphic map y = ! (x) produces in the corresponding
integral the Jacobian as an additional factor. But this is a real smooth function bounded
from above and below by positive constants. This does not influence the previous
arguments. O

Remark 5.28. The spaces S ;;;b) B(2, ¥) look like patchwork quilts. The distinguished
directions determining dominating mixed smoothness may change from one rectangular
domain €2; to the next one, but only in moderate manner since they have common sides.
Maybe the annulus (5.135) is an exception and it might well be reasonable to deal with
spaces having dominating mixed smoothness in terms of polar coordinates directly
without cutting this domain in pieces.



Chapter 6
Discrepancy

6.1 Introduction, definitions

6.1.1 Definitions

Discrepancy measures the deviation of sets of points from uniformity, preferably in the
unit cube

@”:{x:(xl,...,xn)E[R”:0<x1 <1;l:1,...,n} 6.1)

in R”. This theory goes back to H. Weyl, [Weyl16], and J. G. van der Corput, [Cor35a],
[Cor35b]. Nowadays it is a flourishing field of research with dozens of books and
thousands of papers. A description of the work of Weyl may be found in several books.
We refer in particular to [DiP10]. Van der Corput coined the word Diskrepanz (=
discrepancy). Our aim is very restrictive. We deal with discrepancy mainly in the
context of spaces with dominating mixed smoothness and numerical integration.

Let S;,A(QR"), 2 < n € N, be the spaces with dominating mixed smoothness as
introduced in Definition 1.56. Let y r be the characteristic function of the rectangle

R={xe®”:a1<xl<b1;l=1,...,n}c®” (6.2)

where 0 < aq; < b; < 1. LetI' = {xj}};l C Q" be a set of k points in Q". Then
X rs 1s the characteristic function of the rectangle

Ri={xeQ":x{ <xy<lil=1..n} j=1..k (63

anchored at the upper right corner of Q" (and with x/ as the lower left corner). Let
A={a;j };‘:1 C C. The discrepancy functions

n k
discra(x) =[x =) ajxpi(x), xe@", (6.4)
I=1 j=1
and
n 1 k
discﬂx):}j[lxl—%gjl)(m(x), xeqQ”, (6.5)

compare the volume of the rectangle with O as the lower left corner and x as the up-
per right corner with the weighted number of points x/ € T' within this rectangle.
The distinguished case a; = k~! in (6.5) is of special interest. The above discrep-
ancy functions are preferably measured in L,-norms, 1 < p < oo, where nowadays
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p = l and p = oo are the most interesting and most challenging cases. We wish to
complement this theory measuring these discrepancy functions not only in L,(Q") but
also in suitable spaces S, A(Q"). Let Q' = I = (0, 1) be the unit interval in R.

Definition 6.1. (i) Let2 <n € N. Let0 < p,q < oo (p < oo for F-spaces) and
r € R such that
XR € S,,A(Q") for any rectangle R (6.6)

in Q" according to (6.2). Then

discr (S, A(Q")) = inf |discr,4 |S;,A(Q")]

. keN, 6.7)

where the infimum is taken over all I' = {xj}j?zl CQ"andall 4 = {a; }5‘:1 cC.
(i) Letn € Nand 1 < p < oco. Then

discx (Lp(Q™)) = inf |[discr,4 [L,(Q")

|, keN, (6.8)

where the infimum is taken over all " = {x/ }}‘:1 C Q" and all 4 = {a; }}‘:1 cC.
(iii) Letn € Nand 1 < p < oco. Then

discy (Lp(Q")) = inf ||discr |L,(Q")]

, keN, (6.9)
where the infimum is taken over all ' = {x/ };‘21 c Q™.

Remark 6.2. We call discy (S}, A(Q")), discy (L, (Q™)) and disc (L, (Q")) discrep-
ancy numbers. One canincorporaten = linpart (i) with A, (1) inplaceof S;, A(Q").
This will be done in some detail in Section 6.3.2. For this reason we assumed now
2 < n € N in part (i). To provide a better understanding we discuss in the following
Section 6.1.2 briefly the well-known assertion

disci (Lp(1)) ~k~', keN, (6.10)

where 1 < p < oo and again [ = (0, 1) is the unit interval in R. Let n > 2. After
the above-mentioned papers by Weyl and van der Corput the next crucial step is due to
K. F. Roth, [Roth54]. He proved that there is a constant ¢ > 0 such that

disc} (Lo(@") = ck™ (logh)" ., 2<keN. 6.11)

It is this additional log-factor in comparison with (6.10) which indicates the unavoidable
deviation from uniformity. A brief description of Roth’s method may be found in
[ChT09]. Basically he uses the orthogonal Haar tensor basis (2.315) in L,(Q") and
constructs extremal functions ensuring (6.11) in a similar way as in (5.96) based on
(4.149), (4.153). Roth’s method has been used later on in many other papers. A
Fourier-analytical proof of (6.11) may be found in [BeC87] and [DrT97, Theorem 1.40,
p- 29]. We refer also to [DiP10] for a different proof. As far as the discrepancies (6.8),
(6.9) are concerned we give later on more detailed references. At this moment we
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only mention that further information about discrepancy, numerical integration and
their mutual relations can be found in the books [BeC87], [DiP10], [DrT97], [Nie92],
[Nov88], [NSTWO09], [NoWO0S8], [NoW09], [Tem93] and the survey [Tem03]. We
stick in (6.4), (6.5) to the volume ]_[;’=1 x; of the rectangles anchored at the origin.
But there are numerous variations dealing with rectangles anchored at other points in
Q" or unanchored. Instead of rectangles also other sets and their measures have been
considered. We refer to the above books. As far as probabilistic aspects and average
case settings are concerned one may consult [Woz91], [NoW09].

In connection with part (i) of Definition 6.1 it is of interest to characterise the
spaces S,, A(Q") satisfying (6.6). Of course, spaces covered by Proposition 2.34 (and
its n-dimensional generalisation) or having Haar tensor basis according to Section 2.4
satisfy (6.6). But the requirement (6.6) is much weaker than asking for Haar tensor
bases. We outline a final answer.

Proposition 6.3. Let yr be the characteristic function of the rectangle R according
t0(6.2) in Q", n > 2.

(i) Let 0 < p,q < 0o, r € R Then xr € S,,B(Q") for any R with (6.2) if, and
only if,

(6.12)

0<p<oo,0<g=<o0, r<l/p,
0<p<=<o0, q=o00, r=1/p.

(ii) Let 0 < p < 00,0 < q < 00,7 € R Then yr € S,,F(Q") for any R with
(6.2) if, and only if,

O<p<oo, 0<g=<oo, r<l1/p. (6.13)

Proof. Step 1. 1Tt is sufficient to deal with n = 2. According to Definition 1.56 the
spaces S, A(Q?) are restrictions of S7 A(R?) to Q. By dilation and translation
arguments it is sufficient to clarify for which spaces one has

Slqu([Rz), x characteristic function of Q2. (6.14)
Recall that
1 1S5, AR

af _ 0% f B (6.15)
~ A Sr lA [R2 ” Sr lA IRZ ,
s g 155 AR+ | 5157, AR
[ST87, Theorem 2, pp. 98/99]. In particular it follows from (6.14) that
0%y
—— e SITTAR?). 6.16
Bxiin, © O (R?) (6.16)

If ¢ € S(R?) then

0%y 92
/{Rz o100 (x) @(x) dx —/ Tx19%s (x)dx = (1, 1)—¢(1,0)—¢(0, 1)+¢(0, 0).
(6.17)
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This shows that (6.16) is equivalent to
-1 2
8 € Slfq A(R?). (6.18)

Since § = b # 0 is constant it follows from (1.151), based on (1.148), (1.6) that

1/q
181855 B(R?)|| > c( 3 20D+ 2(k1+k2><1—;>q> 6.19)
keN2

for some ¢ > 0 (modification if ¢ = 00). This shows that (6.12) is necessary. To prove

that (6.13) is necessary for F-spaces one has to show that y ¢ Sl}éf F(R?). Using
(1.153) with r = %, q = oo, and the above arguments then one has to check whether

sup, |21+ v (ok1g)) oV (2028,) | L, (R?), (6.20)
eN

where ¢(t) = po(t)—@o(2¢),t € R, according to (1.6). We may assume that ¢(¢) > 0,
o(t) = p(—t) and ¢V (1) > ¢ > 0if, say, |t| < 2. Then

2D oY (2M151) ¥ (2R28) ~ [l P if L] ~ 27, gl ~ 27
(6.21)
This proves (6.20). Hence (6.13) is necessary.
Step 2. It remains to prove (6.14) with p, ¢, r in (6.12) for B-spaces and with (6.13)
for F-spaces. By elementary embedding it is sufficient to deal with S;ég B(R?),
0 < p < oo. One can argue as above, relying on (6.15). Then one has (6.18) with
r = %, q = 0o, A = B, and corresponding assertions for the three other terms on
the right-hand side of (6.15). But this can also be done directly using the well-known

(one-dimensional) Fourier transform of the characteristic function of the unit interval
I =(0,1). O

Remark 6.4. Proposition 2.34 and elementary embeddings prove y € S, qA([RZ) in all

cases covered by the above proposition with exception of the limiting case S, 1} /OIZ, B(R?).

6.1.2 The one-dimensional case

In what follows in this Chapter 6 we deal mainly with discrepancies in Q" where
2 < n € N as introduced in Definition 6.1. The one-dimensional case with the unit
interval Q' = I = (0, 1) as underlying domain will be considered in Section 6.3.2.
Then S;qA(Ql) must be identified with A, (/). But to underline the substantial
differences between one and higher dimensions we insert now an elementary proof of
(6.10).
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Proposition 6.5. Let Q' = I = (0, 1) be the unit interval in R and let discy (Lp (I))
be the discrepancy numbers according to (6.9), 1 < p < oco. Then there are two
positive numbers ¢y and ¢, such that

cr k™! < discp(L1(1)) < disci(Lp(1)) < disc(Loo(I)) < c2 k™! (6.22)
fork € N.

Proof. If T' = {xj}j.‘=1 CcIwith0 < x' <. <x¥ < landx/*!' —x/ ~ k!
is inserted in (6.5) and (6.9) with p = oo then one obtains the right-hand side of
(6.22). The monotonicity of discy (L, (1)) with respect to p is obvious (Holder’s
inequality). We prove the left-hand side of (6.22). Let I' = {x/ }§'€=1 C I with

0<x'<x?<...<x* <1, complemented by x® = 0 and x¥**! = 1. Then

1 k k
/(; ‘x — %;XRJ (x)‘dx >c lzzo(xlJrl —xl)2 (6.23)

for some ¢ > 0 (independent of I'). Let {c; }§V=1 C R with Zj-\;l ¢j = 1 where
N € N. Then

N i T 1\2 2 ¥ 1 1
2 _ L _ — R - L —
ZCJ_Z(C’ N+N) _Z(c’ N) +NZ(C" N)+N
j=1 j=1 j=1 j=1
SRS
i 7N N
j=1
(6.24)
The left-hand side of (6.22) follows now from (6.23), (6.24). O

Remark 6.6. These simple arguments do not work in higher dimensions. Then we
relate the discrepancy numbers in Definition 6.1 to suitable integral numbers according
to (5.5). This can also be done in one dimension. We refer to (5.105) which might be
considered as a one-dimensional forerunner of what follows. Otherwise we return to
the one-dimensional case in greater detail in Section 6.3.2 below.

6.2 Relationships between integral and discrepancy numbers
6.2.1 Prerequisites
In Definitions 5.1 and 6.1 we introduced integral numbers and discrepancy numbers. It

is the main aim of Section 6.2 to show that they are closely related. First we complement
some previous assertions.
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1. Integral numbers. Let Q" be the unit cube (6.1) in R”, n > 2. In (5.86)—(5.88)
we introduced the spaces

S;B@"), 0<p.g=<oo, % <r <1+ min (%, 1), (6.25)
in terms of the Faber system {vg,,} in (5.85), Figure 3.1, p. 127. One has by (4.123)-
(4.125) and the comments in Section 4.4.4 that

p =q = 00, O0<r<l,

1

.1 (6.26)
0<pg<oo, 5<r <1+m1n(;,1),

I B@Q") = SI,BQ") if {

where S;, B(Q") is the restriction of S, B(R") to Q". Theorem 5.15 estimates the
integral numbers Int; (S g D(Q" )) for these spaces.

2. Haar tensor bases. Relationships between integral numbers and discrepancy num-
bers are governed by an intense interplay between Faber bases and Haar tensor bases
on Q". Let

{him = k€ N" ., m e P (6.27)

be the orthogonal Haar tensor basis (2.315) in Q" generalising (2.284)—(2.286) from
n =2to2 <n e N. According to Theorem 2.41 (i) and its indicated generalisation
fromn = 2to2 < n € Nin (2.318), (2.319) one can characterise suitable spaces
Sp4B(Q") in terms of Haar tensor bases under natural conditions for p, ¢, r. But
we had to exclude for technical reasons spaces with p = oo, 0 < g < 1. This can
be incorporated similarly as in (6.25), (6.26). Let s h(Q™") be the sequence spaces

P4
according to (2.316), (2.317). Then
S7,B(@Q"), 0<p.q=oo, %—1 <r < min (%, 1), (6.28)
is the collection of all f € D’(Q™) which can be represented as

f= 3 3 Mtk n e sHb@n). (6.29)

keN™ | mepll-n
This representation is unique with Ag,, = Ag,, (f) asin (2.319). Let
1S 1S54 B@MI = [IA(f) Is5gb@")]]. (6.30)
One has by the n-dimensional version of Theorem 2.41 (i) that

- o e P =00, 1 <q <00, -1 <r <0,
SpqBR) = Spg BT it {0<p<oo, 0<g < oo, %—1<r<min(%,1).
(6.31)
In other words, we complemented the above spaces Sy, B(Q") by some limiting cases
where p = oo and ¢ < 1. But it might well be the case that one has (6.31) also for

these exceptional spaces.
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3. Mappings. We extend the definition of Sl;qB(CD”)—I in (3.187) with p, ¢, r as in
(3.155) = (3.192) to all spaces covered by (6.25),

SrB@Q")' = {f eS,B@" : fIQ} = 0}. (6.32)

This makes sense and causes no problems by the preceding considerations. It gives the
possibility to extend Proposition 3.22 to these limiting cases:

Let | .
0<p,qg=o0, —<r<1+min(—,1). (6.33)
b4 )4

Then . .
— [ S
0x,

6.34
8x1 e ( )

0Xx1...0x,
is an isomorphic map of S;q%(Q”)—' onto S;q_l B(Q").
The complementing limiting spaces are defined in terms of Faber bases and Haar tensor
bases. Then one can apply the n-dimensional version of (3.159), (3.160) also to these
limiting spaces.

4. Duality. We need some duality assertions for the spaces in (6.28). Let

11 1 1 1 1
1<pg<oo, —+—-=-+-=1 ——-l<r<-. (6.35)
p p 49 4q P p

Then one has in the context of the dual pairing (D((D”), D’ (@”)) that
S;qB(Q”)’ =S, B@Q"). (6.36)

All spaces are covered by (6.31). The duality (6.36) follows essentially from (2.272),
(2.273) and the arguments in the proof of Theorem 2.41. But we add a few further
comments. Let sﬁb(@”) be the sequence space according to (2.316), (2.317). Then
one has

+5=1 (637

sHb@") =sl,b@"), 1<pg<oo L+ .

Q=

1
r

=

in the usual interpretation as the dual pairing

A= D D Aembkm. AEspgb(@). pesg b@").  (638)

keN™ melPlfi'"

This can be proved by standard arguments. Butit follows also from Section 1.11.1, p. 68
in [T78]. By Theorem 2.41 (i) and its n-dimensional version according to (2.318) the
finite linear combinations of the Haar tensor functions i, are dense in S, B(Q") with
(6.35). Any function /i, can be approximated in S}, B(R"), and hence in S, B(Q"),
by functions belonging to D(Q") (recall that g(- + y) — g in this space if y — 0).
Hence D(Q") is dense in S;, B(Q") and the assertion (6.36) makes sense as a dual
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pairing within (D(@”), D’((D")). If f € S,,B(Q") is represented by (2.318) and
similarly g € SP_,Z/B((D”) by

—(k1++kp)(—r—L
g= > > pum2 O wesH b@Y). (639

keN”, me[p]flv"

then it follows from the orthogonality of /., that
(f.g) = Zkkm [ 2K1+Fkn /@n hi (x) dx = Z Akm Mem - (6.40)
k.m k.m

The duality (6.37) and the n-dimensional version of Theorem 2.41 (i) prove (6.36).

6.2.2 Hlawka-Zaremba identity

Let Q" be again the cube (6.1) and let S;q?B((D”)—' be the spaces according to (6.32),
(6.33), subspaces of (6.25), (6.26). According to the n-dimensional version of (3.159)
they can be represented as

=3 Ao 27 FTEHDC=30 ) e s @), (6.41)

kED\l’il mGIPIfI’n
by the reduced Faber basis
{Vkm = k€ N"\, m e PP (6.42)

with the same index set as for the Haar tensor basis in (6.29). Compared with the full
Faber system (5.85)=(3.178), based on the rn-dimensional version of (3.60)—(3.62), the
above reduced Faber system consists of all Faber functions vg,, with

vemldQY =0, ke N, meP". (6.43)
By (3.183) with (3.182) one has always
S7.B@Y) = {geC@"): gldQ] =0}. (6.44)

Theorem 6.7. Let Q" be the unit cube (6.1) and let discr, 4 be the discrepancy function
(6.4). Then

n k
(-1)" /@ diser,(x) %dx = /@ f)dx =) aj f(x))  (645)
.. n ]=1

1- n

for any
fe€S;B@"), 0<pg<oo, & <r<l+min(,1). (6.46)
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Proof. Step 1. If f is a smooth function with f|dQ" = 0 then (6.45) follows from
integration by parts. If f = v, with (6.43) then it can be approximated by smooth
functions vanishing at dQ7. Hence one has (6.45) for finite linear combinations of
Faber functions from (6.43).

Step 2. By the comments in Remark 6.8 below it is sufficient to prove (6.45) for
functions

fesS,B@)' withl <p.g<oo, I/p<r<l, (6.47)
where we used (6.26). The rest is a matter of embeddings as illustrated in Figure 4.4,
p- 198. By (6.41) finite linear combinations of Faber functions vg,, with (6.43) are
dense in the spaces in (6.47). Next we use the isomorphic map (6.34), the duality (6.36)
with r — 1 in place of r and discr,4 € S;,;f B(Q"), Figure 3.1, p. 127, which illustrates
also the above situation. Then (6.45) for f with (6.47) follows by approximation from
Step 1 and (6.44). O

Remark 6.8. We used in Step 2 that it is sufficient to deal with functions belonging to
the spaces in (6.47). By (3.211) one has

SeoqB@Q") = S, B(Q"), 1< p<o0, 0<gq=<o0. (6.48)

Otherwise one can rely on the well-known embedding theorems for the spaces
Sp4B(R™) according to [ST87, pp. 89/90, 131/132], extended from R? to R” and
restricted afterwards to Q”. This shows also that (6.45) remains valid even for all
functions

f€8,,AQ"), [floQ] =0 with0 < p,g <oo, r>1/p, (6.49)

where S, A(Q") are the spaces as introduced in Definition 1.56 (p < oo for F-spaces)
and 0Q has the same meaning as in (3.182). Here the case S, B(Q") is covered by
(6.26), (6.48), and the corresponding assertion for SZ,, B(Q"), 0 < g < oo, follows
by embedding. Of special interest will be (6.45) for

feS;W@)', 1< p<oo. (6.50)
By (3.196) we have in addition
Sp min(p2y B@QD) = ;W@ > S} oy B@) = C@Q").  (6.51)

Remark 6.9. The identity (6.45) for smooth functions and also for f € SI} waQr)'
with 1 < p < oo is a special case of the famous Hlawka—Zaremba formula, [Hla61],
[Zar68]. It plays a crucial role in the recent theory of numerical integration, discrepancy
and tractability. We assumed f|0Q" = 0. This eliminates boundary values. But this
is not necessary. If /" € S} B(Q") or f € SI} W(Q") belongs to the full spaces then
(6.45) must be complemented by boundary terms. We refer to [NoWO08, Section 3.1.5,
pp- 34-37] and [NoW09, Section 9.8].

Remark 6.10. In Remark 6.2 and in Section 6.1.2 we discussed briefly the one-
dimensional case. One may consider (5.105) as a one-dimensional version of (6.45).
Otherwise we refer to Section 6.3.2 below where we discuss the one-dimensional coun-
terpart of (6.45) in some detail.
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6.2.3 Equivalences

Let again Q" be the unit cube (6.1) in R”, n > 2. Let

1 1
l<pg=<oo, ——-1l<r<-— (6.52)
P P

Figure 2.3, p. 82. Then it follows from Proposition 6.3 that the discrepancy numbers
discy (S, B(Q™)) in (6.7) are well defined. With

1 1 1 1 , 1 1
——|——/=—+—/=1 onehas 1< p' q < oo, —<1—r<1—|—— (6.53)
p P q (4 r P’
In modification of (6.25), (6.44) one obtains that

SyrB@Y) = {g € C@") : gldQ] = 0}. (6.54)

Let Inty (S1 B(Q")") be the corresponding integral numbers according to (5.5). Let
Sp W(Q") ' with 1 < p < oo be the Sobolev spaces according to (3.191).

Theorem 6.11. (i) Let p, q, r be as in (6.52) withq < coif p = landqg > 1 if
p = oo. Then

disce (Sp, B(Q™)) ~ Intg (S)/B@") ). k € N. (6.55)
(i) Let 1 < p < co. Then
discr (Lp(@")) ~ Intg (Sy W(@Q™) ). k € N. (6.56)

Proof. Step 1. We prove part (). One has by (6.53) and (6.33), (6.34) the isomorphic

map
n

o l=r —r n
oxr. . o, Sy B@Q" ) = Sy B@Q"). (6.57)

By (6.35), (6.36) and (6.31) applied to SI;;,B(Q”) we have

Sy, B@") = S,1B@") =S,7,B(@"), 1= p.q<o0, %— l<r< %
(6.58)
and

Sl;z,ii’(@")/ = SI;;,B(Q")/ = 5,,B(@Q"), 1<p,q=<oo, % —1l<r< %.
(6.59)
This covers all cases in (6.52) with exceptionof (p = 1,g = o0) and (p = 00,q = 1)
Taking on the right-hand side of (6.45) the supremum over the unitballin S, - PR @)’
one obtains the integral numbers in (6.55). Then the isomorphic map (6 57) and the
dual pairings (6.58), (6.59) applied to (6.45) prove (6.55).
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Step 2. We prove part (ii). By Proposition 3.22 we have
n

—FS, "' = n 1,1 _
axl__‘(rj/\f/nsp/W(@ ) =Ly(@"), l<p<oo, ;+ =1 (6.60)

Obviously, L,(Q")" = L,/(Q") in the usual interpretation. Then one obtains (6.56)
in the same way as in Step 1. O

Remark 6.12. Let A be a Banach space and let c¢o(A) be the subspace of £y (A)
consisting of all sequences {a;}?2, C A such that [|a; |A|| — 0if j — oco. Then one
has co(A)" = £1(A’) for the dual space in the usual interpretation, [T78, Section 1.11.1,
p- 68]. Based on this modification one can extend (6.37) to p = oo and/or g = o0.
This may pave the way to incorporate in part (i) of the above theorem the limiting cases
p=1,qg=o00and p = o0, g = 1, excluded so far.

6.3 Discrepancy numbers

6.3.1 Main assertions

Let again @", n > 2, be the unit cube in R” according to (6.1). Let discg (S5, A(Q"))
and discg (L »(Q" )) be the discrepancy numbers introduced in Definition 6.1. In Propo-

sition 6.3 we characterised the admitted spaces which cover, of course, the spaces in
Theorem 6.11.

Theorem 6.13. Let Q" be the unit cube (6.1) in R", n > 2.
(1) Let

1 1
I1<pg=<oo, ——-1l<r<-—, (6.61)
)4 )4

Figure 2.3, p. 82 withq < ocoif p = land g > 1 if p = co. Then
L k" (logh) "7 < disci (S5, B@")) < c2 k™M (logkh) " VGHITD (6.62)

for some ¢y > 0,cy >0andallk € N, k > 2.
(i1) Let 1 < p < co. Then

1k logh)"T < discr (Lp(@™)) < c2 k™' (logk)>">" (6.63)
for some cy > 0,¢cy >0andallk € N, k > 2.

Proof. Step 1. We prove part (i). The estimates from below in (5.90) rely on the
extremal functions in (5.96) generalising (4.149), (4.153) fromn = 2ton > 3. Recall
that Q7 is the upper-right part of the boundary Q" of Q" according to (3.182).
By (6.43) we may assume that the above-mentioned extremal functions belong to the
subspaces of the spaces covered by part (i) of Theorem 5.15 with vanishing boundary
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values at Q7. This shows that one has for the integral numbers of S, 1=r ?B(@”) with
(6.53) the same estimates as for S, 1=r ?B(@”) hence

el k" (logk) T < Ity (SLTB@™)) < ek (logh)DGHIT (6.64)

for some c; > 0,c, > 0andall k € N, k > 2. Now (6.62) follows from (6.55) and
(6.64).

Step 2. We prove part (ii). Recall that
Sp min(p, 2)B(CD”) — L,(Q") — S max(p 2)B(CD ), 1< p<oo. (6.65)

This follows by restriction of a corresponding assertion in R”, [ST87, Proposition 2,
pp- 88/89] (extended fromn = 2to2 <n € N). Let 1 < p; <2 < p; < oco. Then
one obtains from (6.62) with r = 0, Holder’s inequality, and the monotonicity of the
discrepancy numbers that

discr (Lp, (Q")) < disck (Lp, (R™)) < cdisci (S, ,B(Q"))

L (6.66)
77,—1 35—
<c'k (logk)” 2z, keN,k>2,
and -
k™ (logk) > < cdisck(Sy, ,B(@™M) < ¢ disc (Lp, (R™)) 6.67)
< ¢ disc (Lp, (@), keN, k> 2. '
This proves (6.63). O

We reduced the proof of (6.63) to (6.62), the monotonicity of L,(Q") in p and
the elementary embedding (6.65). In the same way one can complement the above
theorem by corresponding assertions for the spaces S,, F(Q"). This will be briefly
discussed in Remark 6.28 below where we justify in particular the monotonicity of
Spq F(Q") in p. At this moment we restrict ourselves to the most interesting case, the
Sobolev spaces

SIH@Q") = SI,F(@"), 1<p<oo, reR, (6.68)

with dominating mixed smoothness. We refer to Remark 1.39 (iii), extended to R” and
restricted afterwards to Q". In particular,

SP min(p, 2)B(®”) = SrH(@ ) — S max(p 2)B((D ) (669)
is the counterpart of (6.65).
Corollary 6.14. Let 1 < p < oo and % —l<r< %. Then
1 k"M logk) T < discx (S;H(Q")) < e2 k" (logh) @ DG (6.70)

for some ¢y > 0,¢c; >0andallk € N, k > 2.
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Proof. This follows in the same way as in Step 2 of the proof of Theorem 6.13 with
(6.69) in place of (6.65) and the above indicated monotonicity of S; H@Q")inp. O

Remark 6.15. Let discj (L,(Q@™)) and discx (L,(Q")), 1 < p < oo, be the discrep-
ancy numbers as introduced in Definition 6.1. Let n > 2. Then

disc} (Lo(@") ~ k™ (logk)"Z", 2 <k e N. 6.71)

The estimate from below goes back to [Roth54]. We discussed this crucial observation
in Remark 6.2, (6.11), where one finds also references for alternative proofs. The
corresponding estimate from above is due to [Fro80], [Roth80]. The extension of
(6.71) from L,(Q") to L,(Q"), 1 < p < 00, hence

disc} (L,(@Q")) ~ k" (logk)*Z", 1< p<oo, 2<keN, (6.72)

goes back to [Schw77] (estimate from below) and [Chen80] (estimate from above).
The estimates from below for discy (Lp (CD”)), 1 <p<oo,in

discg (L, (@")) ~ k™' (logk)"Z", 1< p<oo, 2<keN, (6.73)

are due to [Chen85], [Chen87], p = 2, and to [Tem90], [Tem03, Theorem 3.5, p. 375],
1 < p < oo. The corresponding estimate from above follows from (6.72) and

disck (Lp(Q@")) < disci(Lp(Q")), 1< p <oo. (6.74)

Theorem 6.13 (ii) provides a new proof for the estimates from below in (6.73) in the
context of Faber bases and spaces with dominating mixed smoothness. The first step
in this direction may be found in [Tri09]. There is little hope that our method can be
improved such that one obtains (6.73). It seems to be a sophisticated art to find irreg-
ularly distributed points in Q" producing the exact upper bounds for discy (L, ((D”)),
1 < p < oo. We refer to [Roth80], [Fro80], [Chen80] and the explicit (but rather
involved) constructions in [ChS02], [Skr06]. The recent book [DiP10] deals in de-
tail with problems of this type. Our method produces distributions of points which
are closely related to the Smolyak algorithm and the so-called hyperbolic cross. In a
somewhat different, but nevertheless related context it had been shown in [P1a00] that
one cannot expect to obtain sharp results in this way.

Remark 6.16. We return to Remark 5.17 and the consequences of Theorem 6.11 for
numerical integration. So far we have (6.55) for the subspace (6.54) of S 1},;7 BQM).
Similarly in (6.56). Itis desirable that one has the same equivalences for the full spaces.
We replace 1 —r, p’, ¢’ in (6.53) by r, p, ¢ and ask whether

Int; (S7,B(Q")) ~ Inty (S;,B@") ). ke N, (6.75)

where

1 1
l1<p,g<oo, —<r<l+4+—, (6.76)
pP P
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and
Inty (S} W(Q™)) ~ Intg (SyW(@Q™) ). k €N, 6.77)

where 1 < p < oco. We justify (6.77) and (almost) (6.75), (6.76). According to
Proposition 3.22, complemented by the n-dimensional version of Definition 3.24, the
space S,,B(Q") can be decomposed into an interior part and a boundary part

traqn S5, B(Q") = S5, B(OQ"). (6.78)

Similarly for S 1} W(Q™) based on (3.195). By the n-dimensional versions of (3.146),
(3.150) one can identify these boundary spaces with complemented subspaces of
S5 B(Q™) where one has to multiply boundary expansions in terms of Faber basis
with the starting Faber functions vg,, € N", \ N in (3.178). Hence the integral
numbers for the full space can be reduced to the integral numbers for the subspace
with vanishing boundary values and the integral numbers for S7,B(dQ"). Similarly
for SI} W(Q™). In case of S 1} W(Q") we have in addition (6.73) and a corresponding
assertion for integral numbers according to (6.56). Induction by dimension proves
(6.77) and, hence,

Int (S, W(@™) ~ k' (logh)"Z', 2<keN, 1< p <o, (6.79)
This coincides with (5.107).

Remark 6.17. For the spaces L,(Q"), 1 < p < oo, one has the equivalences
(6.72), (6.73), n = 2. The behaviour of disci (L1(Q")), disc(L{(Q")) and also
of discg (Loo(Q")), discy (Loo(Q™)) seems to be rather tricky. There are no final an-
swers if n > 3. We collect some known assertions. According to [Nie92, Chapter 3]
one has forall 1 < p < oo,

disc; (Lp(Q")) < ck '(loghk)"™", keN, k >2. (6.80)

In [Nie92] it is also mentioned that one widely beliefs that the right-hand side of (6.80)
is the correct order for p = oo, hence

discf (Loo(@Q")) ~ k'(logk)"™", ke N, k>2. (6.81)

This conjecture can also be found in [DrT97, p. 39]. It does not contradict the more
recent conjecture in [BLVOS, p. 2473] that for any n with2 < n € NN there is a constant
¢ > 0 such that

disc} (Loo(@Q™)) = c k™ (loghk)"?, ke N, k >2. (6.82)

For n = 2 both (6.81), (6.82) are known, [Schw72]. Furthermore for any 3 <n € N
there is a number = n(n) > 0 such that for some ¢ > 0,

disc} (Loo(@")) = ck ' (logh)" T ™7, ke N, k =2, (6.83)
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[BLVOS8, Theorem 2.4, p. 2473]. This shows at least that (6.72) cannot be extended
to p = oco. On the other hand it has been conjectured in [Lac08, p. 120] that (6.72)
remains valid for p = 1, hence

disc} (L1(@") ~ k' (logh)" =, ke N, k =2. (6.84)

This is known in case of n = 2, [Hal81]. But it seems to be unknown if 3 <n € N.

6.3.2 The one-dimensional case, revisited

In Section 5.2 we dealt with integration on the unit interval / = (0, 1) in R with
Theorem 5.7 as our main result. This is a more specific version of Theorem 5.4 applied
to 2 = [ and related comments in Remark 5.5. As far as discrepancies are concerned
we inserted so far Proposition 6.5 to justify (6.10) in comparison with (6.11). Itis quite
clear that the above assertions about discrepancies for spaces in Q",2 < n € N, have
immediate and simpler counterparts for corresponding spaces on Q! = I = (0, 1).
But one can say a little bit more using some arguments which are not (or not yet)
available in higher dimensions.

First we adapt Definition 6.1. Recall that Ay (/) are the spaces introduced in
Definition 1.24 (i) as restrictions of A;q( R) to the unit interval / = (0, 1) in R. Let
x R be the characteristic function of the interval

R={xel:a<x<b}Cl, (6.85)

where 0 <a <b <1.Letl' = {x"}}‘=1 C I be asetof k points in /. Then yp; is
the characteristic function of the interval

R/ ={xel:x<x<l1}, j=1,....k. (6.86)

Let A = {a; }]/.‘=1 C C. Then the discrepancy functions

k
discr4(x) = x — Zaj Xri(x), xel, (6.87)
j=1
and
1 k
discr(x) = x — %;)(Rj (x), xel, (6.88)

are the one-dimensional versions of (6.4), (6.5). We modify Definition 6.1 as follows.

Definition 6.18. Let G(/) be either Ay, (/) with 0 < p,g < oo (p < oo for F-
spaces), s € R, such that

XR € A, (1) for any interval R (6.89)
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according to (6.85) or L,(/), 1 < p < oco. Then

discx (G(I)) = inf ||discr,4 |G(I)|. &k € N, (6.90)
where the infimum is taken over all ' = {xj}j?zl Ccl,A={a; };‘21 Cc C, and

discy (G(I)) = inf ||discr [G(I)||, k € N, (6.91)
where the infimum is taken over all " = {x/ };‘=1 cl.

Remark 6.19. This is the modified one-dimensional version of Definition 6.1. There
is the following one-dimensional counterpart of Proposition 6.3:

One has yr € By, (I) for any R in (6.85) if, and only i,

0<p<o0,0<g=<o0, s<1l1/p, 6.92)

0<p<o0, g=o00, s =1/p, '
and xg € F,,(I) if, and only if,

O<p<oo, O0<g=<oo, s<l1/p. (6.93)

First we extend the one-dimensional version of (6.45) to limiting cases. According
to (3.8) and (3.9) one has final assertions for embeddings of Ay (/) into C(/). In
particular,

ByP(I)— C(I), 0<p<oo,0<q=1l. (6.94)
Any
feB;ép(I) with f(1)=0,0<p <oo, 0<g <1, (6.95)
can be approximated by smooth, say, C*°, functions f; with
fi— finBYP(I),  fi(1) > f(1) =0, | - oc. (6.96)

Integration by parts with respect f; and (6.96) result in

k
_ /1 discr 4 (x) f'(x)dx = /1 f()dx =Y aj f(x). (6.97)
j=1

This is the counterpart of (6.45) in a limiting situation. We add a comment about
the convergence of the left-hand side. By embedding it is sufficient to deal with
1 < p < o0, g = 1. First we remark that

1 1_
S~ [ maps {ge B (I):g(l)=0} onto B/, 1(I). (6.98)
Let 5 + -, = 1. Then one obtains by (6.92) and (1.76) that

1
diSCF,A S Bpe,oo(IR)

1_
BYU'(RY, 1<p<oc. (6.99)
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Hence the left-hand side of (6.97) makes sense as a dual pairing. This shows in the
same (but simpler) way as in the proof of Theorem 6.11 that

disci(BY/Z(I)) ~ Intx (By/P (1)), 1< p<oo, keN, (6.100)

where it does not matter whether one deals on the right-hand side with the full space

B;’/ lp (I) or the corresponding subspace in (6.98). We return later on to these limiting

cases. Obviously, (6.97) makes also sense for all (non-limiting) spaces

{feA;,q(I):f(l)=0}, 0<p,qg<o00,s>1/p, (6.101)
(p < oo for F-spaces). First we deal with the counterpart of Theorem 6.13.

Theorem 6.20. (i) Let
1 1
I<p=<oo, ——-l<s<—, 0<g=oo, (6.102)

(p < oo for F-spaces), Figure 2.3, p. 82. Then
discy (435, (1)) ~ disc(A45,(1)) ~k*7', k eN. (6.103)
(i1) Let 1 < p < oco. Then there are two positive numbers c¢i and c, such that
cr k™t <discx (L1(1)) < discg (Lp(1)) < disc (Loo(1)) < c2k™1,  (6.104)
k € N, and
c1 k™1 < disci(L1(1)) < disci(Lp(I)) < disci(Loo(1)) <c2k™",  (6.105)
ke N

Proof. Step 1. We prove part (ii) where we inserted (6.105)=(6.22) for sake of com-
pleteness. The right-hand side of (6.104) follows from (6.105). The monotonicity in
p is a consequence of (6.90). As for the left-hand side of (6.104) we may assume that
k=2,1eN Letl' = {x-i}?;l C I. Then T' N I} = @ for at least 2! intervals
Il = (m 271 (m 4+ 1) 2_1_1), m = 0,...,2!%1 — 1. The contribution of these
intervals gives similarly as in (6.23) that

1 2!
/ )x — Zaj XRJ (x)‘ dx > c272l — 7! (6.106)
0 :
j=1

for some ¢ > 0 and all / € N. This proves the left-hand side of (6.104).

Step 2. We prove (6.103) with A = B for the numbers discy and ¢ > 1. Let
1< pg<ooand; + 5 =+ 5 =1 Then

B;q(l)’ = Bp_,fl,(l), 1<pg<oo, I/p—1<s<1/p, (6.107)
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and
B(I) =By,(I), 1<pg=<oo, 1/p—1<s<I1/p, (6.108)

dual pairings in the context of (D([), D’(I)), are the counterparts of (6.58), (6.59),
based on (6.36). This can be proved by reduction to sequence spaces according to

Theorem 2.13 similarly (but simpler) as in (6.35)—(6.40). Let B Is, 4 (1) be the completion
of D(I)in By, (I). Then

B (1) =Bi,(I). l1<g<oco, 0<s<L (6.109)

The R-counterpart may be found in [T83, (12), p. 180]. Reduction to I gives (6.109).
But it can also be proved using co(A4) = £1(A4’), where A is a Banach space and cq
is the subspace of £, consisting of all sequences converging to zero, [T78, Lemma,
p- 68]. For this purpose one has to modify Theorem 2.13 appropriately. By (6.107),
(6.108) one is in the same situation as in the proof of Theorem 6.11 with (6.97) in place
of (6.45). Using in addition Theorem 5.7 one obtains that

disc (B, (1)) ~ Inty (B (1)) ~ k71, ke N, (6.110)
for all spaces B, (1) with
1 1
l<pg=<oo, ——-1l<s<-—, (6.111)
p P

g <ooif p=1andg > 1if p = oo. Using the above arguments and (6.109) then it
follows that
disc (B oo(1)) ~ Inte (B 1(1)°) ~ k°71, (6.112)

where Bolo_f (1)° is the completion of smooth functions in Béo_f (/). The last equiva-
lence is a modification of Theorem 5.7 proved in the same way as there. One obtains
(6.103) with A = B for discy and ¢ > 1.

Step 3. By Corollary 5.8 one has common best approximations for integral numbers.
This is transferred by (6.97) to best approximating discrepancy functions. Then one
can apply interpolation arguments. Recall that

B, (1) = (B;go(l), Byl (1))9,q’ 0<6<l, (6.113)
l<p<oo,l<qgy=¢q1 <00,0<qg<1,s9# 51,5 =(1—0)s9+ 0s1. Using
Step 2 one obtains that

discx (B3, (1)) <ck*™'. keN, (6.114)

for all p, ¢, s according to (6.102). The estimate from below for the remaining cases
with ¢ < 1 is now a matter of monotonicity in ¢ and of what we already know. This
proves (6.103) for A = B and discg. The corresponding assertion for A = F follows
from (4.88).
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Step 4. According to Corollary 5.8 transferred via (6.97) to discrepancy functions the
above arguments apply also to discy; in place of disc. This gives finally part (i) of the
theorem. O

Remark 6.21. Discrepancy in one dimension is surely less interesting than in higher
dimensions in the context of spaces with dominating mixed smoothness. But it may
serve as a model case. The restriction p > 1 in (6.102) comes from duality arguments
based on (6.107), (6.108). According to Theorem 5.7 and Corollary 5.8 there is no
such restriction for integral numbers. In any case if 0 < p < oo then s < min (% 1) is
natural for discrepancy numbers. This follows from (6.92) if p > 1 and from (6.103)

if p < 1. There remain the limiting cases 0 < s = % < 1 which will be treated

below. On the other hand the restriction s > + — 1 depends on our method, based on
(6.110) and the corresponding restrictions of smoothness from above in Theorem 5.7.
If one has (5.33) for larger values of s then one can modify (6.97) and extend (6.103) to
s < ; — 1 where 1 < p < oco. Equivalences of type (5.33) for integral numbers with
larger values of s are known since a long time at least in some spaces as a consequence
of diverse approximation methods. One may consult the references in Remark 5.5.
The underlying techniques have little in common with our methods. But there may be
a possibility to incorporate assertions of the desired type in the above context: One
can try to replace the Faber expansions (5.28), (5.29) which cause in Theorem 5.7 the
restriction s < 1 + % by higher Faber splines according to Definition 3.38. Then
one has Theorem 3.40 which applies to s restricted by (3.284). One may compare the
Figures 3.1, p. 127, and 3.3, p. 170.

Finally we glance at the limiting cases in (6.92) and (6.94).
Proposition 6.22. Let 1 < p < co. Then
discy (BL/Z (1)) ~ disc (B2 (D)) ~ k77, ke, (6.115)

and
Inty (B,/7 (1)) ~ k2. (6.116)

Proof. Step 1. Let
fie(x) —x——Zij(x) xel, (6.117)
be the same functions as at the beginning of the proof of Proposition 6.5 with

disc} (B oo (1)) < discj(Loo(I)) <ck™, keN, (6.118)

for some ¢ > 0. We used Loo(I) <> B2 (I), [T83, Proposition 2.5.7, p. 89] or
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[ET96, p. 44]. Furthermore,
1fic 1B1 oo (DIl ~ 1| fic IBY oo (D] + 11Lfi 1BY o (D]

< | - —wa () 1B ®)| (6.119)

o LS 80
j=1

where yj is the characteristic function of / and §,; is the §-distribution with off-
point x7. If i is a positive Radon measure with supp u C I, then || |B?,OO(IR)|| ~
H(R) (total mass of w). We refer to [T06, Proposition 1.127, p. 82] (and to [Kab0§]
for a generalisation). Applied to (6.119) one has

I fe 1Bf (Dl <. k€N, (6.120)

for some ¢ > 0 which is independent of k. By (1.9) (extension from / to R and
Holder’s inequality) one obtains that

| i IBYZ(DI < ¢ fic IBS oo DI 7 1 fi | Bl oo (DI < ¢'k77, (6121
where we used (6.118), based on (6.117) and (6.120). Hence

discx (BY/2.(I)) < disc} (BY/2(I) < k7™, ke, (6.122)

I < p < oco. Recall that B} ,(I) < By ,(I) fors € Rand u withv < u < oo.

Then it follows from the monotonicity of the integral numbers and Theorem 5.7 that
for some ¢ > 0

It (B %' Y1) > k7, 1+l =lLl1<p=zc (6.123)
Together with (6.100) one obtains that
discy (BYZ (1)) = k™l keN, 1< p<oo. (6.124)

Together with (6.122) one obtains (6.115) for all p with 1 < p < oco. Now (6.116)
follows from (6.100) for all p with 1 < p < oo.

Step 2. It remains to prove that for some ¢ > 0,
disci (B{ oo(1)) = ¢, k€N, (6.125)

and
Inty (B, (1)) > ¢, keN. (6.126)
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Let ' = {x/ }5'€=1 C I and let as before yp, be the characteristic functions of the
intervals (x/, 1). Let

k
fe@) =x= aj xpi(x). xel {a;}¥_, cC. (6.127)
j=1

One has similarly as in (6.119) that

k
1fie |BY oD = ¢ |11 = aj 8,5 1BY (B (6.128)
j=1

for some ¢ > 0 which is independent of k. In Remark 6.23 below we justify this
estimate and that one can work with spaces on R instead of /. Let ¢ € D(R),
Jre(y)dy =0, ¢(0) = 1. By Theorem 1.7,

k
gri(x) = Zej (p(2l(x —xj)), leN, g eC, |g| =1, (6.129)

j=1
is an atomic decomposition in BY, | (R) with
lgr 1B& (R <c. 1eN. (6.130)

For given I" we choose / € N large. Let ¢ja; = |a;|. Then it follows by duality (or
Holder’s inequality) that

k k k
Slail~ (=Y a8 grs) == a8 1Ble®)|. 6131
j=1 j=1 j=1
On the other hand,

k k
HX’ ~3 a8, |B?’oo([R)” > =3 Jay] (6.132)
j=1 Jj=1

for some ¢’ > 0. Hence the right-hand side of (6.128) is uniformly bounded from
below by a positive constant. This proves (6.125). Finally we apply (6.97) to the dual
pairing of Bll,oo([R) and the completion of D(R) in Bgol’l (R). We refer again to [T83,
(12), p. 180]. Then (6.126) follows from (6.125). O

Remark 6.23. Lety € D(I). Then one obtains from the pointwise multiplier property
that

Hw(x)()g - ia,- ax_,-)|B{{oo(ua)H <c HX, - ia,- 5. |B{’m(1)ﬂ. (6.133)
j=1 Jj=1

This is sufficient to justify the estimate from below as in (6.128).
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Remark 6.24. The limiting case (6.116) with p = 1 follows also from
By (1) = Bl (1) = W), 1<p<oo, (6.134)

(5.33) and (5.104).

6.3.3 Comments, problems, proposals

We add a few remarks. Some of them may be considered as proposals for future
research.

Remark 6.25. The literature mentioned in Remarks 6.15, 6.17 deals almost exclusively
with discrepanciesin L,(Q"), 1 < p < oo. The only exception known to us is [Lac08]
where it is shown that

discy (L1 (log L) =2 (@")) ~ k™ (log K7, 2<keN, (6.135)

2 <n e N. Here L1(logL) ns2 (Q") are the well-known Zygmund spaces. They are
smaller than L{(Q") but larger than any L,(Q") with p > 1. Details about these
spaces may be found in [ET96, Section 2.6.1, pp. 65-69]. The equivalence (6.135)
supports the conjecture (6.84). In the present book we dealt with numerical integration
and discrepancy based on Haar bases, Faber bases and sampling. A first description
of this (as we hope) new method may be found in [Tri09]. Although we discussed in
this paper discrepancies preferably in L,(Q") we also indicated how this approach
can be applied to other spaces, for example, S,, B(Q"). It is one of the main aims of
this book to present this theory in detail. Both in Theorem 5.15 for integral numbers
and in Theorem 6.13 for discrepancy numbers one has gaps in the log-powers between
the estimates for below and from above. This is caused by our method. On the other
hand, according to (6.73) the lower bounds are the exact bounds in case of the spaces
L,(Q"),1 < p < oo. One may ask whether this is also the case for the spaces covered
by Theorem 6.13 (i). In other words,

if

1 1
I<pg=<oo, ——-1l<r<-—, (6.136)
)4 p

then
discy (S5, B(@Q")) ~ kK" (logh)"7", 2<keN, (6.137)

is the natural complement of (6.73).

This is the counterpart of the question (5.108). From (5.109), or the right-hand side of
(6.65) and (6.73), follows that

discx (SO, B(@Q") < ck~'(logh)™=", 1<p<2,2<keNl,
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which confirms (6.137) in this special case. As mentioned in Remark 6.15 the con-
struction of optimally distributed points in Q" resulting in the exact upper bounds in
(6.73) is a rather sophisticated task. One may ask whether these distinguished sets of
points can also be used to obtain the exact upper bounds in (6.137). From the structural
point of view the spaces S, B(QR") are much simpler than L, (Q"). They are isomor-
phic to the handsome sequence spaces sﬁb(@”) in (2.317) and admit corresponding
characterisations in terms of Haar tensor bases. By Theorem 6.11 and (6.75) there is
a symbiotic relationship between discrepancy numbers and integral numbers at least
if 1 < p,q < oco. In any case one can ask as in (5.108) whether the lower bounds in
Theorem 5.15 are the exact bounds. Recently A. Hinrichs proved in [Hin09] that

disc (S, B(Q?)) ~ disck (S5, B(@?) ~ k"' (logk)"/?, 2 <k e N,

where 1 < p.g < 00,(q <ooif p=1)and0 < r < 1/p. Here disc; (S,,B(Q?))
is the obvious counterpart of (6.9). This confirms (6.137) in two dimensions under the
indicated restrictions. We refer also to Remark 6.28 below. Using Theorem 6.11 and
(6.75) one can transfer this assertion to some integral numbers in the square,

Intg (S5, B(@Q?)) ~ k" (logk)' ™4, 2 <k e,
where | < p <o00,1 <g<o00,1/p<r<1land
Int; S"C(Q*) ~ k™" logk, 2<keN,0<r<1.

Here S"€(Q?) = Sl ., B(Q?) are the Holder spaces with dominating mixed first
differences which can be intrinsically normed by (4.218). This confirms (5.108) partly.

Remark 6.26. We return to the one-dimensional case and the discussion in Remark 6.21.
Theorem 5.7 is based on the Faber expansion (5.28), (5.29). This restricts the smooth-
nesss by s <1+ %. One can replace the Faber system {v;,,} in (5.29) by the Faber

spline systems {v]l. s according to Definition 3.38. Then one has the expansion (3.285)
in Theorem 3.40. It restricts s by (3.284), Figures 3.3, p. 170, in comparison with Fig-
ure 3.1, p. 127. This may serve as a basis to extend Theorem 5.7 to larger values of s in

the context of our approach. Let B, (1) be the spaces introduced in Definition 1.24 (ii).
Let

1 1 1 1
l<pg<oo, —+—-=-+-=1 seR (6.138)
p P 9 49
Then D([7) is dense in E;q(l) and
Bs,(I) = B,5,(I) (6.139)

are dual spaces interpreted within the dual pairing (D (1), D'(I)). Although this has
been essentially known for a long time, [T78, Section 4.8.1, p. 332], we refer for a
careful discussion to [TO8, Section 3.3.4, pp. 97-99] (thirty years later). The step
from integral numbers to discrepancy numbers relies on duality arguments based on
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(6.97). Now one has to replace (6.107) by (6.139). For this purpose one can ask for a
counterpart of (6.101) such that f* > f’ maps this space onto B;, (/) (or a substitute).

This might be a way to extend Theorem 6.20 to s < % -1

Remark 6.27. In Section 3.5.3, Points 3 and 4, we suggested to extend the above (one-

dimensional) Faber spline systems now denoted by {v ]Lm } to corresponding Faber tensor
spline systems in higher dimensions. Then it might be possible to extend Theorem 5.15

from p, g, r as in (5.89) to
1 e
0<p,g<oo, —<r<2L+14min|—,1), L & Ny. (6.140)
p 4

The estimates for discrepancy numbers in Theorem 6.13 relied afterwards on (6.55)
based on the identity (6.45) and the duality (6.36). It might well be possible to generalise
these ingredients. Let

Sr.B@") ={f €S, B(R") :supp f CQ"} (6.141)

in generalisation of (2.299). Using the duality (2.272) (extended to R”), then

~ b e
S;qB(CD”) = SP,Z,B(Q”) (6.142)
with
1 1 1 1
relR, 1=<p,q<oo —+—/=—+—/=1, (6.143)
p p q9 4

is a reasonable extension of (6.35), (6.36). We refer again to [T78, Section 4.8.1,
p- 332], [TO8, Section 3.3.4] for counterparts of (6.142) in terms of the isotropic spaces
B;,(€2). The adaption of (6.45) requires spaces which are mapped by f 7

0x1...0xp
onto S, B(QR"). If all this works then one has a good chance to extend Theorem 6.13 (i)
from p, g, r in (6.61) to

1 1
l1<p,g<oo, ——1-2L<r<—, L €N, (6.144)
p p

But nothing has been done so far and the above comments may be considered as
suggestions for further research.

Remark 6.28. In Chapters 2, 3 we developed the theory of Haar bases and Faber
bases both for B-spaces such as B;q, S;qB, and F-spaces such as F;q’ S;qF, with
the Sobolev spaces HS, S;H , including the classical Sobolev spaces ka , S}j W, as
special cases. Later on we gave preference to B-spaces, especially in Chapters 5, 6
about numerical integration and discrepancy. The corresponding assertions for the
special F-spaces SI}W and L, are included afterwards by elementary embeddings
of type (4.158), (4.159) and its n-dimensional version (3.196). It is remarkable that
these apparently rather crude elementary embeddings produce exact lower bounds for

the integral numbers Inty (S 1} W(Q™)) and the discrepancy numbers disc (L » ((D”)),
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1 < p < oo. It makes sense to expect that this surprising phenomenon is not restricted
to the special F-spaces

Ly(Q") = S)H(@Q") = S),F(Q"), 1< p <o, (6.145)
and
S,W(@") = SyH(@Q") = S, ,F(@"), 1< p<oo, (6.146)
but applies also to larger classes of F'-spaces. Recall that
pmm(p q)B((D ) ) F(@ ) — S max(p q) (@n), (6.147)

where r € R, 0 < p < 00,0 < g < oo, [ST87, p. 89], [ScS04, p. 121]. The
spaces S,, A(QR") are defined by restriction of functions g € S,, A(R"), where one
may assume that all admitted g have compact support in a bounded domain 2 with
Q" C Q. Then the characterisation of g interms of wavelets according to Theorem 1.54
and the monotonicity of L,(Q") and L, (£2) with respect to p show that

S5 F@") = S5, F@") = 55, B@") = S}, F@"), (6.148)

reRO0< py, <qg =< p1 < oo. The elementary embeddings (6.147), (6.148)
are the counterparts of (4.158), (4.159) where the role of 2 is taken over now by g.
The bounds for sampling numbers, integral numbers and discrepancy numbers for
S54B(Q™) produce corresponding assertions for S;, F(Q") and in particular for the
Sobolev spaces S, H(Q") = S;:,zF(@n)’ 1 < p < oo. This can be done in the same
way as in Theorems 5.15 (integral numbers) and 6.13 (discrepancy numbers). We
restrict ourselves to 1 < p,q < oo ensuring in particular the n-dimensional version
of (4.128) such that (6.147) and (6.148) can be applied. Then it follows by the same
arguments as in the indicated theorems that for some ¢; > 0,c, > Oandall2 < k € N,

k" (log k)00 < Tnty (S7, F(@™) < e k™" (logk)*DCH1=0) (6.149)

where
1 1
—<r<l1l4 -,
p

and

o1 kr_l(log k)% < d]SCk(S;qF(Qn)) <c, kr—l(logk)(n—l)(é‘i‘l—r) (6150)

where

——l<r<—.

4 p
These are the same estimates as in Theorems 5.15 and 6.13 for S, , B(Q"). In case of
the Sobolev spaces S; H(Q") = S, , F(Q") one has in pamcular

k" (logh)"Z" < Tnty (S, H(Q")) < e k™" (log k) @D+ (6.151)
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where

1 1
l<p<oo, —<r<l+4+—,
p p
and (also covered by Corollary 6.14)
c1 k"™ (logh)"Z" < disc (S, H(@™) < e2k” " (logk)® DG (6.152)

where

1 1
l<p<oo, ——=l<r<-—.
4

This generalises also (5.91) (where r = 1, ¢ = 2) and (6.63) (where r = 0, g = 2).
In modification of (5.108) and (6.137) it makes sense to ask whether the lower bounds
in (6.149), (6.150) are sharp. Using the recent assertions in [Hin09] briefly mentioned
at the end of Remark 6.25 and the elementary embeddings (6.147), (6.148) then one
can answer this question for some cases in two dimensions,

discg (S;qB(QZ)) ~ disck(S;qF(Qz)) ~ k™ Y(logk)"4, 2<keN,

where 1 < p,q < ooand 0 < r < 1/p. This equivalence applies in particular to the
Sobolev spaces,

discr (Sp H(@?)) ~ k"' (logk)!/2, 1 <p<oo, 0<r<1/p.2<keN.
For the integral numbers one has
Intg (S5, B(Q?)) ~ Intg (S5, F(@%)) ~ k™" (logh)' "7, 2<keN,
where 1 < p,q < oo and % < r < 1. With ¢ = 2 one obtains for the Sobolev spaces
Int (S, H(Q?)) ~ k™" (loghk)'/?, 1<p<oo, 1/p<r=<12<keNl.

The extension of this theory as indicated in Remarks 6.26, 6.27 to larger values of r
for integral numbers and smaller values of r for discrepancy numbers can be carried
over from B-spaces to F-spaces using again the above elementary embeddings.
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